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This paper deals with the stability analysis problem for a class of discrete-time stochastic
BAM neural networks with discrete and distributed time-varying delays. By constructing a
suitable Lyapunov-Krasovskii functional and employing M-matrix theory, we find some sufficient
conditions ensuring the global exponential stability of the equilibrium point for stochastic BAM
neural networks with time-varying delays. The conditions obtained here are expressed in terms
of LMIs whose feasibility can be easily checked by MATLAB LMI Control toolbox. A numerical
example is presented to show the effectiveness of the derived LMI-based stability conditions.

1. Introduction

Recently, the study of Bidirectional associative memory neural networks has attracted
the attention of many researchers due to its applications in many fields such as pattern
recognition, automatic control, associative memory, signal processing, and optimization; see,
for example, [1-9]. The (BAM) neural networks model, proposed by Kosko [10, 11], is a two
layer nonlinear feedback network model and it was described that the neurons in one layer
are fully interconnected to the neurons in the other layer, while there are no interconnections
among neurons in the same layer.

Furthermore, due to the finite switching speed of neuron amplifiers and the finite
speed of signal propagation time delays are unavoidable in the implementation of neural
networks [12-14]. According to the way it occurs, time delay can be classified as two types:
discrete and distributed delays. Discrete time-delay is relatively easier to be identified in
practice and hence the stability analysis for BAM with discrete delays has been an attractive
subject of research in the past few years; see [15, 16]. On the other hand, due to the presence
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of an amount of parallel pathways of a variety of axon sizes and lengths, a neural network
usually has a spatial nature. Therefore, it is necessary to introduce continuously distributed
delays over a certain duration of time; see [17, 18].

Moreover, in implementations of neural networks, stochastic disturbances are
inevitable owing to thermal noise in electronic devices. Practically, the stochastic phe-
nomenon usually appears in the electrical circuit design of neural networks. The stochastic
effects can have the ability to destabilize a neural system. Therefore, it is significant and of
importance to consider stochastic effects to the stability property of the neural networks with
delays. It is noted that most of the BAM neural networks have been assumed to act in a
continuous-time manner. However, when it comes to the implementation of discrete-time
BAM networks, there are only few works appeared in the literature; see [6, 19-24] and the
references cited therein. Therefore, there is a crucial need to study the dynamics of discrete-
time BAM neural networks and it becomes more significant from practical point of view. In
[19], Gao and Cui discussed the global robust exponential stability of discrete-time interval
BAM neural networks with time-varying delays, and in [24], the authors investigated the
global exponential stability for discrete-time BAM neural network with time variable delay.
In the above said references the stability problem for BAM neural networks is considered
only with discrete delay, and distributed delay has not been taken into account and remains
challenging. So, our main aim in this work is to make the first attempt to shorten such a gap.

Motivated by the above points, in this paper, we will study the exponential stability
problem for a new class of discrete-time stochastic BAM neural networks with both discrete
and distributed delays. The existence of the equilibrium point is proved under mild
conditions on the activation functions. By constructing an appropriate Lyapunov-Krasovskii
functional, a linear matrix inequality (LMI) approach is developed to establish sufficient
conditions for the discrete-time BAM neural networks to be globally exponentially stable
in the mean square. Here, we note that the LMIs can be easily solved by using Matlab LMI
toolbox, and no tuning of parameters is involved. Finally, a numerical example is presented
to show the usefulness of the derived LMlI-based stability conditions.

Notations. Throughout this paper, R" and R™ denote, respectively, the n-dimensional
Euclidean space and the set of all n x m real matrices. I denotes the identity matrix with
appropriate dimensions and diag(-) denotes the diagonal matrix. For real symmetric matrices
X and Y, the notation X > Y (resp., X > Y) means that the matrix XY is positive semidefinite
(resp., positive definite). N = {1,2,...,n} and || - || stands for the Euclidean norm in R".
Amax(X) (resp., Amin(X)) stands for the maximum (resp., minimum) eigenvalue of the matrix
X. The symbol * within a matrix represents the symmetric term of the matrix.

2. Problem Description and Preliminaries

Consider the following discrete-time stochastic BAM neural networks with both discrete and
distributed delays of the following form:

xi(k +1) = axi(k)+ D i f (v (k) + D wiig; (v (k = 7ji(k)) ) + D miji > ph; (yj (k=) +Ii]
=1 ) -1 =1

rl—6]'1'(3(.'1'(k),]/]'(k—Tji(k)),k)’(,l)l(k), i€ N,

yi(k+1)= bjyj(k)+Zdijﬁ(xi(k))+zvij§i(xi(k—ffij(k))) +> i P./Uili(xi(k_-/v))"']j]
| i=1 i=1 i=1 N=1

+ xij (v (k), xi(k — 03 (k)), k)wa(k), j€N, (2.1)
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or, in an equivalent form,

x(k+1) = | Ax(k) + Cf(y(k)) + Wg(y(k - 7(k))) + Mfﬂmh(y(k - M) + I]
=1

+6(x(k),y(k - 7(k)), k)wi (k), 22)

y(k+1) = |By(k) + Df (x(k)) + Vg(x(k - a(k))) + N 3 pah(x(k - /) + ]]
L N=1

+x(y(k), x(k - o(k)), k)wa(k),

for k = 1,2,..., where x(k) and y(k) are the neural state vector; A = diag{ai, as, ..., a,}
and B = diag{by,by,...,b,} are the state feedback coefficient matrices; C = [cij],x,, D =
[dijl i W = [Wijln V' = [0l M = [mijl e, and N = [n;],,, are, respectively,
the connection weight matrices, the discretely delayed connection weight matrices, and
distributed delayed connection weight matrices; (k) and o(k) denote the discrete time-
varying delays satisfying

