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Abstract

This paper is concerned with a nonautonomous single-species model, in which the
population dynamics is affected by impulsive perturbations and environmental noise.
Sufficient conditions for the extinction, stochastic permanence, and global attractivity
of system are obtained, respectively. The above results reveal that the white noise
plays a very important role in the dynamic behaviors. However, it is found that the
bounded impulse does not affect the above properties. Some numerical simulation
results are presented to support the analytical findings.

Keywords: single-species model; impulsive stochastic differential equation;
extinction; stochastic permanence; global attractivity

1 Introduction

The analysis of mathematical models of dynamic process has been of importance in im-
proving our understanding of biological systems in a fluctuating environment. On the one
hand, species living in such a fluctuating medium might experience abrupt changes of
relatively short duration due to certain external effects. The duration of these changes is
often negligible in comparison with that of the entire evolution process and hence the
abrupt changes can be well approximated as impulses (see [1, 2]). On the other hand, pop-
ulation systems are often subject to environmental noise (see [3-7]). In recent research
results, Mao et al. [8] revealed that different structures of environmental noise can have
different influences on the population systems, while Mao et al. [9, 10] indicated that en-
vironmental noise may suppress a potential population explosion. Since impulsive effect
and environmental noise are two essential ingredients of ecological processes, one is led
to consider ISDE (impulsive stochastic differential equations) which would make for a
suitable model. In recent years, many ISDE models have been extensively investigated in
applied sciences and many good results have been obtained (see [11-18]). In this paper,
we formulate a novel nonautonomous impulsive single-species system in a random en-
vironment. Motivated by the works of [18—-20], we explore and analyze the asymptotic
behaviors of the target system, and a good understanding of extinction, stochastic perma-
nence, and global attractivity of the system is obtained. The rest of this paper is organized
as follows. In the next section, a novel nonautonomous impulsive single-species model in

a random environment is proposed, and some preliminaries are given. Sufficient condi-
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tions for the extinction, stochastic permanence, and global attractivity are established in
Sections 3 and 4, respectively. In Section 5, some specific numerical examples and corre-
sponding simulations are provided to verify our theoretical results.

2 Model and preliminaries
In [21], Ludwig et al. introduced the budworm population dynamics to be modeled by the
equation

¥ (0) = 3(0)(r — ay(2)) = h(y). (21)

Here y(f) stands for the density of species y, the positive constants r and a are the in-
trinsic growth rate and self-inhibition rate, respectively. The /(y)-term is predation. To
be specific Murray [22] chose the form for 4(y) suggested by Ludwig et al. [21], that is,
cy?(t)/(b + ¥*(t)), and discussed the stability of the following system:

cy*(t)
b+y*(2)’

¥ (8) = y(6)(r — ay(®)) - (2.2)
where ¢y?(t)/(b + y*(t)) is an S-shaped function and the pair of positive constants ¢ and d
are measures of saturation. Furthermore, in recent investigations Liu et al. [19, 20] con-

sidered the following nonautonomous version with impulsive perturbations:

30 =y 6@ - ay(®) - 220 147,

2.3
y(t) =1+ r)y(w), t=mu,keN, (2.3)

where N is the set of positive integers. The impulsive points satisfy 0 < 71 < 72 < - -+,
limy_, 100 Tk = +00, and the impulsive effects satisfy A; > —1, in particular, A > O represent
stocking, while Ax < 0 denote harvesting.

In this contribution, we consider that environmental noise mainly affects the intrinsic
growth rate r(z). If we still use r(¢) to denote the average growth rate at time ¢, then we
usually estimate it by an average value plus an error term, and we obtain

r(t) = r(t) + o (£)B(2), (2.4)

where B(¢) is a white noise and o2(¢) represents the intensity of the noise. Thus, a revised
version can be described by ISDE

dy() = y(O)(r(8) - ale)y(t) - 552505 de + o () dB(@), ¢ 7,

e = L+ Ay, = ok eN, (5)

where the initial value y(0) > 0. B(¢) is a standard Brownian motion defined on a complete
probability space (€2, F, {F;}:>0, P) with a filtration {F,;};>¢ satisfying the usual conditions
(i.e., it is right continuous and increasing while F, contains all P-null sets), and the co-
efficients r(t), a(t), c(t), b(¢) and o (t) are all positive continuous bounded functions on
R, =[0,+00).

For convenience, we define

fl=inff(t),  f“=supf(t), teR,,



Tan et al. Advances in Difference Equations (2015) 2015:218 Page 3 0of 17

where f(£) is a continuous bounded function. Throughout this paper, it is assumed
that
(S) there exist two positive constants m and M such that m < ]_[qud(l +h) <M, and

a product equals unity if the number of factors is zero.

