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The robust H, filtering problem for a class of network-based systems with random sensor delay is investigated. The sensor delay is
supposed to be a stochastic variable satisfying Bernoulli binary distribution. Using the Lyapunov function and Wirtinger’s inequality
approach, the sufficient conditions are derived to ensure that the filtering error systems are exponentially stable with a prescribed
H_, disturbance attenuation level and the filter design method is proposed in terms of linear matrix inequalities. The effectiveness
of the proposed method is illustrated by a numerical example.

1. Introduction

Networked control systems (NCSs) which are new con-
trol systems where sensor-controller and controller-actuator
signal link is through a real time network [1]. Because
of the advantages, such as convenient fault diagnosis, low
cost, and simplicity, the NCSs have been widely applied in
many application areas such as industrial automation, remote
process, and manufacturing plants. However, the insertion
of the communication network may cause time delay, so
the signal transferred in NCSs loses the stationary, integrity,
and determinacy, which makes the analysis of NCSs become
complicate. Therefore, increasing attention has been paid to
the study of networked control systems (see, e.g., [2-6] and
references therein).

On the other hand, the filtering problem for NCSs
has attracted constant research [7-11] since it is important
in control engineering and signal processing. In [7], the
H_, filtering for NCSs with multiple packet dropouts is
considered. The problem of designing H,, filter design for a
class of discrete nonlinear NCSs with stochastic time-varying
delays and missing measurements is addressed in [9], where
sector nonlinearities and parameter uncertainties are also
studied. In [10], by using a stochastic sampled-data approach,
the problem of distributed H_, filtering in sensor networks
is considered. And distributed average filtering for sensor

networks with sensor saturation is designed by averagely
fusing the information of each local node in [11]. However,
there are few literatures to analyze the problem of H_ filtering
for continuous-time NCSs with random sensor delay, which
motivates the present study.

In this paper, a delay-dependent H_, performance anal-
ysis result is derived for the filtering error system and a new
random sensor delay model with stochastic parameter matrix
is proposed. Combining the reciprocally convex combina-
tion technique in [12] and employing Wirtinger’s inequality
approach, new criteria are derived for H_, performance
analysis, which reduces the conservatism. Based on the
derived criteria for H,, performance analysis, the novel
H_, filter criteria are obtained in terms of LMIs. Finally, a
numerical example is presented to show the effectiveness of
the proposed approach.

2. Problem Description

Consider the following networked control systems:

%(t) = Ax (t) + Bw (1),

y () =Cx(t), (1)
z(t) = Lx (1),



where x(f) € R" and y(t) € R™ are the state and measurable
output vector, respectively. z(t) € R? is the signal to be
estimated and w(t) € R’ is the external disturbance signal
belonging to L,[0,00]. A,B,C, and L are known matrices
with appropriate dimensions.

Consider the following filter for the estimation of z(t):

Xp(t)=Apx,(t)+Bsy(t),
2)
zp(t)=Lyxs(t),

where x((t) € R" and y(t) € R™ are the filter’s state and
input vector, respectively. z ((t) € R? is the estimated output.
A, By, and L ; are the filter matrices to be designed.

In the actual networked control systems, the measured
output y(t) € R™ may or may not experience sensor delay,
which can be described by two random events:

Event 1: y (t) does not experience sensor delay,

(3)

Event 2: y (t) experiences sensor delay.

Assume that the occurrences probability of the above
given event can be described as the following formula:

P {Event 1} = v,,

(4)
P{Event 2} =1 —v,.

Define a stochastic variable v(t):

1, if Event 1 occurs,
v(t) = { . (5)

0, if Event 2 occurs.

By using Bernoulli distributed sequence, the variable v(t)
can be assumed to follow an exponential distribution of
switching, which satisfies

P{v(t) =1} = E{v(t)} = vy,

(6)

Plo(t)=0=E{l-v(®)} =1-1,,

where v, is a known constant on [0, 1]. Considering the

random sensor delay, we suppose that the corresponding
measurement is defined as

F) =05y ) +(1-v) y(t =7 (1), (7)

where 7(t) stands for time-varying delay which satisfies 7,,, <
() < Ty
Define £(t) = [x"(t) x7(1)]" and e(t) = 2(t) - 2/(1);
then the filtering error system can be described as follows:
E(t) = AL (t) +vpBuE (t) + (1 - vy) ALEE (t — 7 (1))
+Bw(t), (8)

e(t)=LE(),
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where
R el
B‘:[lg], E=[1 0], )
A [B;)C] L=[L Lg].