Tm < T(k) < TM, om < o(k) <om, (2.3)

where 7, Tm, 01, and oy are known positive integer; M, N denotes the distributed time-
varying delays. Then

FW®) = (A1), f2(y20)), -, fulya(k))] ",
Fem) = [fita ), foea®), -, falenth))]
gy (k) = [1(11(K)), 82 (y2(K)), -, 8n (yu(K))]",
(x(k)) = [81(x1(K)), &(x2(K)), ., Zu(xa(K))] ",
Ry (1)) = [ (100), ha(y2(K)). - o (yn ()]

R () = [fn (e (), B R), . FaCen())]

(2.4)

denote the neuron activation functions. The constant vectors | = [J1, J2,..., ]n]T and I =
[11,12,...,In]T are the external inputs from outside the system; py, (M = 1,2,...) and
pa, (N = 1,2,...) are scalar constants, where wj (k) and w,(k) are scalar Wiener process
(Brownian motion) on the probability space (€, ¥, B) with

Efwi()]=0,  E[w}k)] =1, Eloi@w()]=0 (i#)),
(2.5)
E[ws(k)] =0, ]E[wg(k)] =1,  E[w@w.(j)] =0 (i#j),
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with E(-) being the mathematical expectation operator; 6 : R” x R" x R — R" and y : R" x
R" x R — R" are the nonlinear vector function representing the disturbance intensities.
In this paper, we make following assumptions for the neuron activation functions.

Assumption 1. For j,i € {1,2,...,n}, the neuron activation functions f;(-), fi(-), gi(), &),
hj(-), and fzi(-) in (2.2) are continuous as well as bounded on R.

Assumption 2. For j,i € {1,2,...,n}, the neuron activation functions in (2.2) satisfy

- < fisD) = fils2) o ft) =~ fi)

<I¥, Vs, s €R, , Vi, th €R,
] S1— S - 152 b t1—t - b
i(s1) —gi(s gi(t1) — gi(t
m_SMSm*', v51,52€R, U_SMSD:—/ th/tZER/
] S1— 57 ] ! th—t
hi(s1) - hi(s hi(t) = hi(t
nfswsnfl Vs1,5 €R, wTSMS’w;, Vi, b €ER,
] S1— 57 ] ! -1t

(2.6)

Yt om;, mt, n;, nt

wherel].,l] Jomy, g,

,u;, uf, v;, v, w;, and w; are some constants.

Remark 2.1. Assumption 2 was first introduced by Liu et al. [25]. The constants l].‘, l;, m]T,
;T, n]T, n;.’, u;, ui, v;, v, w;, and w; in Assumption 2 are allowed to be positive, negative,
or zero. So, the activation functions used in this paper may be nonmonotonic and more
general than the usual sigmoid functions and Lipschitz functions. Such conditions are very
rude in quantifying the lower and upper bounds of the activation functions; hence we use
generalized activation functions, because it is very helpful for using LMI-based technique to

reduce the possible conservatism.

m

In order to simplify our proof, we shift the equilibrium point x* = (xj, x3, ..., x;‘,)T and
v =Y. ,y;‘;)T of system (2.2) to the origin. Let u(k) = x(k) - x* and v(k) = y(k) - y*;
then system (2.2) can be transformed to

u(k +1) =[Au(k) + Cf(v(k)) + Wg(v(k - 7(k))) + Mio‘uﬂh(v(k - ﬂ))]
L M=1

+6(u(k), v(k - 7(k)), k)w (k),
(2.7)

-

v(k +1) =|Bo(k) + Df (u(k)) + Vg (u(k - o(k))) + prﬂﬁ(u(k - /v))]
| N=1

+ x(v(k), u(k = o(k)), k)wa(k),
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where

uk) =(u1 (k), wa(k), ..., un(k))",  v(k) = (©1(k),02(K), ..., va(k))",
F@(R) =[fi@1(K)), fo@20k)), -, fuloa D] = f(y() +y") = F (),
(k) =[g1(01(K), £(02(K)), ..., g (0a (k)] = g(y(K) +y") - g(¥"),
h((k)) =[h1 (01 (K)), ha(02(K)), ..., B (0 (k)] = h(y(k) + y*) = h(y"), 2.8)
Fluth)) =[fiam (K, o2k, . Fulun(R)] = Fclh) +x7) = F),
3(u(k)) =[31 (1 (K)), 2(ua(K)), ..., &n (un (k)] = g(ax(k) + x7) = g ("),

Ru(k)) =[G (K)), B 02 (0)), ., e ()] = Rk + ") = ).

Assumption 3. Obviously, the activation functions f;, fi, 8j, 8i, hj, and fzi (i,j € N) satisfy
the following condition:

s A-t
1;_f’()<1+, Vs €R, u;gfl()sw, VtER,
s t !
i(s o; (t
m;ggji)gm;, Vs e R, U{Sng()SUi*, vVt €R, (2.9)
hi(s Wit
n; < ’:)gn;, VseR,  wj< lt()gw+, VteR

Assumption 4. The constants u x4, p_y > 0 satisfy the following convergent conditions:

Z‘uﬂ<+oo, Z_/’l[/l_/n<+oo,
M=1 M=1
(2.10)

+00 +00
ZPJU<+OO, Z,/Upﬂ,<+oo.
N=1 N=1

Remark 2.2. Assumption4 ensures that the terms MZj,ﬁl unh(v(k — _Mm)) and
NXY'Zp wh(u(k — M) are convergent, which is significant for the subsequent analysis.

