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Abstract

In this paper, we define the weak P-property and the a-yr-proximal contraction by p
in which p is a T-distance on a metric space. Then, we prove some best proximity
point theorems in a complete metric space X with generalized distance. Also we
define two kinds of a-p-proximal contractions and prove some best proximity point
theorems.
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1 Introduction

Let us assume that A and B are two nonempty subsets of a metric space (X,d) and
T :A — B.Clearly T(A) N A # { is a necessary condition for the existence of a fixed point
of T. The idea of the best proximity point theory is to determine an approximate solution
x such that the error of equation d(x, Tx) = 0 is minimum. A solution x for the equation
d(x, Tx) = d(A, B) is called a best proximity point of 7. The existence and convergence
of best proximity points have been generalized by several authors [1-8] in many direc-
tions. Also, Akbar and Gabeleh [9, 10], Sadiq Basha [11] and Pragadeeswarar and Marudai
[12] extended the best proximity points theorems in partially ordered metric spaces (see
also [13-18]). On the other hand, Suzuki [19] introduced the concept of t-distance on a
metric space and proved some fixed point theorems for various contractive mappings by
7-distance. In this paper, by using the concept of 7-distance, we prove some best proximity

point theorems.

2 Preliminaries
Let A, B be two nonempty subsets of a metric space (X, d). The following notations will
be used throughout this paper:

d(y,A) = inf{d(x,y) X GA},
d(A,B) := inf{d(x,y) :x€Aandye B},
Ag:={x € A:d(x,y) = d(A,B) for some y € B},

By := {y € B:d(x,y) = d(A, B) for some x eA}.
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We recall that x € A is a best proximity point of the mapping 7 : A — B if d(x, Tx) =
d(A, B). It can be observed that a best proximity point reduces to a fixed point if the un-
derlying mapping is a self-mapping.

Definition 2.1 ([20]) Let (A, B) be a pair of nonempty subsets of a metric space X with
A # . Then the pair (A4, B) is said to have the P-property if and only if

d(xl’yl) = d(A,B),

d(x2,y,) = d(A, B) d(x1,%2) = d(y1,2),

where x1,x, € Ag and y;,y, € By.

It is clear that, for any nonempty subset A of X, the pair (4, A) has the P-property.

Definition 2.2 ([5]) A is said to be approximately compact with respect to B if every se-
quence {x,} of A, satisfying the condition that d(y,x,) — d(y,A) for some y in B, has a
convergent subsequence.

Remark 2.3 ([5]) Every set is approximately compact with respect to itself.

Sametet al. [21] introduced a class of contractive mappings called « - -contractive map-
pings. Let W be the family of nondecreasing functions ¥ : [0,00) —> [0, 00) such that
> ¥ (t) < oo for all £ > 0, where ¥ (¢) is the nth iterate of .

Lemma 2.4 ([21]) For every function ¥ : [0,00) —> [0, 00), the following holds:
if Y is nondecreasing, then, for each t > 0, lim,,_, oo ¥"(£) = 0 implies Y (t) < t.

Definition 2.5 ([1]) Let 7: A — Band o : A x A — [0, 00). We say that T is «-proximal
admissible if

O5(3‘:1;\762) = 1)
d(ulj Txl) = d(AxB)r - 0[(1/!1, MZ) > 1
d(”Z: sz) = d(A’B)

for all x1, x5, u1, uy € A.

Remark 2.6 Let ‘<’ be a partially ordered relation on A and @ : A x A — [0, 00) be de-
fined by

1, x=xy,

a(x,y) =
(:9) 0, otherwise.

