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1 Introduction

Let g > 1 be an integer. For any integer n with (1, q) = 1, from the well-known Euler-Fermat
theorem, we have ##@ =1 mod ¢, where ¢(q) is Euler ¢-function. That is, ¢(g) denotes the
number of all integers 1 < a < g with (a,¢q) = 1. Let k be the smallest positive integer such
that ¥ =1 mod q. If k = ¢(q), then u is called a primitive root of g. If g has a primitive root,
then each reduced residue system mod g can be expressed as a geometric progression.
This gives a powerful tool that can be used in problems involving reduced residue systems.
Unfortunately, not all modulo g have primitive roots. In fact primitive roots exist only for
the following several cases:

q=1,2,4,p%,2p"%,

where p is an odd prime and « > 1.

Many people have studied the properties of primitive roots and related problems, and
obtained many interesting results; see [1-6] and [7]. For example, Juping Wang [4] proved
that Golomb’s conjecture is true for almost all g = p”. That is, there exist two primitive
elements « and g in finite fields F, such that « + § = 1. Cohen and Mullen [2] established a
generalization of Golomb’s conjecture by proving the existence of gy > 0 such that, when-
ever q > qo, there exist o, 8 € F, with ya + 88 = ¢, where y, é and ¢ are arbitrary non-zero
elements of F,.

In this paper, we consider the existence of some special primitive roots of p, such as all

, B, a + B and @ + f are primitive roots of p, where a satisfies zz = 1 mod p. Furthermore,
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for any integer n with (, p) = 1, are there primitive roots « and § of p such that both o + n
and n@ + B are also two primitive roots of p? Let N(n, p) denote the number of all pairs
(a, B) of primitive roots of p such that both « + # and na + 8 are also primitive roots of p.
How about the asymptotic properties of N (#, p)?

In this paper, we shall use the elementary methods and estimate for character sums to
study this problem, and prove the following conclusion.

Theorem Let p be an odd prime, then for any integer n with (n,p) = 1, we have the asymp-

totic formula
Sp-1 1 1 4(p-1
N(n,p):MH(l——+ 2>+9.&4)'l9%-16”(’“),
p-1 S\ g-1 (g-1 p-1)
where |0| <5, w(m) denotes the number of all distinct prime divisors of m, l_[qlp—l denotes

the product over all distinct prime divisors of p — 1.

Taking n = &1, from our theorem we may immediately deduce the following two corol-

laries.

Corollary 1 Let p be a prime large enough, then there exist two primitive roots « and B of
p such that both a + B and & + B are also primitive roots of p.

Corollary 2 Let p be a prime large enough, then there exist two primitive roots o and B of
p such that both « — B and B — & are also primitive roots of p.

2 Several lemmas
In this section, we shall give several lemmas, which are necessary in the proof of our the-
orem. Dirichlet characters and Gauss sums are used in this paper, please refer to [8] for

more details. First we have the following lemma.

Lemmal Letp bean odd prime, and let x1 and x, be mod p (not all principal characters).
Then, for any m with (m,p) = 1, we have the estimate

p-1

Y x(@xa(ma+1)

a=1

<Jp

Proof 1If x1 = xo is the principal character mod p, then we have

p-1 p-1
Y n@xatma+1) =" xa(ma+1)
a=1 a=1
p-1 p-1
= x2(ma+1)—1= Z x2(a) —1=-1. (2.1)
a=0 a=0
If x5 = xo0, then we have
p-1 p-1 p-1

Y n@xama+1)=> " xa@xolma+1) =Y xi(a) - x(-m) = —xi(-m).  (2.2)

a=1 a=1 a=1
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If neither x; nor y- is the principal character mod p, then from the properties of Gauss

sums we have

= > v b(ma +1)
;xl(ﬂ)m(mml) T(Xz ;xl(a Z (T)
1 > mba + b
X2 (b
o=y ;Xz( );xl(a)e( . )
1 2 b\ _
= x1(m) EX ;T(XIXZ) (2.3)

Note that both x; and x» are non-principal characters mod p, for any character x modp,
lz(0)l < /P and [T(x)| = [T(x2)| = IT(X2)] = \/P. So from (2.3) we may immediately de-
duce the inequality

p-1
Y xl@xa(ma+1)| < /p. (2.4)
a=1

Now Lemma 1 follows from identities (2.1), (2.2) and estimate (2.4). a

Lemma2 Letp be an odd prime, and let x1, x2, x3 and xa be four non-principal characters
mod p with x3xa 7 Xo (or x1 # xa). Then, for any integer n with (n,p) = 1, we have the

estimate

-1 p-1

'E

x1(@) x2(b) xs(a + nb) xa(na + b)| < p?.
b=1

I
—_

a

Proof From the properties of reduced residue system mod p, we have

x1(@) x2(b) x3(a + nb) xa(na + b)