Assumption 5. There exist constant matrices G and K such that

67 (x,y,k)6(x,y,k) <|Gx’, Vx,y €R",
(2.11)
X Gy k)x(xy k) < [Kyl', vy eR"
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The following definition and lemmas will be essential in employing the exponential
stability conditions.

Definition 2.3. The delayed discrete-time stochastic BAM neural network (2.7) is said to be
globally exponentially stable, if there exist two positive scalars v > 0 and 0 < G < 1 such that

IIu(k)II+IIU(k)IISva< sup |lu(s)ll + sup IIv(S)II>. (2.12)

—opm<s<0 —Tpm<s<0

Lemma 2.4. Let X and Y be any n-dimensional real vectors and let P be an n x n positive semidefinite
matrix. Then, the following matrix inequality holds:

2XTPY < XTPX + YTPY. (2.13)

Lemma 2.5. Let M € R™" be a positive semidefinite matrix, x; € R", and a; >0,(i =1, 2,...). If
the series concerned are convergent, the following inequality holds:

+00 T +00 +00 +00
<Zaixi> M<Zaixi> < <Zai>2aixiTMxi. (214)
i=1 i=1 i=1 i=1

In the rest of the paper, we will focus on the stability analysis of SBAMNN (2.7).
By choosing an appropriate Lyapunov-Krasovskii functional, we aim to develop an LMI
approach for deriving sufficient conditions under which the SBAMNN (2.7) is globally
exponentially stable.

3. Main Results
Now, we are in a position to state our main results in the following theorem.

Theorem 3.1. Under Assumptions 1-5, the discrete-time stochastic BAM neural network (2.7) is
globally exponentially stable in the mean square, if there exist constants Ao > 0 and ey > 0 if there

exist diagonal matrices A1 = diag{lgl),)&), ... ,)L,(ql)} >0,A; = diag{)ugz),)éz), ... ,.)Lilz)} >0,T =

diag{yl(l),yz(l),...,y,(ll)} >0,T, = diag{yl(z),y(z),...,y,gz)} >0, Q = diag{wil),wél),...,w,(ll)} >

0, and Q, = diag{wgz),wf),...,wf)} > 0 and positive definite matrices P, > 0,P, > 0,Q; >

0,Q2>0,R; > 0,and R, > 0, such that the following LMIs hold:
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P1 < 1\01,
[T1;; 0 AU, IV, 0 W, 0]
x -Q, 0 0 0 0 0
* * H33 0 O 0 0
2= * * * -I, 0 0 0| <0,
* * * x  Ilss 0 0
* * * * * -y 0
| * * * * * * Iy ]
(3.1)
P, < eyl
’@11 0 A1L2 F1M2 0 QlNz 0
*x -Q1 0 0 0 0 0
* * @33 0 0 0 0
o = * * * -I4 0 0 0 | <0,
* * * * O 0 0
* * * * * —Ql 0
| * * * * * * 7]
where
H11 = ATP1A - 2P1 - A2U1 - F2V1 - QZW1 + (1 +O0Mm — O'm)Q2 + ﬁRZ + .loGTG,
I3 = BDP,DTBT — A, + 2P, IIss = BV, VIBT + DVP,VIDT + P,
IT;; = BNP,N'BT + DNPNTDT + VNP, NTVT - p7'R,,
©11 = BTP,B-2P, - A{L; —~T1 My = QN7 + (1 + Ta — Ti) Q1 + HR; + 60K K,
O = ACP,CTAT — A, +2P, Os5 = AWPLWTAT + CWPLWTCT + Py,
O7, = AMPLMT AT + CMPLMTCT + WMPLM™WT — i7'Ry,
I+ 2+ I+
Ly = diag{l{l;, iT;,..., 117}, Lp=diag{ 11, 2-2  m*twl
2 2 2
. . o L miemy omy+my o my +m,
M, = diag{m{m;, mim;,... mim,}, M, = diag L A 5 ,

+ - - + -
nyp+ng n, +n, "n"‘nn}
7

N; = diag{njn], nyn;, ..., nyn, }, N2=diag{ T e

+ - - + -
Uy +u U +u, U, +u,
2 7 2 VAR 2 7

U, = diag{ujuy, uzu;,..., uju,}, u, = diag{
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+ - L+ - + -
vt +v] vi+o v+
: Fon— ot +,.,— : 1 1 2 2 n n
Vi = diag{vjv], v3v5,..., 050, ), V, = dlag{ },

Ty T

+ - L+ — + -
w, +w, w, +w w; + w.
. +,,.— +, = +, .= : 1 1 2 2 n n
Wi = diag{w;w;, wiw;, ..., wyw,}, W, = dlag{ },

