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Abstract

We reformulate the following mixed type quadratic and additive functional equation
with n-independent variables

of (in) oY frmx)=me)Y f)+(n—1)) f(—x)
i=1 i=1 i=1

1<ij<n
ij

as the equation for the spaces of generalized functions. Using the fundamental
solution of the heat equation, we solve the general solution and prove the Hyers-
Ulam stability of this equation in the spaces of tempered distributions and Fourier
hyperfunctions.
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1. Introduction
In 1940, Ulam [1] raised a question concerning the stability of group homomorphisms
as follows:

Let G; be a group and let G, be a metric group with the metric d(,). Given ¢ > 0,
does there exist a J > 0 such that if a function % : G; > G, satisfies the inequality
d(h(xy), h(x)h(y)) <o for all x, y € Gy, then there exists a homomorphism H : G; —
G, with d(h(x), H(x)) <¢ for all x € G;?

In 1941, Hyers [2] firstly presented the stability result of functional equations under
the assumption that G; and G, are Banach spaces. In 1978, Rassias [3] generalized
Hyers’ result to the unbounded Cauchy difference. After that stability problems of var-
ious functional equations have been extensively studied and generalized by a number
of authors (see [4-7]). Among them, Towanlong and Nakmahachalasint [8] introduced
the following functional equation with #-independent variables

© 2012 Lee; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.


https://core.ac.uk/display/207782564?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:masuri@sogang.ac.kr
mailto:masuri@sogang.ac.kr
http://creativecommons.org/licenses/by/2.0

Lee Advances in Difference Equations 2012, 2012:16
http://www.advancesindifferenceequations.com/content/2012/1/16

2f (ixi) + Z flxi —x) =(n+ l)if(xi)+(n—l)if(—xi),
i=1 i=1 i=1

1<ij<n

i7]

1.1)

where 7 is a positive integer with # > 2. For real vector spaces X and Y, they proved
that a function f: X — Y satisfies (1.1) if and only if there exist a quadratic function ¢
: X — Y satisfying

qlx+y) +q(x —y) = 2q(x) + 24(y)

and an additive function a : X — Y satisfying
a(x+y) = a(x) +a(y)

such that
fx) = a(x) + a(x)

for all x € X. For this reason, equation (1.1) is called the mixed type quadratic and
additive functional equation. We refer to [9-14] for the stability results of other mixed
type functional equations.

In this article, we consider equation (1.1) in the spaces of generalized functions such
as the space S’(R) of tempered distributions and the space F'(R) of Fourier hyperfunc-
tions. Making use of similar approaches in [15-20], we reformulate equation (1.1) and
the related inequality for the spaces of generalized functions as follows:

n n
2ucA+ Z uoBij=(n+1)ZuoPi+(n—1)Zqui,

1<i ] <n i=1 i=1 (12)

i7j

n n
2ucA+ Z uoB,j—(n+1)ZuoPi—(n—I)Zqui <e, (1.3
1<ij<n, =1 =1
i7]
where A, Bj;, P; and Q; are the functions defined by

A(X1, cey x,,) = X1+ + Xy,
Bij(x1, o Xn) =X —xj, 1 <ij<ni#j
Pi (xll -~-/-xn) = Xj, 1 < i <mn,

Qi(xlr YY) xn) = —Xj, 1 < i <n.

Here © denotes the pullback of generalized functions and the inequality ||v|| < ¢ in
(1.3) means that [{(v, ¢)| < €l|@||;: for all test functions ¢.

In order to solve the general solution of (1.2) and prove the Hyers-Ulam stability of
(1.3), we employ the heat kernel method stated in section 2. In section 3, we prove
that every solution u in F'(R) (or §'(R), resp.) of equation (1.2) is of the form

u=ax?+bx
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for some a, b € C. Subsequently, in section 4, we prove that every solution u in
F'(R) (or S'(R), resp.) of the inequality (1.3) can be written uniquely in the form

U= ax® + bx + pu(x),

where g is a bounded measurable function such that |||~ < Z;:Z:zs
2. Preliminaries
In this section, we introduce the spaces of tempered distributions and Fourier hyper-
functions. We first consider the space of rapidly decreasing functions which is a test
function space of tempered distributions.