&
I
—_

N

-1

S
iR
i

X1(ab) xa(b) x3(ab + nb) xa(nab + b)

i
o

BN

-1

= x1x2x3Xa(0) x1xa(@) x3 xa(a + n). (2.5)
1

S
L
S

i
—_
Nl
I

It is clear that for any character x mod p, we have

L p -1 if x is the principal character mod p,

X (ﬂ) = (2.6)
P 0 otherwise.
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So, if x1x2X3X4 # X0, the principal character mod p, then from (2.5) and (2.6) we have the
identity

-1 p-1

]
]

x1(@) x2(b) x3(a + nb) xa(na + b)| = (2.7)

Q
I
—
S
I

1

If x1x2X3Xa = Xo, note that x; x4 and yx3xa not all principal characters mod p, so from
(2.5), (2.6) and Lemma 1 we have the estimate

-1 p-1

]
S

x1(@) x2(b) x3(a + nb) xa(na + b)

g

Q
I
—_
Nl
]

1
-1 p-1

\

X1X2X3Xa (D) x1Xa(@) x3 xa(@ + 1)
b-1

I
(=

a
p-1
Y xixa(@xsxala +n)

a=1

=(p-1)- <p% (2.8)

Combining (2.7) and (2.8), we may immediately deduce Lemma 2. O

Lemma 3 Let p be an odd prime. Then, for any integer ¢ with (c, p) = 1, we have the identity

¢(p 1) Z Xh: (klndc) 1 if cis a primitive root of p,
)

1 0 otherwise,

hk) 1

where ind ¢ denotes the index of c relative to some fixed primitive root of p, u(n) is the
Mobius function.

Proof See Proposition 2.2 of reference [9]. d

3 Proof of the theorem
In this section, we shall complete the proof of our theorem. First we write x;(c) = e(m;,ﬁ).
It is clear that x;;(c) is a Dirichlet character mod p. For any integer n with (1, p) = 1, from

Lemma 3 we have

N(”:P)

p-1 p-1

By e 0 ) )
"L o 2 22 a6 o) 66

i J

h
I Z X (@) Xy i(b) Xj1,1(@ + 1) Xk, 4 (1@ + b)

h=1 i=1 j=1

(h,h1)=1 (i,i1)=1 (j,j1)=1 (k,/q):l
P p-1) w@ n () o
= +2 Xsh(a)

h>1 (h,s)=1
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u lpl
¢4(P 1) w(u) Z

Xvu(a + nb)
(p 1t 1 ¢(u) b=1

ulp-
u>1 (vu

¢4(p 1)
-1)* 2 Z ¢(h)

hlp-1ulp-1
h>1 wu>l

*m

Q
I
—

v=1
=1

-1 p-1

Xv, u(ﬂ)Xs (D)
b=1

’E

(u)

u)

*&‘t
M=
M=

:‘VJ
&/ll
I
_
<<
S
-
_
Q
1
—

~
L
~
L

(u Yo + nb) xop (0 + b)

¢4(p 1)
-1 2 Z ¢( )

h|p-1ulp-1

I
—_

= “

&

i

w

<

i

i
S
I
w
S
I
L

'S‘t
AR
3 M‘*
- EM:

h>1 wu>l
¢4(,, 1) W) (1) o o R o
T e ew L Yo @) x5 + B)
h|p-1u|p— 1 ¢ s=1 v=1 a=1 b=1
h>1 u>l (h,8)=1 (v,u)=1
¢4(p 1) ,Uv(h) ,lL ) h u p-1p-1 s
T2 D e ew L Xoaeb) X + B)
h|p-1ulp— 1 ¢ s=1 v=1 a=1 b=1
h>1  wu>l (h,s)=1 (v,u)=1
h u p-1 p-1
¢4 1) () a(us)
(p v 2 o b D 2o 2 D K@ ala+ nb)
hlp-1ulp— 1 ¢ u s=1  v=1 a=1 b=1
h>1 u>l (h,8)=1 (v,u)=1
¢>4(p 1) ) 1) 5~ N K
Z Z 7 () Z Z Xsh(D) Xvula + nb)
hlp-1ulp— 1 u s=1 v=l a=1 b=1
h>1 u>l h,s)=1 (vu)=1
¢(p I)ZZZ i) u(j) u(k)
-1 ilp-1jlp-1klp- 1¢(l) () ¢(k)
>l j>1 k>l
i j k  p-1 p-1 )
x> 2 Xi,i(D) xjp j(@ + nb) xx k(na + b)
=1 ji=1 k=1 a=1 b=1
(6,i1)=1 (j,j1)=1 (k,k1)=1
“1) 5 5 5 lh) 1)
—1)4 .
) hlp=1jlp-1k|p- 1¢(h) () ¢(k)
h>1 >l k>l
h j k  p-1 p-1 .
x Y>> Xmn(@) xj,,j(@ + nb) xx, x(na + b)
=1 j1=1 k=1 a=1 b=1
(h1)=1 (j,j1)=1 (kk1)=1

