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Egllsgfgogzzgnﬁae’n?:gaz‘1%2\9?5“% In this paper, we study the existence of multiple solutions to a class of p-biharmonic
PR. China elliptic equations, AJu - Apu + Vi) [ulP2u= Ahy () |ul™?u + h,()[u|7?u, x € RY,
where 1<m<p<qg<ps= %, Aju=A(lAulP? Au) is a p-biharmonic operator

and Apu = div(|VulP~Vu). The potential function V(x) € C(R") satisfies
inf ey V(x) > 0. By variational methods, we obtain the existence of infinitely many
solutions for a p-biharmonic elliptic equation in RV,
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1 Introduction
In this paper, we are interested in the existence of solutions to the following p-biharmonic
elliptic equation:

A;u - Apu+ V() ulP~?u=f(x,u), xeRY, (1.1)

where 2 < 2p < N, f(x,u) = M (%) || 2u + hy(x)|u|T2u, L <m < p < q < py = 1%, Alu=
A(|AulP~2 Au) is a p-biharmonic operator and A% = div(| V[P~ Vu). The potential func-
tion V(x) € C(RN) satisfies inf,pn V(x) > 0.

Recently, the nonlinear biharmonic equation in an unbounded domain has been ex-
tensively investigated, we refer the reader to [1-9] and the references therein. For the
whole space RN case, the main difficulty of this problem is the lack of compactness for
the Sobolev embedding theorem. In order to overcome this difficulty, the authors always
assumed the potential V(x) has some special characteristic. For example, in [4], Yin and

Wu studied the following fourth-order elliptic equation:

Au—Au+Vx)u=[f(xu), xecRN,
1.2)
u(x) € H*(RN),

where the potential V(x) satisfied
(Vo): V e C(RN) satisfies inf gy V(%) > 0, and for each M > 0, meas{x € RN < M} < +o0.
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This assumption guarantees that the embedding H? < L*(RN) is compact for each s €
[2, %) and obeys the coercivity condition: V(x) — oo as |¥| — co. Hence, under various
sets of assumptions on the nonlinear term f(x,¢) (subcriticality, superquadraticity, etc.),
the authors proved the existence of infinitely many solutions to problem (1.2) by using
the variational techniques in a standard way. In [2], Liu et al. considered the following
fourth-order elliptic equation:

: Au—Au+AV(xu=f(x,u), xecRN, (13)

u(x) € H*(RN),

where the potential V(x) satisfied a weaker condition than (V)), that is,

(V1): V € C(RN) satisfies inf gy V(x) > 0, there exists some M > 0, meas{x € RN < M} <
+00.

Under the assumption (V;), the compactness of the embedding is lost and this renders
variational techniques more delicate. With the aid of the parameter A > 0, they proved that
the variational functional satisfies (PS) condition, and then they showed the existence and
multiplicity results of problem (1.3). A natural question is whether the existence results
still holds if we assume a more general potential V' (x) than (Vy), (V1), namely,

(V): V(x) € C(RN) satisfies inf gy V(x) > 0.

In the present paper, we will answer this interesting question. We consider the exis-
tence of solutions to the p-biharmonic problem (1.1) with a more general potential V().
To prove that the (PS) sequence weakly converges to a critical point of the correspond-
ing functional, we adapt ideas developed by [10-12] and then by variational methods, we
establish the existence of infinitely many high-energy solutions to problem (1.1) with a
concave-convex nonlinearity, i.e., f(x,u) = Ay (x)|u|"2u + hy(x)|u|92u, 1< m < p < g <
Psx = %' To the best of our knowledge, little has been done for p-biharmonic problems
with this type of nonlinearity. Here, we give our assumptions on the weight functions /1, (x)
and /15 (x):

(H1) e L?(RYN) witho = 2o

(Ha) hy(x) 2 0 (£ 0), ha(x) € L2(RY).

The main result in this paper is as follows.

Theorem 1.1 Let2<2p<N,l<m<p<q<p,= ]\%. Assume (V), (Hy), and (Hy) hold.
Then there exists Lo > 0 such that for all A € [0, Ao], problem (1.1) admits infinitely many
high-energy solutions in RN.

This paper is organized as follows. In Section 2, we build the variational framework for
problem (1.1) and establish a series of lemmas, which will be used in the proof of Theo-
rem 1.1. In Section 3, we prove Theorem 1.1 by the mountain pass theorem [13].