Definition 2.1. [21]The space S(R)denotes the set of all infinitely differentiable func-
tions ¢ : R — C such that

llly,p = sup x*DPp(x)] < oo
X

for all nonnegative integers o, f.

In other words, ¢(x) as well as its derivatives of all orders vanish at infinity faster
than the reciprocal of any polynomial. For that reason, we call the element of S(R) as
the rapidly decreasing function. It can be easily shown that the function ¢(x) = exp
(—ax?), a > 0, belongs to S(R), but w(x) = (1 + %" is not a member of S(R). Next we
consider the space of tempered distributions which is a dual space of S(R).

Definition 2.2. [21]A linear functional u on S(R)is said to be a tempered distribu-
tion if there exists constant C = 0 and nonnegative integer N such that

(@)l <C Y suplx*Dy| 2.1)
o,B<N *
for all ¢ € S(R). The set of all tempered distributions is denoted by S'(R).
For example, every fe LP(R), 1 < p < oo, defines a tempered distribution by virtue of
the relation

(. 0) = f f(@e)dy, ¢ S®R).

Note that tempered distributions are generalizations of L”-functions. These are very
useful for the study of Fourier transforms in generality, since all tempered distributions
have a Fourier transform, but not all distributions have one. Imposing the growth con-
dition on || - ||,p in (2.1) a new space of test functions has emerged as follows.

Definition 2.3. [22]We denote by F(R)the set of all infinitely differentiable functions

¢ in R such that
- [x*Dfo(x)|
101145 = SUP i ipintrs < O (2.2)
x,a,B

for some positive constants A, B depending only on ¢.
It can be verified that the seminorm (2.2) is equivalent to

|D*¢(x)| exp k|x|
oIl = sup PEENPER < oo
X,

for some constants /1, k > 0.
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Definition 2.4. [22]The strong dual space of F(R)is called the Fourier hyperfunctions.
We denote the Fourier hyperfunctions by F'(R).
It is easy to see the following topological inclusions:

F(R) = S(R), S/(R) — F(R). (2.3)

Taking the relations (2.3) into account, it suffices to consider the space F'(R). In
order to solve the general solution and the stability problem of (1.2) in the space
F'(R), we employ the fundamental solution of the heat equation called the heat kernel,

amt)~\/? —x2/4t),xeR, t> 0,
Ez(x)=E(x,t)={g ) exp( /)xelRt<0.

Since for each ¢ > 0, E(, t) belongs to the space F(R), the convolution

U(x, t) = (uxE)(x, 1) = (uy, E(x—y)), x€R, t>0

is well defined for all u € F'(R). We call j; as the Gauss transform of u. Semigroup
property of the heat kernel

(Et * Es)(x) = Et+$(x)

holds for convolution. It is useful to convert equation (1.2) into the classical func-
tional equation defined on upper-half plane. We also use the following famous result
called heat kernel method, which states as follows.

Theorem 2.5. [23]Let u € S'(R). Then its Gauss transform giis a C”-solution of the
heat equation

(8/0t — A)ii(x, 1) = 0

satisfying
(i) There exist positive constants C, M and N such that

|a(x, £)| < Co™M(1 + x)NinR x (0, 8). (2.4)

(ii) i(x, t) — uas t — 0" in the sense that for every ¢ € S(R),
(u, @) = tlirg/ﬁ(x, t)e(x)dx.

Conversely, every C”-solution U(x, t) of the heat equation satisfying the growth condi-
tion (2.4) can be uniquely expressed as U(x, t) = u(x, t)for some u € S'(R).

Similarly, we can represent Fourier hyperfunctions as initial values of solutions of the
heat equation as a special case of the results as in [24]. In this case, the condition (i) in
the above theorem is replaced by the following:

For every ¢ > 0 there exists a positive constant C, such that

|ii(x, t)| < Cs exp(e(lx] + 1/1))inR x (0, 8).