If T is a-proximal admissible, then T is said to be proximally increasing. In other words,

T is proximally increasing if it satisfies the condition that

X1 X X2,
d(uy, Tx1) = d(A, B), = w=xu
d(uz, sz) = d(A’B)

for all x1, x5, u1, uy € A.
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Definition 2.7 ([19]) Let X be a metric space with metric d. A function p: X x X —
[0,00) is called t-distance on X if there exists a function 1 : X x [0,00) —> [0, 00) such
that the following are satisfied:

(1) plx,z) <p(x,y) + p(y,z) for all v, y,z € X;

(t2) n(x,0)=0and n(x,¢t) > tforallx e X and ¢ € [0,00), and 7 is concave and continuous
in its second variable;

(t3) lim,x, = x and lim, sup{n(z,, (24, %m)) : m > n} = 0 imply p(w, x) < liminf, p(w, x,,) for
allwe X;

(ta) limy, sup{p(xy, ¥m) : m > n} = 0 and lim, n(x,, t,) = 0 imply lim, n(y,, £,) = 0

(t5) limy, n(zy, p(24,%,)) = 0 and lim,, n(z,,, p(z, yu)) = 0 imply lim,, d(x,,, y,.) = 0.

Remark 2.8 (1) can be replaced by the following (z3)'.

(r2) inf{n(x,t):t>0} =0 for all x € X, and n is nondecreasing in its second variable.
Remark 2.9 If (X, d) is a metric space, then the metric d is a 7-distance on X.

In the following examples, we define 1 : X x [0, 00) —> [0,00) by n(x,¢) =t for allx € X,
t € [0,00). It is easy to see that p is a T-distance on a metric space X.

Example 2.10 Let (X, d) be a metric space and ¢ be a positive real number. Then p : X x
X — [0,00) by p(x,y) = c for x,y € X is a T-distance on X.

Example 2.11 Let (X, || - ||) be a normed space. p: X x X —> [0, 00) by p(x,y) = |Ix]| + ||yl
for x,y € X is a 7-distance on X.

Example 2.12 Let (X, | - ||) be a normed space. p: X x X —> [0,00) by p(x,y) = ||y|| for
x,y € X is a T-distance on X.

Definition 2.13 Let (X, d) be a metric space and p be a t-distance on X. A sequence {x,,}
in X is called p-Cauchy if there exists a function 1 : X x [0,00) —> [0, 00) satisfying (z2)-
(t5) and a sequence z, in X such that lim,, sup{n(z,, (z,,x,,)) : m > n} = 0.

The following lemmas are essential for the next sections.

Lemma 2.14 ([19]) Let (X,d) be a metric space and p be a t-distance on X. If {x,} is a
p-Cauchy sequence, then it is a Cauchy sequence. Moreover, if {y,} is a sequence satisfying
limy, sup{p(xy, ym) : m > n = 0}, then {y,} is also a p-Cauchy sequence and lim,, d(x,, y,) = 0.

Lemma 2.15 ([19]) Let (X,d) be a metric space and p be a t-distance on X. If {x,} in X
satisfies lim, p(z,x,) = 0 for some z € X, then {x,} is a p-Cauchy sequence. Moreover, if
{yu} in X also satisfies lim, p(z,y,) = 0, then lim,, d(x,, y,) = 0. In particular, for x,y,z € X,
p(z,x) =0 and p(z,y) =0 imply x = y.

Lemma 2.16 ([19]) Let (X,d) be a metric space and p be a t-distance on X. If a sequence
{x,} in X satisfies lim,, sup{p(x,,, x,,) : m > n} = 0, then {x,} is a p-Cauchy sequence. More-
over, if {y,} in X satisfies lim, p(x,,y,) = 0, then {y,} is also a p-Cauchy sequence and
lim,, d(xy,y,) = 0.
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The next result is an immediate consequence of Lemma 2.14 and Lemma 2.16.

Corollary 2.17 Let (X,d) be a metric space and p be a t-distance on X. If a sequence {x,,}
in X satisfies lim,, sup{p(x,, x,,) : m > n} = 0, then {x,} is a Cauchy sequence.