27 2 2

+00 +o0
/_4 = Z/’lk/ ,l_) = Zpk
k=1 k=1

(3.2)
Proof. Let us choose the Lyapunov-Krasovskii functional as
Vi(k) = u’ (k)Pru(k) + o' (k) Pyo(k),
k-1 k-1
Va(k)= 3 o' (DQio@) + D, ul ()Qauli),
i=k~ (k) i=k-0 (k)
| k=0p k-1 (3.3)
Vak) = 3, 20 Qo)+ 3 >u'(D)Qauli),
jek-Tp+1i=] j=k-op+1i=]
+oo k-1 +o0 k-1
Vi(k) = > i D, 0" (ORo(i) + > pi D, u” () Roui).
=1 j=k-i =1 j=k-i

In order to analyze the global exponential stability of the stochastic BAM neural
network, we calculate differences AV (k) of the Lyapunov function V(k), along with the
trajectories of the BAM neural network (2.7); then we have

AV (k) =AV; (k) + AV, (k) + AV3(k) + AVy(k), (3.4)
where
AVi(k) = ul (k + 1) Piu(k + 1) — ul (k) Pu(k) + o' (k + 1) Pyo(k + 1) — 0T (k) Pw(k)

+00 T
= [Au(k) +Cf(v(k)) + Wg(o(k —7(k))) + M > pnh(v(k - Jfl))]
=1

x Py [Au(k) +Cf(v(k)) + Wg(o(k - T(k))) + ngﬂh(v(k - /n))]
=)

—uT (k) Pyu(k)

+00 =N T
+ [Bv(k) + Df(u(k)) + Vg(u(k - o(k))) + N pah(u(k - ./v))]
N=1
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x Py [Bv(k) + Df(u(k)) +Vg(u(k-o(k))) + Nﬁpﬂfl(u(k - ./U))]
=1
- ol (K)Pw(k) + 6% (1, v, k)P16(u, v, k) + XT(u, v, k)P y(u,v,k)
<u'(k)(APA - Py)u(k) + 2u’ (k) AP,Cf (v(k)) + 2u’ (k) AP,W g (v(k — 7(k)))

+2u’ (k) AP M < f ph(v(k - Jﬂ))> + f1(v(k))CPICf (v(k)) +2f" (v(k))
=1

x CPiWg(v(k - 7(k))) + 2f (v(k))CPLM < f pnh(v(k - ./’l))>
=1

+ gT(v(k -7(k)) ) WP Wg(v(k -—7(k))) + 2gT(v(k -71(k))) WP M
+00 +00 T

x <th<v(k—/ﬂ)>> + <th(v(k—ﬂ))> MPM
= =1

x (fwh(v(k - /n>>> +0" (k) (BPB ~ Py)u(k) + 20" (k)BP,D f (u(k))
=1

+20" (k)BP,V f (u(k - o(k))) + ZUT(k)BP2N<§pﬂE(u(k - JU)))

SN=1
+ T (u(k))DP.Df (u(k)) +2f (u(k)) DPVg (u(k — o(k))) + 2f7 (u(k)) DP,N
x ( > pah(u(k - Jv>>> g (u(k - o (k) VP, Vg (u(k - o(k)))

=1

28 (u(k —o(k)))VPzN<§pﬂﬁ(u(k —/v>)> + <§pﬂz<u<k —/v>>>N

N=1 N=1

x pm(fpﬂﬁ(u(k - /v))> +ul (K)AoGTGu(k) + v' (k)eoKT Kov(k).
=1

(3.5)

By using Lemma 2.4, we have
2u” (k) AP,Cf(v(k))
<u' (k)Puu(k) + fT(v(k) ACPCT A f (v(k)),

2u” (k) APLW g(v(k — 7(k)))
<ul (k)Piu(k) + g7 (v(k - 7(k))) AWP,WT AT g (v (k - 7(k))),

2uT(k)AP1M< f pnh(v(k - ,/Il))) < u® (k)Pyu(k)
M=1

T
+< S wah(o(k - /n>>> AMP1MTAT< S wh(v(k —/fl))> ,
M=1 M=1
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2fT(v(k))CPIWg(v(k - 7(k))) < fT (v(k)) Py f (v(k))
+ 8" (v(k - 7(k))CWPW'C  g(v(k - 7(k))),

ZfT(v(k))CP1M<§ pnh(v(k - th))>

SM=1

+00 T
< fT (k) Pif (v(k)) + <Z Hnh(v(k - Jﬂ))>
=1

x CMPM™CT ( f pnh(v(k ~ /fl))>,
M=1

2¢" (v(k - T(k)))WP,M < i#mh(v(k - /ft))>

M=1

+00 T
< g"(w(k -7(k))Pig(v(k - 7(k))) + <Z pah(o(k —/ﬂ)))

M=1

x WMP,MTWT < +Z.oﬂﬂh(v(k - Jﬂ))>,
M=1

20" (k)BP,D f (u(k)) < v" (k) Pyo(k) + f" (u(k))BDP,D" B" f (u(k)),
20" (k)BP,Vg(u(k - o(k)))

<o’ (k)Pyo(k) + " (u(k — o(k)))BVPVT B g(u(k - o(k))),

2vT(k)BP2N<+§pﬂz(u(k - JU))>

=1
+o0 T +o0
<o’ (k)Po(k) + (Zpﬂﬁ(u(k - /v))> BNP,NB' <Zpﬂﬁ(u(k - ./v))>,
=1 N=1
2fT(u(k))DPVg(u(k - a(k))) < fT(u(k))Psf (u(k))

+ 8" (u(k - o(k)))DVP,VI D g(u(k - o(k))),

+oo ~ N +00 R T
2f (u(k))DPzN<Zpﬂh(u(k - /v>)> < T (u(k) Pof (v(k)) + <Zpﬂh<u(k - /v)>>