3. General solution in 7'(R)

We are now going to solve the general solution of (1.2) in the space of F'(R) (or
S'(R), resp.). In order to do so, we employ the heat kernel mentioned in the previous
section. Convolving the tensor product E;, (x1) ... E;, (xn) of the heat kernels on both
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sides of (1.2) we have

[(uoA)* (Ey(x1)... By ()] (51 -0 60)
(oA, Ey (&1 —x1)...E, (& — xn))

=<u,f~-~/Etl($1 —x1+x2+~~~+xn)Etz($2—xz)...ELn(aEn—x,,) dXden>
=< ,/---/Et1($1+---+$n—x1—-~-—xn)Et2(x2)...Et"(x,,)dxz...dxn>

=(u, (B, * ... %E)(E1+--+& —x1))

(W, Etyreovr, (1 + -+ + &)
=0+ b i+ ),

[(uoBjy) * (E (x1) ... E, ()] (51 - .. &) = (& — &, ti+ 1),

[(w o Pi) s (Eq, (x1) .. Ee, () 1(81, - - §n) = 0(8is 1),

[(uoQi)* (Ey(x1)...Ep, (xa))1(51, -, &0) = u(=&i 1),

where 7 is the Gauss transform of u. Thus, (1.2) is converted into the following clas-

sical functional equation

2u (ixi, i ti) + Z ﬂ(x, — X, L+ tj)
i=1 i=1

1<ij<n,
i#j
n n
= (n+ 1)) ai(xi, )+ (n—1) Y i(—xi, &)
i=1 i=1
forall xy,...,%,€ R, ty,..., ¢, >0. We here need the following lemma which will

be crucial role in the proof of main theorem.

Lemma 3.1. A continuous function f: R x (0, ) — C satisfies the functional equa-

tion
n n
2f (Z Xi, Z ti) + Z f(xl —Xj, L + t])
=1 =l 1<ij<n
ij (3.1)
n n
=(n+ 1)) flxit)+(n—1)>_ f(—xi 1)
i=1 i=1
forall xy,...,x,€ R, t1,...,t,>0 if and only if there exist constants a, b, c€ C
such that

fxt) = ax® + bx +ct

forallxe R, t>0.
Proof. Putting (x1, . .., x,) = (0, ..., 0) in (3.1) yields

n

f (o, > ti) + Y f0,G+g)=n) f(0,1) (3.2)
i=1" 1<i<j<n i=1

for all #1, ..., t, > 0. In view of (3.2) we see that

= Il_1)r{)1+f(0, t)
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exists. Letting ¢, = - - - = £, > 0" in (3.2) gives ¢ = 0. Setting (x1, x5, X3, . . ., &,,) = (x,
9,0,...,0) and letting ¢, = ¢, t, =s,t3=---=t, — 0" in (3.1) we have
2f (x+y, t+s)+f(x—y t+s)+f(—x+y,t+53) (3.3)
=3f(x 1) + 3f(y,8) + f(=x, 1) + f(=).9)
for all x, y € R, £, s > 0. Replacing x and y with —x and -y in (3.3) yields
2f(—x—y t+s)+f(—x+yp, t+s)+f(x—p, t+s) (3.4)

=3f(=x0) + 3f (=1, 5) + f(x, 1) + (1, 9)

forall x, y e R, ¢, s > 0. We now define the even part and the odd part of the func-
tion f by

o Jolx 1) =

ity =0 TS

flot) =f(=x1)
2

for all x € R, t > 0. Adding (3.3) to (3.4) we verify that f, satisfies
fe(x+y, t+5) +fo(x —y, t+5) =2f(x,t) + 2fc(y,5) (3.5)

for all x, y € R, t, s > 0. Similarly, taking the difference of (3.3) and (3.4) we see that

f, satisfies
folx+y,t+5) = folx, 1) + fo(, 9) (3.6)

for all x, y € R, t, s > 0. It follows from (3.5), (3.6) and given the continuity that f,
and f, are of the forms

folx,t) =ax® +cit,  fo(x,t) = bx + cot
for some constants a, b, ¢, ¢c; € C. Finally we have

f(xt) = folx, ) + fo(x, t) = ax® + bx + ct,

where ¢ = ¢; + ¢s.