3 Some best proximity point theorems
Now, we define the weak P-property with respect to a t-distance as follows.

Definition 3.1 Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with Ao #
@. Also let p be a t-distance on X. Then the pair (4, B) is said to have the weak P-property
with respect to p if and only if

d(xllyl) = d(A! B);
= plx,x2) < p,y2),
d(x,y2) = d(A, B)
where x1,x, € Ag and y1,y, € By.

It is clear that, for any nonempty subset A of X, the pair (4, A) has the weak P-property
with respect to p.

Remark 3.2 ([22]) If p = d, then (A, B) is said to have the weak P-property where Ay # .
It is easy to see that if (4, B) has the P-property, then (A, B) has the weak P-property.

Example 3.3 Let X = R? with the usual metric and p1, p; be two t-distances defined in
Example 2.11 and Example 2.12, respectively. Consider the following:

A={(a,b)eR*|a=0,2<b<3},
B=|(a,b)eR?|a=1,b<1}U{(a,b) eR*|a=1,b>4}.

Then (A, B) has the weak P-property with respect to p; but has not the weak P-property

with respect to p,.

By the definition of A and B, we obtain
d((0,2),(1,1)) = d((0,3),(1,4)) = d(4,B) = V2,
where (0,2),(0,3) € A and (1,1), (1,4) € B. We have

p1((0,2),(0,3) =5 and py((1,1),(1,4)) = V2 + V17,
p ((0’ 3)’ (O’ 2)) =5 and h ((1’ 4)) (1: 1)) = \/ﬁ + \/5.

Therefore (A, B) has the weak P-property with respect to p;. On the other hand, we have
pz((o’ 3)’ (0’ 2)) =2 and P2 ((L 4); (11 1)) = \/E.

This implies that (4, B) has not the weak P-property with respect to p,.
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Definition 3.4 Let (X,d) be a metric space and let p be a t-distance on X. A mapping
T :A — Bis said to be an «-y-proximal contraction with respect to p if

a(x,y)p(Tx, Ty) < 1//(p(x,y)) forallx,y € A,
where @ : A x A — [0,00) and ¢y € W.
Remark 3.5 ([1]) If p = d, then T is said to be an «-1/-proximal contraction.

Example 3.6 Let (X, d) be a metric space and A, B be two subsets of X. Let p be the t-
distance defined in Example 2.10. Consider the following:

t
v(t) = 5 forallt >0,

1
ai(x,y) =k, wherek €R,0<k < 5
1
ay(x,y) =ky, whereky € R, ky > 5

Then T : A — B is an a;-1-proximal contraction with respect to p, but it is not an «;-
Y -proximal contraction with respect to p.

Definition 3.7 g: A — A is said to be a t-distance preserving with respect to p if

p(gx1,8%2) = p(x1,%2)
for all x; and x, in A.
We first prove the following lemma. Then we state our results.

Lemma 3.8 Let A and B be nonempty, closed subsets of a metric space (X, d) such that Ao
is nonempty. Let p be a t-distance on X and o : A x A —> [0, 00). Suppose that T : A — B
and g : A — A satisfy the following conditions:

(@) T is a-proximal admissible.

(b) g is a t-distance preserving with respect to p.

(c) algu,gv) > 1 implies that «(u,v) > 1 for all u,v € A.

(d) T(Ao) S By and Ay C g(Ao).

(e) There exist xq,x1 € A such that

d(gx1, Txo) =d(A,B) and  a(xp,%1) > 1.
Then there exists a sequence {x,} in Ao such that
d(gxy.1, Txy) =d(A,B)  and  o(xy,%x,11) =1 foralln e NU{0}.
Proof By condition (e) there exist xg,%; € A such that

d(gx1, Txo) =d(A,B) and  a(xg,x1) > 1. (1)
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Since Tx; € T(Ag) € By and Ay C g(Ap), there exists x, € A such that
d(gxo, Tx1) = d(A, B). (2)
T is «-proximal admissible, therefore by (1) and (2) we have
algxr,gxs) > 1.
By condition (c) we obtain
o(x,%0) > 1.
Continuing this process, we can find a sequence {x,} in Ag such that
d(gxy.1, Tx,) =d(A,B)  and  a(x,,x,1) >1 forallnme NU{0}. (3)

This completes the proof of the lemma. d

The following result is a special case of Lemma 3.8 obtained by setting « defined in
Remark 2.6.