=1 N=1

x DNP,N'D" < f ph(u(k - /U))>,
N=1

23" (u(k - o(k)))VP2N<prﬂf1(u(k - ./U))>

=1
<g"(u(k - o(k))Pg(u(k - o(k)))

+00 T T
+ <Zpﬂﬁ(u(k —./U))) VNPzNTVT<Zp/vfl(u(k - Jv))>,

N=1 N=1
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AV, (k) = Va(k + 1) = Va(k)
k k-1
= Y SO - Y o (HQiol)
izk+1-T(k+1) i=k—7(k)
k k-1
+ > W @)Qu) - D u' (H)Quu(i)
i=k+1-0(k+1) i=k-o (k)
k-1

= 0" (k)Qiv(k) ~ o' (k- 7(k)Qio(k -7(k) + >, 2" ())Qiv(i)

i=k+1-7(k+1)

k-1

- > 0" )Qio(i) +u" (k)Qau(k) - u” (k - o (k) Qau(k - o (k))

i=k=7(k)+1
k-1 k-1

+ > W @)Qu) - D u (H)Qu(i)
i=k+1-0(k+1) i=k—o(k)+1

k-7

=o' (k)Qio(k) - v (k- 7(K))Qio(k - 7(k)) + >, v'())Qiv(i)

i=k—-1(k+1)+1

k-1 k-1
+ 2 O - > 2T ()Qiod)

i=k—Ty,+1 i=k-7(k)+1

k—om

+ul (k)Qou(k) —u' (k-0 (k))Quu(k —o(k)) + >, u' ())Qou(i)

i=k-o(k+1)+1

k-1
+ Z ul(@)Quu() - Y, u'()Qau(i)

i=k—0,+1 i=k-o(k)+1

k-7,

= 0" (k)Qiv(k) - o' (k- 7(k)Qio(k - 7(k) + >, o' (HQiv(i)

i:k—TM+1

k-0,
ul (k)Qau(k) - u' (k- o (k) Qau(k —o(k)) + D, u' ()Qau(i),
i=k—opm+1 (36)

AVi(k) = Va(k + 1) — Va(k)

k—Tp,+1 k-7

=y ZUT(I)Q1‘(J(1)— > ZUT(l)le(l)

j=k-Tp+2 i=j j=k-Tpm+1 =]

k-0, +1 k=0

+ ZuT(l)Qzu(l)— > Z” (1) Qou(i)

j=k—om+2 i=j j=k-om+1 i=j

k—Tp, k-7

= >, ZUT(I)QﬂJ(l)— > ZU (D) Quo(i)

j=k-Tpm+1 i=j j=k-tm+1 i=j
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k-0m k-0
C S SWhoui - S S Q)
j=k-om+1 i=j j=k—-om+1 i=j
k=T
=Y [Twenm - (ow()] s 3 [ 0Qu - ()Qu()]
j=k-Tp+1 j=k—-om+1
k=T
< (tm =)0 (K)Qio(k) = Y, 0T ()Qio(i) + (oM = am)u’ (k)Qau(k)
j=k-Tm+1
k=0
- D W )Qu),
j=k—-om+1

(3.7)

AVy(k) = Va(k +1) - Vi(k)

=i Z o' ()R (i) - D pi Z v (i) Rio(i)

i=1  j=k-i+l i=1  j=k-i
+00 k +00

+Zpi Z u® ())Rou(i) - Zpl Z u® (i) Ryu (i)
i=1  j=k-i+l i=1  j=k-i

=§#i [vT(k)Rlv(k)—vT(k—i)Rlv(k—i)] +§pi [uT(k)Rzu(k)—uT(k—i)Rzu(k—i)]
i=1

i=1

+00 T +00
SﬁvT(k)Rlv(k)—%<Z#mh(v(k—ﬂ))> &(Zuﬂhw(k—/n»)
=1 =1

T +00
+pul (k)Ryu(k) —%<Zpﬂ;h(u(k ./U)> Rz(ZPﬂﬁ(u(k—Jv)))

- (3.8)
It is clear from (2.9) that
(i (@i0) = 1030 ) (£ (230)) = o) ) <0 (39)
(1 (2j(K)) = m70;(K)) (g5 (v (K)) = m; v,(k)) (3.10)
(hj(wj(k)) = myo;06)) (hj (01 (K)) = n70;(k) ) <0 (3.11)
(Fitwitio)) = wr (k) ) (fitau (k) = 7w (k) <0, (3.12)
(3 (i (K)) - v wi(K)) (3i(us () - v; (k) <0, (3.13)

(i (ui(k)) = i (k) ) (i (i (K)) = i (k) ) <0, (3.14)
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which is equivalent to

I+
T +1- 5 T i, T
vk Lleje; - eje; ok
[ ()] Y 2 [ ()]so, k=1,2,...,n, (3.15)
f(o(k)) G+l T f(v(k))
—Te,-e]. eje].

where e, denotes the unit column vector having “1” element on its kth row and zeros
elsewhere.