Conversely, if f (x, £) = ax® + bx + ¢ for some a, b, c € C, then it is obvious that f
satisfies equation (3.1). ©

According to the above lemma, we solve the general solution of (1.2) in the space of
F'(R) (or 8'(R), resp.) as follows.

Theorem 3.2. Every solution u in F'(R)(or S'(R), resp.) of equation (1.2) has the

form
u=ax? + bx,

for some a, b e C.
Proof. Convolving the tensor product Ej, (x1)...E, (xn) of the heat kernels on both
sides of (1.2) we have

n n
20 (Z Xi, Z t,‘) + Z ﬂ(xi — X, L+ tj)
i=1

=1 1<ij<n,

ij (3.7)

= (ﬂ + 1) Zn:fl(xi, ti) + (l’l — 1) Xn: ﬁ(—x,-, t,')

i=1 i=1
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forall xy,...,x,€ R, £y, ..., t, > 0. It follows from Lemma 3.1 that the solution j
of equation (3.7) has the form

ii(x, t) = ax® + bx + ct (3.8)

for some a, b, c € C. Letting ¢t — 0" in (3.8), we finally obtain the general solution of
(12). ©

4, Stability in 7'(R)
In this section, we are going to state and prove the Hyers-Ulam stability of (1.3) in the
space of F'(R) (or S§'(R), resp.).

Lemma 4.1. Suppose that f: R x (0, o) —> C is a continuous function satisfying

2f <Z Xi, Z ti) + Z f(xl — X, L + tj)
=1 =1

l<ij=n (4.1)
i7j
n n
—(n+1)Y flxt)—(n—1)> f(—x, t)| <e
i=1 i=1
forall x,,...,x,€ R, ty,...,t, >0, then there exists the unique function g : R x (0,

o) — C satisfying equation (3.1) such that

2+n—-3

n
o) —gnl =, "

forallxe R, t>0.
Proof. Putting (x1, . . ., x,) = (0, ..., 0) in (4.1) yields

f(o, Zri) + > f0 i+ —nY f(0,4)| < ; (4.2)
i=1 1<i<j<n i=1

forall £y, ..., t, > 0. In view of (4.2) we see that

¢:=limsupf(0,t)

t—0*

exists. Letting ¢, = - - - = £, > 0" in (4.2) gives

| < . 4.3

el = n2+n—2 (4:3)
Setting (x1, x5, %3, . . ., %,) = (%, %, 0,...,0) and letting t;, = t,b =t, t3=---=1¢,—>0

*in (4.1) we have
c(n?+n—=6 €
f(2x, 2t) +f(0,2t) = 3f(x, t) — f(—=x, t) — ( +2 )’ <, (4.4)

for all x € R, ¢ > 0. Replacing x by - x in (4.4) yields

(2% 21) 4 £(0,20) — 3f(—x, 1) — flx, 1) — +2" N 6)‘ < ; (4.5)
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for all x € R, t > 0. Let f, and f, be even and odd part of f defined in Lemma 3.1,
respectively. Using the triangle inequality in (4.4) and (4.5) we get the inequalities

