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Abstract. The fast solar wind is a collisionless plasma per- consistent interplay between the periodic variations of the
meated by plasma waves on many different scales. A plasmelectromagnetic field and related motions of the particles, be-
wave represents the natural interplay between the periodiing represented by their velocity distribution function (VDF).
changes of the electromagnetic field and the associated co- In the recent literature, the shaping of distribution func-
herent motions of the plasma particles. In this paper, a modefions due to wave activity has been widely discuss#fdr(g
velocity distribution function is derived for a plasmain a sin- et al, 2006 Wu and Yoor 2007 Wu et al, 2009 Wang and

gle, coherent, large-amplitude wave. This model allows onewu, 2009. Obviously, the presence of wave forces (or their
to study the kinetic effects of wave motions on particle dis- spectra) will lead to a deformation of the distribution func-
tributions. They are by in-situ spacecraft measured by counttion with respect to a Maxwellian shape and cause a velocity
ing, over a certain sampling time, the particles coming fromspreading after appropriate averaging over the wave effects.
various directions and having different energies. We comparerhe plasma-physics definition of temperature is based on a
our results with the measurements by the Helios spacecrafstatistical particle ensemble and usually defined in terms of
and thus find that by assuming high wave activity we are ablethe random kinetic energy (via the mean square of the par-
to explain key observed features of the measured distributicle velocity) in the particles’ mean-velocity frame. This
tions within the framework of our model. We also address definition of temperature is not necessarily equal to the ther-
the recent discussions on nonresonant wave—particle interagnodynamic temperature, which may be called the “intrinsic
tions and apparent heating. The applied time-averaging protemperature” of the particle ensemble. The mean square ve-
cedure leads to an apparent ion temperature anisotropy whiciacity fluctuation owing to wave activity is able to cause an
is connected but not identical to the intrinsic temperature ofeffective broadening of the distribution function similar to
the underlying distribution function. real heating, and thus may mimic genuine heating. There-

Keywords. Interplanetary physics (Solar wind plasma) — fore some authors have referred to this process as “apparent

Radio science (Waves in plasma) — Space plasma physicdating” Wang et al. 2009, others as “nonresonant wave—
(Wave-particle interactions) particle interactions”. The common ground of these wave

effects is that they are reversible, and therefore not dissipa-
tive, and do not represent real heating. Collisions, however,
might be able to dissipate coherent wave motion efficiently,

and thus will lead to a real heating and an increase in the in-
trinsic temperatureSchekochihin et 312008 Howes 2008.

In the following, collisions are excluded from the treatment

1 Introduction

It has been known for a long time that the solar wind is a tur-

bulent plasma with wave activity occurring on a wide range f the VDFs. in order to d trate th llision fect
of different scalesBelcher and Davisl971 Tu and Marsch otthe S, In order to demonstrate the CollISIonIess Eliects

1995 Horbury et al, 2005. Of course, any plasma wave of waves and reveal the apparent heating due to wave activity.

has to fulfill the Viasov-Maxwell equations, and it can there-  Substantial ion temperature anisotropies have been ob-

fore be understood as the space- and time-dependent sefferved in the solar wind and discussed by different authors
(Marsch et al. 1981, 2004 Bale et al, 2009 Bourouaine

et al, 2010. Typically the proton temperature is higher per-
Correspondence tdD. Verscharen pendicular to the magnetic field than parallel to it. These
BY (verscharen@mps.mpg.de) anisotropies have mostly been discussed as being the result
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of the cyclotron-resonant interaction with circularly polar- The equation of motion for a single particle with chakge
ized waves, a process which can be quantified by means adnd massn in this electromagnetic field is determined by
quasi-linear theory (e.gAkhiezer et al. 1975 Heuer and  the Lorentz force:

Marsch 2007). On the other hand, such anisotropic distribu- 1

tion functions can become unstable if the anisotropy exceeds— = a (E +-vx B) . 3)

a certain threshold that depends on the plasma t&&aay( n ¢

et al, 200Q 2003). For a typical solar wind beta of about 1, |t is useful and transparent to write this equation in the com-
the beta dependence is not severe and the distribution fungyonents of a cylindrical coordinate system (symmetry around
tion becomes unstable fdf, /7 2 2. This instability can  the z-axis) as follows:

in turn excite and radiate ion-cyclotron waves. In this way,

wave excitation can reduce the ion temperature anisotropﬂ = Q(f — U”) isin((p —), (4)
efficiently and yield moderate and stable valuBaify, 1993 dt k Bo
Bale et al, 2009. duy b