Our aim in this paper is to design a robust H filter in the
form of (8) such that

(1) system (1) is robustly exponentially stable, subject to
w(t) =0,

(2) under zero initial condition and for the disturbance
attenuation level y, the controlled output e(t) satisfies
le(®)ll, < rllw()ll, for w(t) € L, [0, 0o], w(t) #0.

Throughout this paper, we use the following lemmas.

Lemma 1 (see [13]). For any positive matrix R, and for
differentiable signal x in [o, ] — R”, the following inequality

holds:
1 [x(ﬁ)r [x(ﬁ)]
— | x(@) | WR) | x(a) |,
Bl X

For .
J x (u)Rx (u)du >

(10)
where
_ Y (P 11
X‘ﬁ-aL“’(”) " )
R -R O 2 R R -2R
W@®R=|* R 0|+ |% R —2R|. (12)
x % 0 £ *x 4R

Lemma 2 (see [14]). For any positive matrix M > 0, scalar
r > 0, and a vector function w : [0,r] — R" such that the

integration IOT w(s)TMw(s)ds is well defined, then

r (Lr w(s)TMw (s) ds) > <Lr w(s) ds)TM (_Lr w(s) ds) .

(13)

Lemma 3 (see [12]). Let F,,F,,F;,...,Fy : R" +— R have
positive values for arbitrary value of independent variable in
an open subset W of R™. The reciprocally convex combination

of F; (i=1,2,...,N) in W satisfies
I ! 1
min Z—F ZF (t) +maxz Z I/Vl-,j (t)
-1 M i1 i=lj=1,j#i
subject to <|11, >0, Z’L =1LW;(t): R"+—R

W, () =W,; (0, [Fi*(t) V?’;f(g)] > 0} .
J

(14)
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3. Main Results

In this section, a H,, performance condition for the filtering
error system (8) and the robust H, filter design for the
system (1) are presented, respectively.

3.1. Performance Analysis of H,, Filter

Theorem 4. Definingt, = 1,,, 7, = (T,, + Tap)/2, T3 = T, and
0 = Ty —T,, for given positive scalars 0 < 1, < Ty, the filtering
error system (8) is robustly exponentially stable with a H,,

P1P2]>0

norm bound vy if there exist positive matrices P = [ Pl P,

Qy Qpp Qi Qyy
* (Q, 0 0
* x (s 034
s
* * * —_——
QO = 1’22 !
* * * *
* * * *
* * * %
* * * %

where

Q, =A"P,+ P A+ AR, +R,,A+R,, + R},

2
+Q, =S, - %sl +0,P,B,C + 0,C"B{P,,

Q, = AP+ BA; +0,C'B{P,

2
T

=S,

Qg3 =-Rj;+ 5 - 1

T us
Q,=AR,+R,, + —8§,,
14 12 22 2T2 1
T
Q3 = LB+ R},B,
T
Q,, = P3Af+AfP3,

2
T

Q33=Q-Q =5, - ZSI,

2

Q34 = =Ry, + Zﬂ_rzsl’
Q55 = =5, - Sg +Zp+ Zfz’
Qs6 =Sy = Z1ss
Q57 =5, - Zsz’

_ Ry Ry, i — i =
R=[7 2] >0,Q>06=123),8>0(=12),and

proper dimensions matric Z,, such that

Q, ,¥7's, ovTs, of
- 0 0

Q= N . s, 0 <0,
* * * -1 (15)
S, Zy,
[* S, > 0,
with
1-1)PB,C 0 0 Q]
1-v)PB,C 0 0 PB
0 0 0 0
T
0 0 0 RLB| 16)
Q55 Qs Q5,0
* Qg Z1, 0
* * Qg 0
* * * —y21

®=[L -L; 00000 0],

Y=[A0000O0O0 B
17)

Proof. Consider the Lyapunov-Krasovskii functional candi-
date as

V(x,) = € () PEt) + j X7 () Qux () ds

t
t-1,

x0T xw
* J x(s)ds RJ x(s)ds

+ Jt_rl x! () Qyx (s)ds
-7, (18)