Corollary 3.9 Let A and B be nonempty, closed subsets of a metric space (X, d) such that
Ap is nonempty. Let ‘<X’ be a partially ordered relation on A and p be a t-distance on X.
Suppose that T : A — B and g: A —> A satisfy the following conditions:

(a) T is proximally increasing.

(b) g is a t-distance preserving with respect to p.

(d) T(Ao) S By and Ay € g(Ao).
(e) There exist xq,x1 € A such that

)
(c) gu < gvimplies that u < v for all u,v € A.
)
)
d(gx1, Txo) =d(A,B) and xo < x1.
Then there exists a sequence {x,} in Ay such that
d(gxu.1, Txy) =d(A,B)  and  x, <%, forallne NU{0}.

The following result is a spacial case of Lemma 3.8 if g is the identity map.

Corollary 3.10 Let A and B be nonempty, closed subsets of a metric space (X, d) such that
Ap is nonempty and o : A x A —> [0,00). Suppose that T : A —> B satisfies the following
conditions:

(a) T is a-proximal admissible.

(b) T(Ao) € By.

(¢) There exist xg,x1 € A such that

d(x1, Txg) =d(A,B) and a(xy,x1) > 1.
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Then there exists a sequence {x,} in Ao such that
d(xp4, Tx,) =d(A,B) and oa(x,,x,1) >1 forallne NU{0}.

Theorem 3.11 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Let o« : A x A —> [0,00) and ¢ € V. Also suppose that p is a
t-distance on X and T : A —> B satisfies the following conditions:

(a) T(Ao) C By and (A, B) has the weak P-property with respect to p.

(b) T is a-proximal admissible.

(c) There exist xq,%x1 € A such that

d(x1, Txg) =d(A,B) and o(xg,x1) > 1.

(d) T is a continuous a-v-proximal contraction with respect to p.
Then T has a best proximity point in A.

Proof By Corollary 3.10 there exists a sequence {x,} in Ao such that

d(x,.1, Tx,) =d(A,B) and  a(x,,x,,1) >1 forallme NU{0}. (4)
(A, B) satisfies the weak P-property with respect to p, therefore by (4) we obtain that

P xn41) < p(Txy,_1, Tx,) forallm e N. (5)
Also, by the definition of T', we have

a (X1, %,)p(Txy_1, Txy) < l/f(p(x,,_l,xn)) forall » € N.
On the other hand, we have «(x,_1,%,) > 1 for all n € N, which implies that

P(Tx,_1, Tx,) < w(p(xn_l,x,,)) forall n € N. (6)
From (5) and (6), we get that

P& xp11) < Y (p(Hp-1,%,)) forallmeN. 7)

If there exists 7y € N such that p(x,,,%,,-1) = 0, then, by the definition of v, we obtain
that ¥ (p(%,9-1,%4,)) = 0. Therefore by (7) we have p(x,,%,.1) = 0 for all #n > ny. Thus by
Lemma 3.8 the sequence {x,} is Cauchy.

Now, let p(x,_1,x,) # 0 for all n € N. By the monotony of ¥/ and using induction in (7),
we obtain

P x011) < Y (pxo,x1)) forallmeN. 8)

By the definition of v/, we have Y ;- Yk (p(x0,%1)) < 00. So, for all & > 0, there exists some
positive integer /1 = hi(e) such that

> v (plwo,m)) <.

k>=h
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Now let m > n > h. By the triangle inequality and (8), we have

m-1 m-1

DXy ) < Zp(xk,xkﬂ) =< Z 1ﬂk(P(ﬁCo,xl)) = Z Wk(P(xo,xl)) <é&.
k=n k=n k=h
This implies that

lim sup{p(xn,xm) Tm > n} =0.
n

By Corollary 2.17 {x,} is a Cauchy sequence in A. Since X is a complete metric space and
A is a closed subset of X, there exists x € A such that lim,,_, o, x,, = x.