The general theory of this wave—particle interaction is well  dt QMB_Sm(q5 2 ®)
established, and in fact many traits of it were confirmed by dg w 15
observationsNlarsch 200§. However, the apparent heat- 5 — [1+ (; - Ull) ——COS(¢ €0)} vy #0,
ing effects are not well understood and have not yet been (6)

discussed in the context of ion—wave interactions below and
near the ion inertial scale. Yet, they should be included inwhere we made use of the abbreviatipn= kz — wt for
an appropriate description of space plasmas that are sutihe wave phase. The gyrofrequency is denotedCby
jected to strong Alfen/ion-cyclotron wave activity, such as ¢Bo/(mc). A similar set of equations has already been
it is typical for the solar wind in the inner heliosphere. To used in a test-particle description to describe the nonlin-
study possible physical causes of apparent wave heating igar behavior of particles that are trapped in the wave fields
the aim of the present paper. First, we discuss the effect of §Matsumoto 1979. Also nonresonant heating effects have
strong plasma wave on an intrinsically Maxwellian distribu- been treated with similar equations under the assumption of
tion function. Second, a concise form of the resulting modellow plasma betas both in the monochromatic parallel case
VDF is constructed, and thus we can discuss how such a disand for a spectrum of oblique MHD wavelligmza et al.
tribution function would look like in a real plasma measure- 2006 Lu and Li, 2007, Li et al., 2007 Lu and Chen2009.
ment made on a space probe. However, the initial conditions in these cases break the con-
dition of the coherent particle motion that is necessary to
maintain the wave in a self-consistent way. Neglecting the

2 Model distribution functions coherence and violating the self-consistency may be an ap-
propriate description for a minor particle species in the sense
2.1 Wave effects on the distribution function of a test-particle approach. But the description is insufficient

for the dominating main species that carry the currents and
To study the effects that waves have on the shape of a velocitgharges maintaining the wave itsdlf.et al. (2007 also con-
distribution function, we have to determine the constants ofsider consistent initial conditions that do reflect the coherent
individual particle motion in a given wave field, and then ex- wave motion and find that these particles do not experience
ploit the fact that any function of these constants of motionthe nonresonant heating because they are not picked-up by
is a solution of the Vlasov equatio®@vidson 1983 Stix,  the wave fields. A model for the coherent particle motion
1992. Here, we discuss the influence of a single monochro-of the dominating species in a wave field at high plasma be-
matic wave only. It is supposed here to be transversal andas should be based on a Vlasov description to take the fi-
left-hand circularly polarized, and its magnetic field can be nite thermal width of the distribution into account. Numeri-

assumed to have the form cal self-consistent simulations are another approach to this
problem (e.g.Li and Habbal 2005 Araneda et a.2008
beodkz —wr) 2009 Maneva et al.2010. In order to determine an ade-
B = bsin(kz—wt) |, (1)

quate model distribution function, we first can determine two
constants of motion for the kinematic system from E¢$-(

(6). These are the generalized momentum of the particle and
its total kinetic energy in the wave frame:

Bo

with the constant field componeBt along the z-axis and a
wave amplitudé. The wave frequency i® and the parallel

wavenumbeik, and its magnetic field is associated with an kv||
electric field which according to Faraday’s law is given by M=v,cos¢—¢)+ _”“ 1-2 + 20 @
2
19B — 2 _
VXE:——aa—t, ) P_ULJF(U” k) ' (®)
C
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Both M and P can be shown to be constant, simply by wave phase speed/k. It is interesting to note, that this
taking the derivatives with respect taand using the equa- model distribution function is equal to a Maxwellian distri-
tions of motion in Egs.4)—(6). It is known Akhiezer et al, bution in cylindrical coordinates, yet which is shifted by
19753 that any distribution function which is a function of in the transversal direction and can be written in this shifted
these constants of motion always fulfills the Vlasov equation.Maxwellian form as
Therefore, we can make the ansatz