+ thrz x! (5) Qsx (s)ds

-7

+ 7T, J: Jt %7 (v) §;% (v)dvds

—T, Js

t—-1, t
+4 j J %7 (v) S,x (v) dv ds.
t

N

Calculating the time derivative of V(x,) along the trajec-
tory of (8) yields

V (x,) = 27 (t) PE(t) + x" (1) Qux (1)

—x (t-7) Qux (- 1)



<) r [ ox®
2 x(t)—x(t—‘rz)] thx(t)]
+x (t-1)Qx(t-1,)
-xT(t-1,)Qx(t-1,)
w5 (t- 1) Qux (t - 1)
—xT(t-1,) Qx (t - 73)
+ X7 (£) S, % (£) + °xT () S,% (t)

t
-1, L_ %7 (1) Sy% () ds

) Jt £ (8) $,% () ds.
t

-7

(19)

By utilizing Lemma 1, the integral term -7, Lt_T % (s)
2
S;%(s)ds can be estimated as

t
- I i (5) 8,5 (s) ds
t—1,

T

x (t) x(t) (20)
t— t—
o ) Tyl
—J x(s)ds —J x(s)ds
Ty Jt-1, Ty Jt-1,
where
S -5 0 . S S 2§
W(S)=-|=* S 0|-—1|= 8§ =25]|. (@1
£ % 0 * % 45

On the other hand, defining & = (7(t)-1,)/6 and 3 = (15—
7(t))/8, by the reciprocally convex combination in Lemma 3,
the following inequality holds:

V8 T
) &_(X(t—ﬁ)—x(t—f(t))) [Sz Z12]
e -xe-my|

(22)

\g(x(t_fl)—x(t—r(t)))
_JE (x(t-7(®) - x(t-13))

< 0.
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Note that due to 7; < 7(t) < 73, according to Lemma 2
and inequalities (22), we have

_s JHI T (5) S, (s) ds

-1

-5 JH‘ i (5) S, % (s) ds
t

—7(t)

t—1(t)
s j i (5) S, (s) ds
t

T3

) [ x(t - 1)) ]T [52 —sz]

STTO - k-] [+ S,

x(t-m)]_ & [xt-z)]"
X[X(f—T(t))] 13—T(t)[x(t—T3)]

[F 2]

. _[x(t —7y) - x(t - T(t))]T [sz le]
S x(t - 1(@) - x(t - 15) xS,

[x(t—‘rl)—x(t—‘r(t))]
xt-1t@)-x(t-15)

- 285+ Z, + Zsz -2y §- Zsz
=1 (t) * =S, Zy, n(),
* % —82

(23)
where
0 () = [xT t-t@) x"(t-1,) x" (t—‘l’3)]. (24)
Substituting (20)-(23) into (19) and then applying the
Schur complement, it can be concluded that
Vi(x,)+e () e(t)—y'w (¢)w(t)
<M (0 +87YS Y+ ¥, ¥+ 0" ©) (1),
(25)

where
t

o= [ P () X (1) X7 (t—1y) J x(s)ds

t-1) T (t-1) X" (t-15) w' @) ]
(26)
If (25) holds, we have
Vix,)+e (t)e(t)—y'w ()w(t) <O0. (27)

Carrying out integral manipulations on (27) from 0 to co and
noting that V(x,)|,., = 0 under zero initial conditions, we
obtain

IOO el (s)e(s)ds— J.OO yzw (s)w(s)ds
0 0 (28)

< V(xt)lt—>0 - V('xl)|t—>oo <0.
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That is, let)ll, < ylw(®)l,, so the filtering error system
has an H, disturbance attenuation level y under zero initial
conditions.

Second, we also can prove that the filtering error system
with w(t) = 0 is robustly exponentially stable under the
condition of Theorem 4. This completes the proof. O

Remark 5. Similar to [15], we divide the delay interval into
two subintervals uniformly. However, the new Lyapunov-
Krasovskii functional in our paper which not only divides the
delay interval into two subintervals but also makes use of the

t

information of fr .. X(s)ds is proposed. The results will be less
—*h

conservative.