T is continuous, therefore, by letting » — oo in (4), we obtain
d(x, Tx) = d(A, B).
This completes the proof of the theorem. d

The following result is the special case of Theorem 3.11 obtained by setting p = d.

Corollary 3.12 ([1]) Let A and B be nonempty closed subsets of a complete metric space
(X, d) such that A is nonempty. Let « : A x A — [0,00) and € V. Suppose that T :
A —> B is a nonself mapping satisfying the following conditions:

(a) T(Ao) C By and (A, B) has the P-property.

(b) T is a-proximal admissible.

(c) There exist xg,%1 € A such that

d(x1, Txg) =d(A,B) and o(xg,x1) > 1.

(d) T is a continuous a--proximal contraction.

Then there exists an element x* € A such that
d(x*, Tx*) =d(A,B).

Theorem 3.13 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Also suppose that p is a t-distance on X and T : A —> B satisfies
the following conditions:

(@) T(Ao) C By and (A, B) has the weak P-property with respect to p.

(b) There exists r € [0,1) such that

p(Tx, Ty) <rp(x,y), Vx,y€A.
(¢) T is continuous.

Then T has a best proximity point in A. Moreover, if d(x, Tx) = d(x*, Tx*) = d(A, B) for some
x,x* € A, then p(x,x*) = 0.
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Proof Definea:A x A — [0,00) and ¢ : [0,00) —> [0,00) by a(x,y) =1 for allx,y € A
and ¥ (¢) = ¢ for all £ > 0. Therefore by Theorem 3.11, T has a best proximity point in A.
Now let x, x* be best proximity points in A. Therefore we have

d(x, Tx) = d(x*, Tx*) =d(A,B).

The pair (A4, B) has the weak P-property with respect to p, hence by the definition of T we
obtain that

p(x%x") < p(Tx, Tx*) < rp(x,x%).
Hence p(x,x*) = 0 and this completes the proof of the theorem. d
The next result is an immediate consequence of Theorem 3.13 by taking A = Band p = d.

Corollary 3.14 (Banach’s contraction principle) Let (X,d) be a complete metric space and
A be a nonempty closed subset of X. Let T : A —> A be a contractive self-map. Then T has
a unique fixed point x* in A.

4 o-p-Proximal contractions

Definition 4.1 Let A, B be subsets of a metric space (X,d) and p be a t-distance on X.
A mapping T : A — B is said to be an «-p-proximal contraction of the first kind if there
exists r € [0,1) such that

0[(961,962) = 1:
d(ulv Txl) = d(AxB)’ - p(ul) uZ) S rp(xler)’
d(”z; sz) = d(AJ B)

where ¢ : A x A —> [0,00) and uy, u,x1,%, € A.
Also if T is an «-p-proximal contraction of the first kind, then
(i) T is said to be an ordered p-proximal contraction of the first kind if ‘<’ is a partially
ordered relation on A and « is defined in Remark 2.6.
(ii) T is said to be p-proximal contraction of the first kind if «e(x, y) = 1 for all x,y € A.

Remark 4.2 ([11]) If T is an ordered p-proximal contraction of the first kind and p = d,
then T is said to be an ordered proximal contraction of the first kind.

Remark 4.3 If T is a p-proximal contraction of the first kind and p = d, then T is said to
be a proximal contraction of the first kind (see [5]).

Definition 4.4 Let A, B be subsets of a metric space (X,d) and p be a t-distance on X.
A mapping T : A — B is said to be an «-p-proximal contraction of the second kind if
there exists r € [0,1) such that

ax,x2) > 1,
d(uh Txl) = d(A;B)r - p(Tuh TMZ) =< VP(Txl, sz),
d(us, Txy) = d(A, B)

where ¢ : A x A —> [0,00) and uq, uy,x1, %5 € A.