(ox— Vo) + (vy — Vy>2>

J~expl -
v o222 o e

Vth Vth

(14)

with the cartesian speed componemsand Vy reflecting
the rigid displacement of the whole VDF in the wave field.
“This is an ansatz commonly used to initialize consistently

with the normalization factolV and constant coefficients,
andVyy, which we can essentially define as the density, ther

mal velocity of the VDF and mean fluid-velocity amplitude numerical simulations Araneda et aj.2008, and repre-

of :{rhhe pz_irtrllcles n adssouat_mnr\]/vnh the wave rfr:dotlon. sents the sloshing motion of particles in the wave field (e.g.
e right second term in the expression fdrcompen- - ot al, 2009.

sates the frame-shift of; by w/k in the definition of P, if

i A VDF that has an additional intrinsic temperature
the condition

anisotropy is supposed to be represented by a modified bi-

Vi = b ok (10) Maxwellian distribution. The appropriate choice for a VDF
Bpl—w/Q2 in a wave field including an intrinsic temperature anisotropy

is fulfilled, and if we can ignore the weak effects due to a is given by

small spread in the parallel directiokyf <« €2). Interest- 5 o 5 5

ingly enough, this relation then corresponds to the wave PO, ~exp VW o/k exp vy %

larization relation found bonnerup and S{1967) for a cir- w2, Utzh” w2 vtzh”

cularly polarized wave with a vanishing parallel bulk drift. In

their classical solution, they showed that the transversal ve- « exp( 2v.1 Vw cos(¢ _¢)> . (15)

locity is determined by w2,

__o/k Bt (11) where different thermal speeds in the perpendicular and
1-w/Q Bo parallel direction are chosen to account for the intrinsic
for vanishing drifts in the z-direction. We define the transver- anisotropy. Itis important to note, however, that this distribu-
sal magnetic field vector aBy = (Bx, By,0), with the first tion function is not an exact solution of the Vlasov equation
two components as obtained from Ed).( The dispersion anymore. Without wave activity, this distribution function
relation of the waves was also given in that work and can beobtains the usual bi-Maxwellian form. We do not apply this

Vi=

written as modified bi-Maxwellian VDF in the following since we fo-
1 o cus our considerations on the role of apparent temperature
k? = =0, 12)  anisotropies only.
+; oy (12) pies only

. , , 2.2 Wave effects on particle measurements
whereby the small displacement current in Maxwell’'s equa-

tions'was. neglected. The'indgxnumbers all participating  The solar wind is permeated by magnetic field fluctuations
species (in the case considered later only protons and elegng waves Tu and Marsch1995 of all kind. A particle
trons), and(; = c/w; is the corresponding inertial length, getector that is able to determine the velocity distribution
with the species’ plasma frequeney = /47Tnjq]2/mj- function of particles (e.g., such as flown onboard the Helios
We find that after normalization the non-gyrotropic model spacecraft) counts particles in different energy and direction

VDF of the particles in response to the wave forces reads channels, and thereby integrates the net particle fluxes into
the various single channels over the so-called sampling time

no V2+w?/ k2 T. In a first approximation, we may interpret this time as
Jw(vi, v, e) = WGXP - kind of an exposure time (like in photography), and thereby
T Ut Uth neglect time-dependent sampling effects on the instrument’s