3.2. Design of H,, Filter

Theorem 6. Defining v, = 7,7, = (1, + Tp)/2), T3 = Ty
and & = Ty, — T, for some given constants 0 < T,, < Ty, Ups
and y, the filtering error system (8) is robustly exponentially
stable with a H,, norm bound vy if there exist positive matrices

P> 0,X>0,R= [ 1] >0,Q>0 (=123 ands; >

0 (j = 1,2) and matrices Zf,ﬁf,ff, and Z,, of appropriate
dimensions such that the following LMIs are satisfied:

Q, ,¥'s, ov’s, o
* =S, 0 0
*
*

5 <o,
Q . =S, 0 0
* * -1
(29)
S Zyp
[* NS >0
X-P <0,
with
Q) glz Qi Qu (1—U0)§fc 0 0 Q4]
+ 0, 0 0 (1-y)BC 0 0 XB
* * Qs 024 0 0 0 0
Q=]+ =+ * -5 0 o o RLB|,
5
Q Q Q 0
LE e s 2 0w Zh 0
* * * * * * Q7 0
BE] * * * * % * —yZI_
(30)
where
= T T T
Q,=AP+PA+A R, +R;A+R},+R},
77.'2 — T=T
+Q,-§; _ZSI +1,B¢C +1,C By,
— — —T
0, =A"X+A; +u,CBy, G
— I
(222=Af+Af,

®=[L -L; 00000 0.

Then, the H filtering problem is solvable. Moreover, the
parameter matrices of the filter are given by

— ~1 — - -1

Proof. Defining

P P, 1T
P=[P1TP], X=PP, P,

2 3 (33)
J = diag{I, P,P;", 1 1,...,I}.

Applying the Schur complement, it can be concluded that
P > 0 is equivalent to

P, -PP;'P) =P, - X >0. (34)

x -1pT R T -1 pT
Set Af = B,AP;'P], B; = P,B;,and L; = L (P} P;.
Pre- and postmultiplying (15) by J* and J give

Jray ) = Q. (35)
Thus we can conclude that the filtering error system is
robustly exponentially stable with a H,j norm bound y. The
transfer function of the filter is defined as
-1
T=L,(sI-A;) By (36)
According to (32), we can get
-1
T:Lf<SI—Af) Bf
= I,P;"P,(s1 - P;'A,P;"P) ' P}'B,
— — \—1—
— = \-lo1=
=L;(sI-X""A;) X'B;
T oyl 7 v1\'p
=L;X '(sI-AX") By

Therefore, the parameter matrices of the filter can be
chosen as in (32). This completes the proof. O

Remark 7. According to LMIs (29), we can find that the
variable numbers are fewer than Theorem 2 in [16]; therefore,
the filter design method provides a more simple form.

4. Simulation Example

Example 1. Consider the system described by (1) with the
following parameters in [16]:

] - R )
c=[0 1], L=[1 1].

Assume that 7(t) satisfies 0.01 < 7(t) < 0.2, w(t) =
0.2sine ®%*, and the measured output experiences sensor
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FIGURE 1: The error response e(t) = z(t) — zf(t).
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FIGURE 2: The output response of z(t) and z (1)

delay, that is, the sensor delay occurrences probability, v, =
0.5. The initial conditions x(t) and x (t) are [0.2 -0.2]" and
[0.03 —O.OS]T, respectively. According to Theorem 6 with
the help from Matlab LMI toolbox, it can be solved that

the desired H,, filter parameters are as follows with the
performance level y = 0.2143:

A= —-4.5071 —3.8049
F 7 1-0.7971 —9.9490 |’

5. _ [0:0002 (39)
£~ |-0.0078

Cy = [-1.7957 -8.2983].
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The simulation results are shown in Figures 1 and 2.
Figure1 shows the error response e(t) = z(t) — zf(t).
The output z(¢) and zf(t) are depicted in Figure 2. All the
simulations have confirmed that the designed H, filter can
stabilize the system (1) with random sensor delay.

5. Conclusion

In this paper, we have studied the network-based robust H
filtering problem for continuous-time systems with random
sensor delay. A novel Lyapunov-Krasovskii functional has
been constructed to design a filter by means of LMIs,
which guarantees a prescribed H,, disturbance rejection
attenuation level for the filter error system. A numerical
example has been provided to show the effectiveness of the
proposed filter design method and the input or state delays in
the systems should be further considered in the future work.
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