#p-1) ) ) )
o 2 2 2 6l 610 o0
h>1 >l k>l

h k
x Z Z Z X (@) Xiy i(b) Xy k(@ + D)

L (1’ Dy ZZ@MM—@
-1t ot it @ (h) (i) &)
h>1 >l >l


http://www.journalofinequalitiesandapplications.com/content/2013/1/328

Li and Han Journal of Inequalities and Applications 2013, 2013:328
http://www.journalofinequalitiesandapplications.com/content/2013/1/328

h J
x Z Z Z X n(@) xiy,1() Xy j(@ + nb)

D) ZZZ lt) 1) ) p(4)
(1” (-1 S e 2 £ () 600) () $(K)
h>1 >l 1 k>l

h j k
x Z Z > X (@) Xini (D) Xy (@ + 1b) Xi (@ + ). (3.1)

Now we estimate each term in (3.1) respectively. It is clear that for any integer / > 1 and
(s, 1) = 1, we have the identity

-
Z Xsh(@) = 0. (3.2)

For any three non-principal characters 1, x2 and x3 mod p, from Lemma 2 we have

p-1 p-1 p-1 p-1 3
> n@xab)xsla+ nb)‘ = xuxexs(b)x(@xsa+n)| <p?, (3.3)
a=1 b=1 a=1 b=1
p-1 p-1
_ 7 3
> 0@ x2(b)xs(na+b)| < p?, (3.4)
a=1 b=1
p-1 p-1
3
Y xi@xa(a + nb)xs(na + b)| < p?, (3.5)
a=1 b=1
p-1 p-1
3
x1(b) xa(a + nb) xs(na + b)| < p*. (3.6)
a=1 b=1

From Lemma 1 we know that for any two non-principal characters x; and x; mod p, we

have the estimates

s
L
S
i

3
Z x1(a)x2(a + nb)| < p2, (3.7)
a=1 b=1
p-1 p-1 s
> xab)xala+nb)| < p?, (3.8)
a=1 b=1
p-1 p-1 s
Z x1(a) x2(na + b)| < p2, (3.9)
a=1 b=1
p-1 p-1 s
> xab)xa(na+b)| < p?, (3.10)
a=1 b=1
p-1 p-1 p-1 p-1 ,
x1(@ + nb) xz(na + b) Y auB®di@xla+rn)| <p2.  (3.11)
a=1 b-1 a=1 b=1
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If four characters xu, n, Xipi» Xj1; and xx x in the last term of (3.1) do not satisfy the
condition of Lemma 2, this time from Lemma 2 and the orthogonality of characters mod p

we have
p-1 p-1
Z Xh,h a)Xll t( )le,/'(a + I’lb)X]q,k(l’l& + b)
a=1 b=1
p-1 p-1

Ky, iy i X X k() Xy Xk k(@) Xy j Xk e (@ + 71)
b=1

1 _ . _
=) Y X Ko k(@) X Xk (@ + 1) 3 Xy X i X Kk = X03

Il
(=] S EM

i X1 Xin,i X1 Xk 7 Xos

3
2

<p if XiyiXj1j 7 X0 OF Xih 7 Xy s
—1 .
=1(-1) Y xola+n) if xun = xii = Xrok and xj,j = Xk (3.12)
0 if X1 Xig,i X j Xk 7 Xo-

Note that the identity Zhlp—l lu(h)| = 200D, Xk = Xii = Xk k and x; ;= Xj, ; implies i1 =
i=j=k,h =i =k and j; = k — h;. So from (3.1)-(3.12) we have

*p-1) Ptp-1) P 16907
- - P

LD - ) g (AR
Xol(a + n)
om0t 2 o >

h>1 (s,1)=1)

_ -1 LN $w=1) s et
el qgl<l_q—1+(q—1)2)+R o P

N(n,p) =

N

4
where we have used the identity },, | ‘g;’zz') = J(;;;}D [1pa (- ﬁ + (q_ll)z ), and |R| <5.

This completes the proof of our theorem.
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