Omidbvari et al. Journal of Inequalities and Applications (2015) 2015:27 Page 10 of 17

Also if T is an a-p-proximal contraction of the second kind, then
(i) T is said to be an ordered p-proximal contraction of the second kind if ‘<’ is a
partially ordered relation on A and « is defined in Remark 2.6.
(ii) T is said to be a p-proximal contraction of the second kind if a(x, y) = 1 for all
x,y€A.

Remark 4.5 If T is an ordered p-proximal contraction of the second kind and p = d, then

T is said to be an ordered proximal contraction of the second kind.

Remark 4.6 If T is a p-proximal contraction of the second kind and p = d, then T is said

to be a proximal contraction of the second kind.

Example 4.7 Let X = R with the usual metric and p be the 7-distance defined in Exam-
ple 2.11. Given A = [-3,-2] U [2,3], B=[-1,1] and T: A — B by

x+2, -3<x<-2,
T(x) = -
x—-2, 2<x<3,
then T is a p-proximal contraction of the first and second kind.

It is easy to see that
d(-2,T(-3)) =d(2,T(3)) =d(4,B) = 1.
Ifre [%,1), then we have

p(—2,2) 5 ”P(—g’ 3):

p(zr _2) S rp(?’! _3)
Hence T is a p-proximal contraction of the first kind. Also,

p(T(=2), T(2)) < rp(T(-3), T(3)),

p(T(2), T(-2)) <rp(T(3), T(-3))
for all r € [0,1). This implies that T is a p-proximal contraction of the second kind.

Example 4.8 Let X = R with the usual metric and p be the 7-distance defined in Ex-
ample 2.12. Let ‘<’ be the usual partially ordered relation in R. Given A = {-2} U [2,3],
B=[-1,1]and T:A — Bby

-1, x=-2,
T(x) =
x—-2, 2<x<3,
then T is an ordered p-proximal contraction of the first and second kind, but it is not a

p-proximal contraction of the first and second kind.
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It is easy to see that
d(-2,T(-2))=d(2,T(3)) =d(A,B)=1 and -2<3.
Ifre [%, 1), then we have
p(=2,2) <rp(=2,3).

p(2,-2) £ rp(3,-2), but it is not necessary because 3 A —2. Hence T is an ordered p-
proximal contraction of the first kind. But T is not a p-proximal contraction of the first
kind because p(2,-2) £ rp(3,-2) for all r € [0,1). Also,

p(T(=2), T(2)) < rp(T(-2), T(3))

for all r € [0,1). Notice that p(T'(2), T(-2)) & rp(T(3), T(-2)), but it is not necessary be-
cause 3 £ —2. This implies that T is an ordered p-proximal contraction of the second
kind. But T is not a p-proximal contraction of the second kind because p(T'(2), T(-2)) £
rp(T(3), T(=2)) for all r € [0,1).

Theorem 4.9 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Let p be a w-distance on X and o : A x A — [0, 00). Suppose
that T : A — Band g: A — A satisfy the following conditions:

(@) T is an a-proximal admissible and continuous a-p-proximal contraction of the first

kind.

(b) g is a continuous t-distance preserving with respect to p.

(c) algu,gv) > 1 implies that o(u,v) > 1 for all u,v € A.

(d) T(Ao) S By and Ay S g(Ao).