vi+vf 2v, Vi pointing direction (to different solid looking angles), or on
XEXP\ o | SR Tz cosi¢—¢) . (13)  the accessibility of the particles to the different energy chan-
th th nels during the measurement cycle. Effects of the proper mo-
The first exponential stems from the normalization and doegion of the detector with respect to the solar wind flow are
not change the structure of the distribution function, but de-also neglected for the first estimation. A possibility to han-
pends on the patrticles sloshing velocity amplitudg, and dle the effects arising from this relative motion would be to
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treat the waves as frozen in the solar wind and being with théThe time dependence of the averaged distribution funcfion
fixed spatial structure convected over the space probe. This hidden in the wave phase,r). The coordinates of the
assumption is called Taylor hypothesis and is valid only for distribution function (i.e.z, v;, andv) have no time de-
k-Vsw> w, whereV sy denotes the solar wind flow veloc- pendence in this context. The expression fgrin Eq. (13)
ity. Since the Alf\en speed is typically about a factor of 10 delivers a value of the VDF at each position in phase space
less than the flow speed of the solar wind in the spacecrafand at each time. Without any restriction, the spatial posi-
reference frame, this Doppler effect would even increase thdion can be taken = 0. Then the time-averaged distribution
sampling problem because waves with lower wavenumbergunction can be written as
appear at higher frequencies for the detector. These lower
wavenumber structures typically have a higher power than_ vi+vﬁ 2v | Vi
waves at higher wavenumbers. Therefore, the relative moJ =N €XP| — 2 To 2
tion of the solar wind with respect to the spacecraft amplifies th th
the wave effect on the measured distribution function addi- 2 < 2v) Vi \ SinmoT +mg) — sin(me)
tionally. TT > I ( 2 ) } (18)
m=1 vth
Such a model instrument would not be able to take snap-
shots of the VDF but integrate the sloshing distribution overWe find that the sum is always zero for all possible positions
time T, and would therefore obtain a spread in the VDF duein ¢ if w =2r/T. So we can simplify the above formula and
to the wave activity. In the following, we determine theoreti- write
cally the influence of this final integration time on the actual V2 402 5
measurement. flzNexp<— L ”)Io< vlsz>’ (19)
The relevant spectral range is limited to frequencies that Vih Vih
are higher than the sampling frequencyr/2’, because
slower motions would be more or less resolved. They would@nd thus we see that the intrinsically non-gyrotropic distri-
merely lead to a rigid shift of the full distribution function bution function appears to become gyrotropic again after this
without deformation. The analysis software of a plasma in-Kind of averaging process. A wider spectrum of waves could
strument would set the origin of the reference frame to thelead to a deformation of the distribution function still in the
shifted center of the VDF, so that no change would be de-coordinatey, but as stated above the higher frequencies on
tectable. On the upper frequency side, the acting part of théhorter time scales than the sampling tifhare not expected
wave spectrum should be limited by the gyrofrequency, be10 change the result much.
cause the waves are supposed to be strongly damped in the We assume next an Alén-cyclotron wave. This wave has
case of Alf\én_cy(:'otron waves at this Sca|e, and thus beyondto fulfill a diSperSion relation, which can be taken from the
it the observed spectral energy goes down significantly. Theold plasma limit, yielding the dispersion relation as
slope of the spectral energy density follows Kolmogorov’s 2
Igw at Igwer frequenciesTy and Marsch1995. Numerical ﬁ) _ (kep)2+ }(kﬂp)“— }(kﬁp)?’ /(kep)2+4 (20)
simulations show that at wave numbers arourrd 0.8/¢p Qp 2 2
the Alfvén/ion-cyclotron spectral slope usually breaks be- _
cause of the onset of dissipation at these sc@émg@n etal,  (Stx, 1992 Chandran et a].2010. For high values of,
2005. Here, we only assume a monochromatic wave withh€ dispersion shows the asymptotical behavior> <2,
w=21/T. which can 2be seen by expanding the functwl" th+x with
Given all these assumptions, the time-averaging process of = 4/ (k{p) t0 second order. Typical solar wind parameters

the VDF under the influence of wavefy, may be expressed are used for a distance between spacecraft and sun of about
mathematically as ' 0.5 AU, which is where strongly non-Maxwellian distribu-

tions and high wave activity were usually observed in fast

solar wind by the Helios spacecraft. The plasma beta is set
to 0.1 and the sampling time to 10's, which is the real sam-
pling time of the Helios spacecraft. The constant background
magnetic fieldBg is assumed to be $10~4 G, and the pro-

) ) ) ) ton density to ber = 10 cnm 3. The relative wave amplitude
We can now insert our model function of EQJ, in which s et t05/By = 0.25. The distribution function ap =7 is

the last exponential factor can be expandsor@mowitzand  potted at negative values for , in order to make plots that
Stegun1972 and represented by a sum over modified Besselgan more easily be compared with the observations. The cal-
functions according to the relation: culated distribution function is shown in Fig.

~ Heavy ions, which are also present in the solar wind
1% _ [0(a) +ZZ 1, (a)cog(mb). (17) (von Steiger2009, react on the wave field in a slightly dif-

— ferent way. The dependence Bf, on the charge-to-mass

nmaw

T

-1

F=3 / fuh. (16)
0

m=1
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Fig. 2. Apparent temperature anisotropy in dependence on the nor-
malized amplitudé of a wave withw =27 /T. The evaluation of

he anisotropy according to EQ1) is shown for different values of

he plasma beta.