Consequently,
T| el AR,
iw[ v (k) ] Lliee;  ——5eie [ v(k) ]50
=5 | fetn] | 1 R TCS)
T 6 €j€j (3.16)

[ (k) ]T[AlLl —Ale][ (k) ]
S <
fo)]| |-aL, A [[fe®)| T

Similarly, from (3.10)—(3.14), we have

(k) 1 11M; —Fle]I: v(k) ] 0 (3.17)
gk)| [-TiM, k)|~ '
[ o(k) 1[N —QlNz][ v(k) ] (3.18)
h(o(k)| |-QiN, h(v(k)) '
[ u(k) -TPA2U1 —Azuz][ u(k) ] (3.19)
| fuk)] |-AUz (u(k)) '
[ u(k) 1 [ 2w —rzvz][ u(k) ] (3.20)
2(uk)]| |-T2vs g(u(k)) '
T uk) 1] @y —szz][ u(k) ]<O )
h(u(k)| |-QW2 Q| |h(u(k)) '

Then from (3.5)—(3.8) and (3.16)—(3.21), we obtain

AV (k) < u” (k) [APlA — 2P — AUy —ToVi = QWi + (1 + 0pt — 0)Qa + PRy + )LOGTG]u(k)

+ul (k) AUs f (u(k)) +u” (k)T2Vag(u(k)) +u” (k)
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N=1

T

o) T
k)| |-TiM2 Ty
o) T

h(o(k)] [-QuN2 @
[ u(k) 1 [ AU -AU;]
Fuk)] =Ml A

x QWsh(u(k)) —u" (k = o(k))Qau(k - o(k)) + fT (u(k))
x [BDPDTBT - s + 2P| f(u(k)) - g7 (u(k))23 (k) + 37 (u(k = o(K))

x [BVPZVTBT +DVPVTD! + Pz] g(u(k — o(k))) — " (u(k))Quh(u(k))

x <fpﬂfz(u(k - ,/U))> +0T (k)

X I:BPQB - 2P2 - A1L1 - T1M1 - QlNl + (1 +TMm — Tm)Ql +FR1 + €0KTK]
+ 0" (k) A1 Lo f (v(K)) + 0" (k)T1 Mag (v(k)) + 0" (k)1 Noh(v (k)
=0T (k= T()Quo(k = 7(K) + fT(2(K) [ACPCT AT = Ay + 2P f(0(k))

— ¢"((k)T1g(v(k)) + g7 (v(k - T(K))) [AWP1WTAT +CWPWTICT + pl]

+oo T
x g(v(k - 7(k))) = h' (v(k))Qih(v(k)) + <Zﬂjhh(v(k - J’l))>
=1

x [AMPMTAT + CMPMTCT + WMPMTWT - 7' Ry|

T ’U(k) T[AlLl -AL,
X h(v(k - M -
(%” ol ))> [f(v(k))]

—F1M1 —F1M2]| U(k) ]

~AyLy

g(v(k))

—QlNl —QlNz:”: ’()(k) ]

h(v(k))

[ u(k) ]
11f (u(k))

[ (k) T[rzvl —rzvz]
ECQ) R EHAE

© u(k) ]T[szl —Q, W,
h(u(k)| [-W, @

= ¢ (k)E1¢(k) + " (k)22 (k),

" u(k) ]
| g (u(k))

|l
h(u(k))

ISRN Discrete Mathematics

+00 T
+ <Z puh(u(k - JU))> [BNPZNTBT + DNP,NTDT + VNPNTVT - p_le]
N=1

(3.22)
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where ¢T(k) = . [T ()" (k= (k) fT (k)" (k)" (u(k — o (k)T (u(k))
(X2apah(u(k = ))) 10" (k) = [o" (kK)o (k=7(k)) fT (v(k)g" (v(k))g" (v (k-7 (k) A" (v(k))
(Siamnh(@k - M),
Therefore, if the LMIs (3.1) hold, it can be concluded that AV (k) < 0. It follows that
V (k) < V(0). By (3.22), the SBAMNN is globally asymptotically stable in the mean square.
Now, we are in a position to establish the exponential stability of the SBAMNN (2.7).
Then, there exists a scalar > 0 such that

AV (k) < =B (k)| + o)) (323)

From (3.3), it can be verified that

k-1 k-1
V (k) < Amax (P [|11(K) [1? + Amax (P2) [0 (k) [I* + Amax(Q1) [9()[1* + Amax (Q2) lluGi)|*
i=k—Tm i=k—oMm
k-1 k-1
+ (T = T) tmax(Q1) D 0@) > + (0a = Om) dmax (Q2) lo@)|)?
i=k—Tp i=k—onm
k-1 k-1
= Anax (P [(k) [I* + Amax(P) [0 (k) |* + B lu@I? + g2 > o),
i=k—oMm i=k—Tn
(3.24)

where ,61 = (1 +O0M — O'm)-)tmax(Ql) and ,62 = (1 +7Tm — Tm))tmax(QZ)-
Choose a scalar 8 > 1, satisfying

_)69 + (9 - 1)()Lmax(Pl) + )‘maX(PZ)) + (9 - 1)(ﬁ1TMQTM + ﬂzOMQGM) =0.