(e) There exist xg,%x1 € A such that

d(gx1, Txo) =d(A,B) and  a(xp,%1) > 1.
Then there exists an element x € A such that
d(gx, Tx) = d(A, B).
Proof By Lemma 3.8 there exists a sequence {x,} in Ao such that
d(gxy.1, Txy,) =d(A,B)  and  a(x,,x,1) >1 foralln e NU{0}. 9)

We will prove the convergence of a sequence {x,} in A. T is an «-p-proximal contraction
of the first kind and (3) holds, hence, for any positive integer #n, we have

P @ni1) < 1Ky K1)
Also g is a T-distance preserving with respect to p, so we get that

DXy Xpi1) S TPy Xy21) < -+ < 1 plxo, 1)



Omidvari et al. Journal of Inequalities and Applications (2015) 2015:27 Page 12 of 17

for every n € N. Hence, if m > n,

p(xn;xm) 5 p(xnrxn+1) +oe- +p(xm—1rxm)

< r"plxo,x1) + -+ - + " p(xo, x1)

1

= p(x0,%1).
1-r

This implies that
limsup{p(xn,xm) Tm > rz} =0.

By Corollary 2.17, {x,} is a Cauchy sequence in A. Since X is a complete metric space and
A is a closed subset of X, there exists x € A such that lim,,_, o, x,, = x.
T and g are continuous, therefore by letting » — oo in (3), we obtain

d(gx, Tx) = d(A, B).
This completes the proof of the theorem. d

The next result is an immediate consequence of Theorem 4.9 by setting o defined in
Remark 2.6.

Corollary 4.10 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Let ‘<’ be a partially ordered relation on A and p be a t-distance
on X. Suppose that T : A — B and g : A — A satisfy the following conditions:

(@) T is a proximally increasing and continuous ordered p-proximal contraction of the

first kind.

(b) g is a continuous t-distance preserving with respect to p.

(c) gu =< gvimplies that u < v forall u,v € A.

(d) T(Ao) S By and Ay C g(Ao).

(e) There exist xq,x1 € A such that

d(gx1, Txo) = d(A,B) and xo < x1.
Then there exists an element x € A such that
d(gx, Tx) = d(A, B).

Theorem 4.11 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that Ay is nonempty. Let p be a t-distance on X. Suppose that T : A — B and g :
A —> A satisfy the following conditions:

(@) T is a continuous p-proximal contraction of the first kind.

(b) g is a continuous t-distance preserving with respect to p.

(¢) T(Ao) S By and Ay S g(Ao).
Then there exists an element x € A such that

d(gx, Tx) = d(A, B).

Moreover, if d(gx, Tx) = d(gx*, Tx*) = d(A, B) for some x,x* € A, then p(x,x*) = 0.
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Proof By Theorem 4.9 there exists an element x € A such that
d(gx, Tx) = d(A, B).

Now let x* be in A such that
d(gx*, Tx*) =d(A,B).

T is a p-proximal contraction of the first kind and g is a 7-distance preserving with respect
to p, therefore

p(xx") < rp(x,x*).
Hence p(x,x*) = 0 and this completes the proof of the theorem. O
The next result is obtained by taking p = d in Theorem 4.11.

Corollary 4.12 ([5]) Let X be a complete metric space. Let A and B be nonempty, closed
subsets of X. Further, suppose that Ay and By are nonempty.Let T :A — Bandg: A — A
satisfy the following conditions:

(@) T is a continuous proximal contraction of the first kind.

(b) g is an isometry.

(c) T(Ao) € Bo.

(d) Ao S g(Ao).
Then there exists a unique element x € A such that

d(gx, Tx) = d(A, B).

The following result is a best proximity point theorem for nonself o-p-proximal con-
traction of the second kind.