Fig. 1. Distribution function in the presence of a large-amplitude

wave. The solid line represents the magnetic field direction. The
velocities are given in units of the thermal speed. The broadenin

in the perpendicular direction is clearly visible.

ratio in Eq. (0) is small for lower frequencies. The ther- 2 |- —
mal speed, however, is significantly lower than the proton
thermal speed by a factor gfmp/mi. Therefore, the distri- 1 _
bution function of heavy ions is more narrow than the proton
distribution function but shifted by the same amount due to v o (D ]
the wave motion as can be seen in Et)( This can lead par
to a more severe deformation of the distribution function af-
ter the averaging process, which might also lead to ring-like
apparent VDFs for heavy ions in strong wave fields.

The apparent temperature anisotropy can now be calcu- -2 | | | |
lated by taking the second moment of the distribution func-
tion according to the formula: 2 - 0 1 2

+o0+00

T f f flvf_dvj_dv”
A=—E= sz;o . (22) Fig. 3. Bi-Maxwellian velocity distribution function for a tempera-
I

2 f f flUﬁUJ_dUJ_dU” ture anisotropy of 2.
—00 0

Vperp

;I;)he_ll_?]tegrbatloen dqv'?@ble'[%dsftontr:%facﬁ:r_2r|]r;the denomln?- VDF in Fig. 1 can also be approximated by this mathemat-
r. The above distribution function of Fig.has an apparen ical representation, which underlines the difficulties arising

tegperatulre atr;]lsotropy of = 1'6:1' dth ticle th from the correct definition of the observed temperature. In-
y varying thé wave parameters an € particle ermakerpreting the wave-broadened distribution functipras a

speed, corresondingly varying forms of the distribgtion func- bi-Maxwellian leads to an apparent difference in the two
tion can be created. The dependence of the resulting appare[htermal velocities of the bi-Maxwellian VDF. Therefore, the

temperature anisotropy on the plasma beta and the wave ani}\7ave-broadening can also be expressed in terms of a corre-

plitude is shown in Fig2 sponding apparent thermal velocity anisotropy. Applying the

ian:e fo\ztz?llvnsdrdlsitr:itl)u??n fur|10t|oin Ilol:c))ikl?/l f;c\),vmughﬁ ;'irSt second moment relation from ER1) to a bi-Maxwellian
point of view Very similar 1o a classical bi-Maxwellian dis- - yistipution function yields the ratio\ = v§,, /vg,. This

tribution function of the form means that the anisotropy in the apparent thermal speeds is

w2 of given directly by/A.
fom~exp _a - UTh” : (22) Considering waves with higher frequencies, we must ad-
t t

mit that the approximatioiv; < € is not valid anymore.
In Fig. 3, we show a bi-Maxwellian VDF for an (intrin- Then we have to accept further modifications of the VDF in
sic) anisotropy Ofvtzm_/vtzhu =2. The general form of the the wave field, and we find a non-Maxwellian dependence

www.ann-geophys.net/29/909/2011/ Ann. Geophys., 29,909-2011
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Fig. 4. Left: like in Fig. 1 but including higher-order corrections. Right: typical proton distribution function measured by the Helios 2
spacecraft in 1976. The black line indicates the direction of the background magnetic field.

also on the parallel speed coordinaje Accordingly, the  will lead to a smearing in the perpendicular velocity com-
distribution is ponent, which in turn would be interpreted as a temperature
) L anisotropy in favour of the perpendicular direction. Every
_ v [  Bo w Gl real measured distribution function can only be determined
o= fwexp(—2 [; + 7VW (1_ Q + E)D ' (23) by sampling within a certain time period, and this implies
averaging. Thus the resulting temperature as the second mo-
If we apply the time-averaging process to this distribution ment of the VDF reflects this procedure.