(3.25)
Then by (3.23) and (3.24), we have
OV (k +1) - 0FV (k) = 0KV (k + 1) - 051V (k) + 0KV (k) - 65V (k)
= 0" AV (k) + 650 - 1)V (k)
k-1 k-1
< 0" (Ilu()|I” + llo (k) 17 + /546"< e D)1 + ||v<i>||2>,
i=k—opm i=k—Tpnm
(3.26)

where ﬁ3 = _ﬁe + (6 - 1)()‘max(P1) + -/\max(PZ)) and ﬁ4 = (6 - 1)(ﬂ1 + ﬁZ)
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Therefore, for any integer N > Tp+1and N > oar+1, summing up both sides of (3.26)
from 0 to N — 1 with respect to k, we have

N-1

OVVIN) -V (0) < s 30 (IOIP + o0 1P)
= (3.27)
N-1 k-1 k-1
+ ﬁ429k< @) + IIU(i)IIZ>.
k=0 i=k—oMm i=k—Tnm

Here, we note that for 7 > 1, opr > 1, we have

N-1 k-1 k-1
29k< > luG@)l®+ IIU(i)||2> = om(om +1)0™  sup [[u(@)| + v (zan +1)0™
i=k i=k—

k=0 —-OM T™M —om<i<0

N-1
x sup [[o@)| +om6™ Y 6% |lu(k)|?

-TMm<i<0 k=0
N-1
+Tp0™ > 05 [o (k).
k=0
(3.28)
Substituting (3.28) in (3.27) gives
T-1
ONV(N) < s + Ba(om% +70™) 30 ([lu(k) |2 + [0 (k)12
k=0

+ alon(Om + 107 + T(mag + 1)9TM1< sup [lu(i)| + sup IIU(i)||2> £V(0).
—om<i<0 —Tp<i<0

(3.29)
We can observe that
VIN) 2 (min(P1), min(P)} (Ile(N) I + [0 (N) ). (3.30)
It follows easily from (3.24) that
V(0) < prom sup [lu(@)|* +poram sup oG] (3.31)

—om<i<0 -0 <i<0

Then, it follows from (3.25), (3.29), and (3.31) that

IIu(N)||+||v(N)||SvGT< sup [lu(@| + sup IIU(i)II>, (3.32)

—op<i<0 -t <i<0
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where G = w2 and

- \/ﬁloM + Pomv + falon(om +1)0° + T (T + 1)O™ ] (3.33)
)tmin(Pl)r)tmin(P2)

This indicates that the discrete-time stochastic BAM neural network (2.7) is said to be globally
exponentially stable. This completes the proof of this theorem. O

For a deterministic BAM neural network, we have the following system of equations:

x(k+1) = Ax(k) + Cf (y(k)) + Wg(y(k - 7(k))) + M > pnh(y(k - M) +1,
=1
(3.34)

y(k+1) = By(k) + Df (x(k)) + Vg(x(k - o(k))) + Nf/’/v?l(x(k - M) +].
=1

Then, by Theorem 3.1, it is very easy to obtain the following theorem.

Theorem 3.2. Under Assumptions 1-4, the discrete-time BAM neural network (3.34) is globally
exponentially stable, if there exist diagonal matrices Ay = diag{z\il),)él),...,/\,(f)} > 0, Ay =
diag1®, 12, 12} > 0,Ty = diagly 1D,y D) > 0, T = diag [y 12, ... 12} > 0,
Q) = diag{wil),wél),...,w,(il)} > 0and Q, = diag{wiz),wf),...,w,(f)} > 0 and positive definite
matrices Py >0, P, >0, Q1 >0, Q2 >0R; >0, and R, > 0, such that the following LMIs hold:

(P11 0 AU, IV, 0 W, 0]
*x -0, 0 0 0 0 0
* x*  Iliz O 0 0 0
Z3= | * * * -I, 0 0 0| <0,
* * * x  Ils5 0 0
* * * * *x =0 0
| * * * * * * 1177
(3.35)
[D; 0 AL, /M, 0 QN 0 7
* -1 0 0 0 0 0
* x O3 0 0 0 0
=] * * * -I4 0 0 0 | <0,
* * * * O 0 0
* * * * x -Qp 0
| * * * * * * 7]
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where

‘Pll = ATP1A - 2P1 - Azul - F2V1 - Q2Wl + (1 +O0M — O'm)Qz + ﬁRQ,
(3.36)
(DH = BTPZB - 2P2 - A1L1 - F1M1 - QlNl + (1 + Ty — Tm)Q1 +ﬁR1,

and Isz, Is5, 77, ©s3, Oss, and Oy are defined in Theorem 3.1.

Proof. Similar to the proof of Theorem 3.1, we can derive the stability result. The proof is
straightforward and hence omitted. O

If we neglect the distributed delay term in (2.2), it can be reduced to
x(k+1) = [Ax(k) + Cf (y(k)) + Wg(y(k - T(k))) + I] + 6(x(k), y(k - T(k)), k)w: (k),

y(k+1) = [By(k) + DF (x(k)) + V&(x(k - o(k)) + ]| + x(y(K), x(k - 6(K)), K)ws (k).
(3.37)

For system (3.37), we have the following stability result.

Corollary 3.3. Under Assumptions 1-5, the discrete-time BAM neural network (3.37) is globally

exponentially stable, if there exist diagonal matrices Ay = diag{)tgl),)él),...,)ts)} > 0,
Ay, = diag{liz),)téz),...,)u,(f)} > 0, I = diag{y(l),yz(l),...,y,gl)} > 0, and T, =

diag{yl(b,yz(z),...,y,(lz)} > 0, and positive definite matrices Py > 0, P, > 0, Q1 > 0, and Q, > 0,
such that the following LMI holds:

Y. 0 Al DV, 0
« -Q, 0 0 0
0
0

Ss=| % * T35 0 <0,
* * * -I»
| * * * *  Iss]
(3.38)
(X7 0 AL, TiMp 0]
*x -0 0 0 0
Ze=|* *x O 0 0 1|<0,
* * * - 0
| * * * * Os5 |
where
Y11 = ATPLA = 2P — AUy — T2V + (1 + 0pm = 0m)Qa, 539

311 =B'P,B-2P, — AiLi ~T1My + (1 + Tap — T ) Q1

and Is3, 155, ©33, and Oss are defined in Theorem 3.1.
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Table 1: Allowable upper bound for oy and 7 for given oy, and 7.