2 Preliminaries
In order to apply the variational setting, we assume the solutions of (1.1) belong to the
following subspace of D*?(RN):

E= {u € D2’P(RN)‘ / [Aul? + |VulP + V(x)|ulf dx < oo} (2.1)
RN
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endowed with the norm
1/p
llulle = (/ (1Aul? + [Vul? + V(x)|ul?) dx) ) (2.2)
RN

where D??(RN) = {u € L7*(RN)|Au € I?(RN)}, || - ||s means the norm in L*(RN).
We denote by S, the Sobolev constant, that is,

Aulf d.
5. - e |Aufdx (2.3)
ueD22\(0} ([ [|Ps dx)P'ps
and
plpx
s*< / |ua|P* dx) < / |Aul dx, Vu e D> (RN), (2.4)
RN RN

where S, is obtained by a positive and radially symmetric function; see for instance [14].

Definition 2.1 A function u € E is said to be a weak solution of (1.1) if, for any ¢ € E, we
have

/ (1AulP> Aulg + [VulP>Vug + V|ul up) dx
RN
= /N(Ahl(x)|u|m_2u + hz(x)|u|q_2u)(p dx. (2.5)
R

Let J(u) : E — R be the energy functional associated with problem (1.1) defined by

1 A 1
/(u>:—||u||',§——/ h1|u|'”dx——/ Iy dlx. (2.6)
p m JrN q JrRN

From the embedding inequality (2.4) and the assumptions in Theorem 1.1, we see the
functional J € C}(E,R) and its Gateaux derivative is given by

J (u)g = / (|Au|p_2AuA<p + |VulP2Vup + V(x)|u|p‘2u<p) dx
RN
—/ (A () ™1 + By () )T 1) @ dx. (2.7)
RN

To prove the existence of infinitely many solutions to problem (1.1), we need to prove
that the functional J defined by (2.6) satisfies the (PS) condition. Recall that a sequence
{u,} in E is called a (PS), sequence of J if

J(u,) = ¢, J'(u,) = 0 inE*asn— oo. (2.8)

The functional J satisfies the (PS) condition if any (PS). sequence possesses a convergent
subsequence in E.

Lemma 2.1 Assume (V), (H1), and (Hy) hold. If {u,,} C E is a (PS). sequence of ], then {u,}
is bounded in E.
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Proof It follows from Holder’s inequality that

1 m
/Ihlllunl’”dxs\/;”(/ |h1|"dx> (/ V|un|de)p
RN RN RN

< aillully, (2.9)

where a; = V(;V"/thl llo. Choose ¢ € (0,1) such that g = pt + (1 — £)p,, then

¢ 1 1-t
/ halu,|?dx < </ Vlunlpdx) (/ |t [P 1y VT dx)
RN RN RN

t
< ﬂz( / Vil dx) 1821|8797 < a4, (2.10)
R

where ay = S;7*TPPP Pyt by | . Thus,

c+ 1+ lunlle > J(un) — 7T (un)usy

11 11
> (———)Hu”lz—)»(———)/ 7| |u|™ dx
p a mq) Je
11 1 1
> (_ - _) ot 1 —x(— - —)alnunnz”- (2.11)
p 4 m q

Since 1 < m < p < g, we conclude that | «||g is bounded and the proof is complete. a

In the following, we shall show that {u,} has a convergent subsequence in E. Since the
sequence {u,} given by (2.8) is a bounded sequence in E, there exist a subsequence of {u,,}
(still denoted by {u,}) and v € E such that ||u,||g < M, |v||g < M, and

u, —~v weaklyinE,

u,— v inlLs (RN),1<s<p*, (2.12)

loc

u,(x) > v(x) a.e. in RV,

Lemma 2.2 Assume (V), (Hy), and (H;) hold. If the sequence {u,} is bounded in E satisfying
(2.12), then

(i) limys oo fpn () |1 dx = [on Iy (%) [V dox, 1imy, s o0 [ 1 (%) |, — V™ dix = 0;

(i) 1My oo fon 2 (%) tnl? dx = [on B (%) V|7 dx, iy, o0 [pn Ba (%) |1, — vITdx = 0.