function, the results change significantly. The additional e could demonstrate, using a simplified model, how this
term makes the distribution function more prolate, alreadyeffect can lead to a significant change in the observed distri-
at lower wave amplitude and for higher beta values. Thus, ithytion functions, as plasma measurements are always done
becomes even more similar to a bi-Maxwellian distribution by counting particles over a certain sampling tifie This
function as it is shown in Fig3. An example for this situ-  sampling period corresponds again to time averaging. The
ation is shown in Fig4, where we assumed the parametersproadening of particle distributions due to microturbulence
w=10r/T,b=0.1, andg =0.5. is a well-known fact, which is exploited in spectroscopy to
For comparison, also a typical measurement by the Hegetermine remotely, for example, the turbulence level in the
lios 2 spacecraft from 1976 is shown. The anisotropy ofspjar corona (e.d<ohl et al, 2006 from ultraviolet emission
the observed distribution function is comparable to the cal-jjne broadenings. In the context of measurements of plasma

culated apparent anisotropy, whereas other effects such agprs in the solar wind, however, this was not taken into ac-
the formed beam along the background field is not repro-count before to the authors’ knowledge.

duced by the above calculations. We find that the model Also compressive fluctuations can be treated in a similar

distribution function fits the observed distribution function way. However, then broadening would be observed mostly in

W?”' This. ShOWS, that the broadening effect and the de'the parallel direction. Consistently with the present empha-
tailed shaping mainly depend on the frequency of the wavegis o perpendicular broadening, most recent observations

and the plasma beta. The measured distribution function igy, .y 4 higher transversal wave activity in almost all cases in

better represented by the corrected distribution function forthe fast solar windHlorbury et al, 2005 Alexandrova et aJ
higher frequencies. This distribution is not simply a shifted 2009 ’ '

Maxwellian but has a further non-Maxwellian dependence
on vy, which can represent the observations better.

Vth

The meaning of intrinsic temperature anisotropies should
be further discussed in the future. As mentioned before,
a severe limitation td’, /7j is observed in the solar wind
3  Conclusions (Marsch et al.2006 2009 Bale et al, 2009 in relation with

plasma micro-instabilities which reveal a sensitive beta de-
In this study, we have shown how the VDF is shaped by thependence. This finding gives a clear indication that the ob-
presence of a large-amplitude wave. In the case of transveriserved temperature anisotropies are largely intrinsic. This
sal wave activity, the distribution function obtains a shift in finding even more underlines the importance of an adequate
the direction perpendicular to the background magnetic fielddefinition and treatment of the measured plasma temper-
If the distribution function is averaged over time, this shift atures. The apparent higher temperature that we find in

Ann. Geophys., 29, 90947, 2011 www.ann-geophys.net/29/909/2011/
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our model VDFs is not the result of resonant heating pro-quires long sampling times or larger geometry factors which
cesses, such as Landau damping or cyclotron resonant wavere not affordable. The Solar Orbiter mission should provide
particle interactions. Hence, this wave-related mechanism ismew insights, because the improved instruments to be flown
reversible, and for a vanishing wave field also the apparenbn board this spacecraft and the higher particle densities ex-

anisotropy would disappear. pected closer to the sun will permit much shorter sampling
Nonresonant wave—patrticle interactions have been studieimes down to 100 ms.
in the framework of quasi-linear theory Bourouaine et al. In this work, we assumed a monochromatic wave that

(2008. They demonstrate that the nonresonant heating igeads to smearing out of the VDF by the time-averaging pro-
more effective for lower plasma betas since the efficiency ofcess. A more realistic assumption would be a broad spectrum
the quasi-linear diffusion is mainly proportional #q — vj. of waves, which the particles have to follow and the VDF to
We can confirm the beta dependence and find the dependengespond to. Furthermore, the particle flux will not be steady
of the parallel particle velocity in the wave frame also in our in all directions during the sampling tinfe. Also, a realistic
considerations as in EB)for example. However, we could spacecraft model should be applied, including the detailed
show that the dispersion of Alén/ion-cyclotron waves can time dependence of the sampling method as well as the rela-
compensate for the reference frame shift in the Vlasov pic-tive velocity of the spacecraft with respect to the solar wind.
ture. FurthermoreBourouaine et ak2008 found a stronger  If such appropriate models were available, the analysis of the
effect of the nonresonant heating on heavy ion species whichlistribution function could in turn provide new information
is also consistent with our model. about the waves, such as their polarization or propagation
In the context of our measurement effect according todirection. Up to now, in our model only waves propagat-
Eqg. (16), the determination of temperature is not an ergodicing parallel to the background magnetic field have been dealt
measurement anymore if wave fields lead to a coherent paswith. To complete our analysis also oblique wave propaga-
ticle motion as it is the case in the solar wind. This leadstion should be taken into account.
to the problem that the assumption of Markovian statistics is
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