Theorem 4.13 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that A is approximately compact with respect to B and Ay is nonempty. Let p be a
t-distance on X and o : A x A —> [0,00). Suppose that T : A —> B satisfies the following
conditions:

(@) T is an a-proximal admissible and continuous a-p-proximal contraction of the

second kind.
(b) T(Ao) S Bo.
(c) There exist xg,%x1 € A such that

d(x1, Txg) =d(A,B) and o(xg,x1) > 1.
Then there exists an element x € A such that

d(x, Tx) = d(A, B).
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Proof By Corollary 3.10 there exists a sequence {x,} in Ao such that
dx,1, Tx,) =d(A,B) and  a(x,,x,,1)>1 forallze NU/{0}. (10)

We will prove the convergence of a sequence {x,} in A. T is an «-p-proximal contraction
of the second kind and (10) holds, hence, for any positive integer 7, we have

P(Txy, Taa) < 1p(Tpo1, Tion) < -+ < 1"'p(Txo, Trr)
for every n € N. Hence, if m > n,

P(Txy, Toy) < p(Toy, Thpi1) + - -+ + p(Toy1, Th)

< r"p(Txo, Tx1) + - - - + " p(Txg, Ty)

n
=

— rP(Txo, Tx).

This implies that
limsup{p(Txn, Tx,,) : m > n} =0.

By Corollary 2.17, {Tx,} is a Cauchy sequence in B. Since X is a complete metric space
and B is a closed subset of X, there exists y € B such that lim,,_, o, T, = y. By the triangle
inequality, we have

d(y,A) <d(y,x,)
<d(y, Txy_1) + d(Tx,_1,%,)
= d(y, Tx,_1) + d(A, B)

< Txp) +d(y, A).
Letting n —> o0 in the above inequality, we obtain
lim d(y,x,) = d(y,A).
n—00

Since A is approximately compact with respect to B, there exists a subsequence {x,, } of
{x,} converging to some x € A. Therefore

d(x,y) = klim AXpy, Tx, 1) = d(A, B).
This implies that x € Ao. T is continuous and {T%,} is convergent to y, therefore

lim Tx,, =Tx=}.

n— 00

Thus, it follows that

d(x, Tx) = lim d(x,,, Tx,,—1) = d(A, B).

Hg—> 00

This completes the proof of the theorem. d
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The next result is an immediate consequence of Theorem 4.13 by setting « defined in
Remark 2.6.

Corollary 4.14 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that A is approximately compact with respect to B and Ay is nonempty. Let ‘<X’ be
a partially ordered relation on A and p be a t-distance on X. Suppose that T : A — B
satisfies the following conditions:

(@) T is a proximally increasing and continuous ordered p-proximal contraction of the

second kind.
(b) T(Ap) S By.
(¢) There exist xg,x1 € A such that

d(x1, Txo) = d(A,B) and x¢ < x1.
Then there exists an element x € A such that
d(x, Tx) = d(A, B).
Theorem 4.15 Let A and B be nonempty, closed subsets of a complete metric space (X, d)
such that A is approximately compact with respect to B, and let p be a t-distance on X.
Further, suppose that A is nonempty. Let T : A —> B satisfy the following conditions:
(@) T is a continuous p-proximal contraction of the second kind.
(b) T(Ao) € Bo.
Then there exists an element x € A such that
d(x, Tx) = d(A, B).
Moreover, if d(x, Tx) = d(x*, Tx*) = d(A, B) for some x,x* € A, then p(Tx, Tx*) = 0.
Proof By Theorem 4.13 there exists an element x € A such that
d(x, Tx) = d(A, B).
Now let x* be an element in A such that

d(x*, Tx*) =d(A,B).

We will show that p(Tx, Tx*) = 0. T is a p-proximal contraction of the second kind, there-

fore
p(Tx, Tx*) < rp(Tx, Tx*).
Hence p(Tx, Tx*) = 0 and this completes the proof of the theorem. d

The following result is obtained by taking p = d in Theorem 4.15.
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Corollary 4.16 ([5]) Let A and B be nonempty, closed subsets of a complete metric space
such that A is approximately compact with respect to B. Further, suppose that Ay and By
are nonempty. Let T : A —> B satisfy the following conditions:

(@) T is a continuous proximal contraction of the second kind.

(b) T(Ag) is contained in By.
Then there exists an element x € A such that

d(x, Tx) = d(A, B).

Moreover, if x* is another best proximity point of T, then Tx and Tx* are identical.
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