Proof (i) In fact, from & € L° (RN) and (2.12), we obtain, for any r > 0,

@) |u,|"dx — | hx)|v|"dx asn— oo, (2.13)
By By

where and in the sequel B, = {x € RN : x| < r}, B¢ = RN \ B,. On the other hand, we see
from the Holder inequality that

m

1 m
f|h1||un|mdx§vo7(/ |h1|"dx) (/ V|un|1”dx)p
B B B

< Vo P Wl @ lunll < Vo 7 M™ |1l o 3y — O (2.14)
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as r — oo. By Fatou’s lemma, we see that, as n — oo,
/ |||V dx < liminf/ ™ dx < Vi ? M ||| o g2y — O. (2.15)

Then, the application of (2.13)-(2.15) gives the first limit of (i). Furthermore, by the Brezis-
Lieb lemma in [15], we have the second limit of (i).

(ii) To prove the conclusion (ii), we follow the argument used in [10-12]. Here, we give
a detailed proof for the reader’s convenience.

Since p < p < p, it easy to see that, for any small ¢ > 0, there exist Sy > sg > 0 such that
|s|7 < g|s|? if |s| < sp and [s|7 < g]s|P*, if |s| > Sp. This shows that

Is|? < 8(|s|” + |s|1’*) + X[SO,SO](|SI)|S|‘1, Vs e R. (2.16)

Denote A, = {x € RN; 50 < |u,(x)| < So}. It follows from (2.16), (2.4), and (2.12) that
[ Vst < Wl [ (e 5 ) st )
B B¢

< 8||h2”°°</1\1 VotV ()|, P dx + S ||Au||§*>
R

+ S¢IIh2 || oo meas(A, N BY)

< Me + S{|| 2]l oo meas(A, N By) (217)

with some constant M; > 0, and
S0P 1A, < / P dx <My, VmeN, 2.18)
RN

where |A,| = meas(4,). Equation (2.18) implies that sup,, .y |A,| < Milso|™* < 00, so it is
easy to see that

lim meas(A, NBS) =0, forallneN. (2.19)

r—00

In the following, we show that lim,_, o, meas(4,, N BS) = 0 uniformly in n € N.
In fact, it follows from (2.12) that v € L?(RN) and u,(x) — v(x) a.e. RN. Therefore, for
any small ¢ > 0, there exists ry > 1 such that r > r,

/ P dx <e.
Bf

For this ¢, we choose t; = ¢, tj 1 oo such that D; = B \1_3;1, B;, = U;fl Djand

f V[P dx < % VjeN.
D,

J

Obviously, for every fixed j € N, D; is a bounded domain and D; N D; = ¢ (j # i). Further-
more, s < |u,| <Sp in D; N A,. By Fatou’s lemma, we have, for everyj € N,

@.'I ™

limsup/ |un|pdx§/ limsup|un|pdx§/ VP dx <
D]‘ﬂAn D D/

n—0oQ0 , n—00
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Then, for s; = 21795, we obtain

s;lim sup|A,, ﬂBﬁ0| <lim sup/ |, |P dx
n—00 n—00 BﬁomAn

o]

= limsup E / |u, P dx
n—00 =1 DinAn

o0
< E limsup/ |u,|P dx
= Din4y

n—00

o0 o0 £
52 /|V|pdx§E — =g

- D: — )

j=1 U j=1

Page 6 of 9

(2.20)

Notice that, for any r > ry and n € N, we have (4, N B;) C (4, N Bﬁo). Therefore, the ap-
plication of (2.19) and (2.20) yields lim,_, o, |A, N B¢| = 0 uniformly in # € N. Thus, for any

€ > 0, there exists ry > 1 such that meas(4, N BY) <
(2.17) that

&
SEihallco

/ hylu,|?dx < max{My,1}e, VneN,r>rg
B;
and

/ hy|v|?dx < lim inf/ hy|u,|? dx < max{Mi,1}e, r>ry.
Bf« n— 00 Bf«

Moreover, we derive from (2.12) that

/ Do (%) |1, dx — hy(x)|v|? dx.
By

By

, for r > ry. Then it follows from

(2.21)

(2.22)

(2.23)

Therefore, using (2.21) and (2.22), and the application of Brezis-Lieb lemma in [15] we

conclude the second limit of (ii). Then the proof is complete.