8e(2x,2t) 8(0 2t)

v —awn - = (@)
2x, 2t
fo( ) fo (47)
forall x € R, £ >0, where g,(x,t) := fo(x, 1) + C(” +n=6)
We first consider the even case. Using the iterative method in (4.6) we obtain
ge(Z x, 2% t) gg(O 2 t)
A (%, 1) + Z < (4.8)
j=1
forallke N,xe R, t>0. Letting ¢, =t, t, =5, t3=---=t, > 0" in (4.2) we have
&
|2:(0, £ +5) — 8(0, 1) — &(0,5)| < 4 (4.9)
for all ¢, s > 0. We verify from (4.9) that
2(0,2")
h(t) := lim
( ) k—o00 ok
converges and is the unique function satisfying
h(t +s) = h(t) + h(s), (4.10)
&
Ih() = 80| <, (4.11)
for all ¢, s > 0. Combining (4.10) and (4.11) we get
2(0, 2kt)
1—2"")h(t 4.12
(1= 27h() - Z < (4.12)
for all ke N, ¢t > 0. Adding (4.8) to (4.12) we have
3 Zo(2kx, 2%1)
Bl ) =77 = (4.13)

forall ke N, x € R, t > 0, where g(x,t) := ge(x,t) — h(t). From (4.1) and (4.13) we
verify that

ge (ka, ok t)

Ge(x,t) := 4k

is the unique function satisfying equation (3.1) and the inequality
~ e
8e(x, 1) = Ge(x )] =, (4.14)

for all x € R, £ > 0. If we define a function g(x, t) := G.(x, t) + h(t), then g also satis-
fies (3.1). By Lemma 3.1 and evenness of ¢ we have

Page 8 of 11
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q(x,t) = ax® +c1t
for some a, ¢; € C. It follows from (4.3) and (4.14) that

n2+n—4

2
Ife(x, t) —ax™ —e1t] < 2 en—2)° (4.15)

forallxe R, t> 0.
Next, we consider the odd case. From (4.7), in the similar manner, we verify that

fo (2kx, 2k t)

Rt Jim

is the unique function satisfying equation (3.1) and the inequality
€
[Fo(x 1) = folx 0)] < (4.16)
for all x € R, t > 0. By Lemma 3.1 and oddness of F, we have
Fo(x, t) = bx + ¢t

for some b, ¢, € C.
Therefore, from (4.15) and (4.16), we obtain

If(x, ) — (ax® + bx + ct)|

< Ifelx 1) = (ax® + cr0)| + lfo(x, £) = (bx +cat)]
n>+n—3
&
“n2+n-—-2

forallxe R, >0, wherec=c; +¢y. O
From the above lemma we immediately prove the Hyers-Ulam stability of (1.3) in the
space of F'(R) (or §'(R), resp.) as follows.
Theorem 4.2. Suppose that u in F'(R)(or S'(R), resp.) satisfies the inequality (1.3),
then there exists the unique quadratic additive function q(x) = ax® + bx such that
n?+n—3
_ - , 4.17
Hu q(x)H_n2+n—2£ ( )
Proof. Convolving the tensor product Ej, (x1)...E, (xs) of the heat kernels on both
sides of (1.3) we verify that the inequality (1.3) is converted into

n n
21 <Z Xi, Z ti) + Z ﬁ(xl — Xj, L + t])
i=1 i=1

1<ij<n
i7]j
n n
—(n+1) ) a(xi ) — (n—1) Y a(—x, )| <&
i=1 i=1

forall 1, ..., x,€ R, t5,...,1t,>0. According to Lemma 4.1, there exists the
unique function g(x, £) = ax* + bx + ct such that

Page 9 of 11



Lee Advances in Difference Equations 2012, 2012:16
http://www.advancesindifferenceequations.com/content/2012/1/16

2 _
li(x, ) —gx o) < T3 (4.18)

e
n2+n—2

for all x € R, ¢t > 0. Letting £ — 0" in (4.18) finally we have the stability result

(4.17). ©

Remark 4.3. The above norm inequality ||u — g(x)| < m+n=3 o implies that u — g(x)

— n2+n—2

belongs to (L')’ = L. Thus, every solution u of the inequality (4.17) in F'(R) (or
S'(R), resp.) can be rewritten uniquely in the form

u = q(x) + p(x),

. . 2.
where 4 is a bounded measurable function such that ||u;~ < """ 3e.

— n?+n—2
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