In [19] Om =Tm=2 om=Tv =4

In this paper Om=Tm=2 om = Tm = for any large finite value

4. Numerical Example

To illustrate the effectiveness of our stability criterion, we give the following numerical
example.

Example 4.1. Consider the SBAM neural networks (2.2) with the following parameters:

03 0 0 03 0 0 04 02 —0.1
A=|0 03 0|, B=|oo02o0f|, <c=|o0 02 03],
0 0 04 0 0 02 01 0 02
02 01 0 02 02 06 04 04 02
p=|02 03 02|, w=|03 01 o], v=|o0 01 02],
0 -02 02 0 -02 05 03 0 03
02 0.6 0.1 04 05 -03 02 0 0
M=|01 03 o], N=|o0 0103|, G=|o0o03 0],
0 -07 -05 04 0 04 0 0 03
04 0 0 (4.1)
k k
K=|0 02 o], T(k)=3+sin<7”>, o(k)zz—cos<7”>,
0 0 02

I:—3sin<k7ﬂ->, ]=2cos<k77r), ‘uk=pk=e_4k,
[tanh (—4y: (k))]
f(y(k)) =g(y(k)) = h(y(k)) = |tanh(-4y2(k)) |,
| tanh(-ys(k)) |
[ tanh (—x (k)) |

Fy(k) = g(y(k) = h(y(k)) = |tanh(-4xz(k)) | -
| tanh(-x3(k)) |

It can be verified that 6, = Ty =3, oM =TmM =4, 1] =m] =n] =2,1] =m] =n] = -2,
L=my=ny=21=my=n,=-21=m;=nj=11=m;=ny;=-1,u] =v] =wj =1,
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u =v] =w; =-lL,u =v; =w; =2,u, =v, =w, =-2u, =v; =w, =1and
u; = v; =w; = -1 with
-4 0 0] 000
Li=M;=N;=|0 -4 0], Ly=M,=N,=|00 0],
|0 0 -1] 000
[-1 0 0] 000 (4.2)
Uy =vVi=w;=10 -4 01, U=V, =W,=10 0 0].
|0 0 -1] 000

By using Matlab LMI toolbox, we solve the LMIs (3.1) in Theorem 3.1 and obtain the feasible
solutions as follows:

—3.7477 05120 -0.2586 -7.6744 0.2512 0.0154
P = | 05120 -7.5557 -0.6515|,  Py= | 02512 —6.2020 —0.0046 |,

-0.2586 -0.6515 —9.0264 0.0154 -0.0046 —8.4207

r2.8411  0.0680 -0.2237 25375 0.5389 -0.6248

Q; = | 0.0680 3.6480 -0.2702], Q,=| 05389 3.6343 -0.3781}[,

[ -0.2237 -0.2702 2.1788 -0.6248 -0.3781 2.1497
71.8738 0.6069 1.2100 -0.5616 -0.7036 2.2034
R, = |0.6069 22212 1.3303], R, = [-0.7036 0.8218 -0.4770],
[1.2100 1.3303 2.1414 22034 -0.4770 -1.2174
[—6.5450 0 0 -12.0795 0 0
Ay = 0  -10.4004 0 p Ay = 0 -9.8357 0 ,
| o0 0 -16.6900 0 0  -15.5096
1.7050 0 0 23176 0 0
I = 0 36765 0 |, I, = 0 32988 0 |,
0 0  2.1403 0 0  2.0030
1.7050 0 0 23176 0 0
Q) = 0 36765 0 |, Q=] 0 32988 0 |,
0 0 2.1403 0 0  2.0030

lo=17593, e =3.6570. (4.3)
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Figure 1: State trajectories of x1(k), x2(k), x3(k), y1(k), y2(k), y3(k) for Example 4.1.

Then, it follows from Theorem 3.1 that the SBAMNN (2.7) with given parameters is
globally exponentially stable in the mean square. Our main purpose in this example is to
estimate the maximum allowable upper bound delay oy and 7yfor given lower bound
om and T, (Table1). For instance, if we set 0,, = T, = 2, the allowable time delay
upper bound obtained by Gao and Cui [19] is 4. However, in our paper, we obtained that
for any time delay satisfying 0 < 7(t) < 7p = for any large finite value, 0 < o(t) <
om = for any largefinite value. This is much larger than that in [19], which shows the less
conservativeness of our developed method (Figure 1).
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5. Conclusion

In this paper, we have considered the stability analysis problem for a class of discrete-
time stochastic BAM neural networks with both discrete and distributed delays. Employing
a Lyapunov-Krasovskii functional and a Linear matrix inequality approach has been
developed to establish sufficient conditions for the SBAMNNS to be globally exponentially
stable. It has been shown that the delayed SBAMNNSs are globally exponentially stable if
some LMIs are solvable and the feasibility of such LMIs can be easily checked by using
the numerically efficient LMI toolbox in Matlab. A numerical example has been given to
demonstrate the effectiveness of the obtained stability conditions.
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