O

Lemma 2.3 Let {u,} be a (PS). sequence satisfying (2.12), then u, — v in E, that is, the

functional ] satisfies the (PS) condition.
Proof Denote
Py =] () (1t — v)
= AN(|AMn|p_2AMnA(Mn =) + |V, P2V, V(u, — u)
+ V) P21 (1 = v))

= [ ™, o 2, )
R

Then the fact J'(x,) — 0 in E* shows that P, — 0 as n — 00. Moreover, the fact u, — v

in E implies Q,, — 0, where

Q.= / (|Av|1"2AVA(un — V) + |[VulP 2 VuV(u, — u) + V(&) |vIP vy, - V)) dx.
RN
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It follows from the Holder inequality and the limit (i) in Lemma 2.2 that

AN|h1(x>||un|m-l|un—v|dx < (/RN|h1<x)||un—v|'"dx)m(/RNMI(x)Huu’"dx)

— 0. (2.24)

m=1

m

Similarly, we can derive from the limit (ii) in Lemma 2.2 that

1 q-1
f hz(x)|Mn|q1|Mn—V|de</ h2<x>|un—v|wx)q(f hz(x)mnwdx)q
RN RN RN

— 0. (2.25)
Then (2.24) and (2.25) show that as n — o0

On(l) = Pn - Qn
= / ((1AUAlP2 Ary — | AVIP2 AV) Aty — v)
RN
+ (IVun P2V, — [VVP2VY) V(i — v)
+ V@) (|t th = W) (1 — v)) dix. (2.26)

Then we have ||u, — v||g — 0 as n — oo. Thus J(u) satisfies the (PS) condition on E and
the proof is completed. g

3 Proof of Theorem 1.1
In this section, we will give the proof of Theorem 1.1. We assume that all conditions in the
theorem hold. The proof mainly relies on the mountain pass theorem.

Lemma 3.1 ([13]) Let E be an infinite dimensional real Banach space, ] € C*(E,R) be even
and satisfies the (PS) condition and J(0) = 0. Assume E=Y @ Z, Y is finite dimensional,
and ] satisfies:

(J1) There exist constants p,a > 0 such that J(u) <o on 0B, N Z.
(Jo) For each finite dimensional subspace Ey C E, there is an Ry = Ro(Ey) such that J(u) <0
on Ey \ Br,, where B, ={u € E : ||lu||g <r}.

Then ] possesses an unbounded sequence of critical values.

Proof of Theorem 1.1 Clearly, the functional J defined by (2.6) is even in E. By Lemma 2.2
in Section 2, the functional satisfies the (PS) condition. Next, we prove that J satisfies (J;)
and (J). From (2.9) and (2.10), it follows that

1 a as
u) > =ullb - A= ull? - =|lu|, wueckE.
J( )_pll Iz mll 14 q|| I
Denote

1 a a
o(z) = z”(— A gmp —22q‘p), z>0.
p m q
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Then, there exist Ag,z;, > 0 such that ¢(z;) > o for any A € [0, A]. Let p = z;, we have
J(u) > o with || u||g = p and A € [0, Ag]. So the condition (];) is satisfied.

We now verify (J,). For any finite dimensional subspace Ey C E, we assert that there is a
constant Ry > p such that / < 0 on Ey \ Bg,. Otherwise, there exists a sequence {u,} C Eg
such that ||«||,, — oo and J(u,,) > 0. Hence

1 A 1
—||un||"z—/ h1|un|mdx+—/ Iy 4| . (3.0)
P m JRN q JRN

— Un
Set wn = 0

Denote Q = {x € RN : w(x) # 0}. Assume |2| > 0. Clearly, u,(x) — oo in Q. It follows from
(2.8) and (2.9) that

. Then up to a sequence, we can assume , — o in E, , — o a.e. in RN,

||u||g”/ sl dx < an a2 — 0 as 1= oo
Q
On the other hand, we derive
||u||;”/ sl gl i < a7 — 00 as 11— oo
Q

Therefore, multiplying (3.1) by ||u|| and passing to the limit as # — oo show that 11; > 00.
This is impossible. So || = 0 and w(x) = 0 a.e. on RY. By the equivalence of all norms in
Ey, there exists a constant 8 > 0 such that

/Nlhzllulquzﬁqllullz, VueE, and /N|h2||un|quzﬂ4||un||z, VneN.
R R

Hence

0<pB7<lim sup/ |h2||wn|qu§/ limsup(|h2||a)n|q)dx:/ (|h2||w|q)dx:0.
RN RN

n—>00 RN n—o0

This is a contradiction. So there exists a constant Ry such that / < 0 on Ey \ Bg,. Therefore,
the existence of infinitely many solutions {u,} for problem (1.1) follows from Lemma 3.1
and we finish the proof of Theorem 1.1. d
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