Definition 2.1 (see [18]) Consider the following ISDE:

dX(t) = F(t, X(t))dt + G(t, X(¢)) dW (t), ¢ #x, 2.6)
X(‘L']:) - X(tx) = BiX(tr), t=711,k€N,
with initial condition X(0). A stochastic process X(¢) = (Xi(¢),...,X,(¢)), t € [0,+00), is
said to be a solution of (2.6) if
(1) X(¢) is F;-adapted and is continuous on (0, 71) and each interval (tx, 7¢41), kK € N;
F(t,X(2)) € L}([0, +00); R"), G(t, X (¢)) € L2([0, +00); R"), where LX([0, +00); R") is all
R”" valued measurable F;-adapted processes v (¢) satisfying fOT [y (£)|* dt < 0o as. for
every T > 0;
(2) foreach iy, k e N, X(z}f) = limHTk+ X(t) and X(7;) = lim,_, - X () exist and
X(7x) = X(r) with probability 1;
(3) X(#) obeys the equivalent integral equation of (2.6) for almost every ¢ € [0, +00)\ {7}
and satisfies the impulsive conditions at each ¢ = 7%, k € N with probability 1.

Definition 2.2 For a positive solution y(¢) of system (2.5), then
(1) system (2.5) is said to be extinctive if lim;_, .0 y(¢) = 0;
(2) system (2.5) is said to be stochastically permanent if every ¢ € (0, 1), there exist
constants 8 > 0 and § > 0 such that for any initial value y(0) € R,, (),

liminfP{y(t) > B} > 1 -, liminfP{y(t) <5} >1-¢.

—+00 t—>+00
Definition 2.3 Let y;(¢), ¥2(¢) be, respectively, any two solutions of system (2.5) with pos-
itive initial values y1(0) and y,(0). If lim;_, ;o0 [y1(£) — ¥2(£)| = O a.s., then system (2.5) is

globally attractive.

Lemma 2.1 (see [23]) Assume that an n-dimensional stochastic process X(t) on t > 0 sat-

isfies the condition
EIX(6)-X(9)|" <clt—s""P, 0<s,t<+o0,

for positive constants o, B, c. Then there exists a continuous version X () of X(t) which has

the property that for every v € (0, /), there is a positive random variable ¢(w) such that

|5((z:,w)—X(t,w)|< 2 }:1.

P{a) : su = < —
0<|t-s|]<p(w),0<s,t<+00 |t - S| 1-2

In other words, almost every sample path of X (t) is locally but uniformly Holder continuous
with exponent ¥.
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Lemma 2.2 ([24]) Suppose that a,a,,...,a, are real numbers; the inequality
|y +az + -+ + anl’ < Cy(larl + |azl? + -+ + |anl”)
holds, where p > 0 and

B 1, O<p<l,
P wt, ps1.

Lemma 2.3 ([25]) Let f be a non-negative function on t > 0 such that f is integrable on
t > 0 and is uniformly continuous on t > 0. Then lim;_, .o f(£) = 0.

Lemma 2.4 For any given initial value y(0) > 0, there is a unique solution y(t) to system
(2.5) for all t > 0 and y(t) will remain in R- = {y|y € R:y > 0} with probability 1.

Proof Let us consider the following SDE without impulsive perturbations:

C(t) 1_[0<rk<t(1 + )‘k)x(t) )

dx(t) = x(t) (r(t) —a) [T +a020) - 5 O+ T 0 30w 0F
O<ty<t

O<tg<t

+ 0o (t)x(t) dB(t) (2.7)

with initial value x(0) = (0).
It follows from the theory of SDE [6] that (2.7) has a unique local solution x(¢) on [0, £,),
where ¢, is the explosion time. To show this solution is global, we only need to prove that
1

t. = +0o a.s. Let ny be sufficiently large such that x(0) remains in the interval [%, no). For

each integer n > ny, define the stopping time

t, = inf{t €[0,t,) :x(t) ¢ (%,n) } (2.8)

Clearly, t, is increasing as n — +00. Set .00 = lim,_, 100 £y, Whence £,00 < £ a.s. To com-
plete the proof, we only need to show that ¢,,, = +00 a.s. If this statement is false, then
there exist a pair of constants T > 0 and ¢ € (0,1) such that P{t,,, < T} > ¢. As a result,

there is an integer n; > 1y such that
P{t,<T}>¢, foralln=>n.
Define a C>-function V : R, — R, by

V(x)=x—-1-Inx. (2.9)

The nonnegativity of V(x) is obvious. One derives, by Ito’s formula, that

_ 1 1
dv = (1 - —) dx +0.5— (dx)
X X

C(t) l_[0<rk<t(1 + )‘k)x(t) :|

_ {(x(t) _1) [r(t) -at) [T @ anto) - g et e

O<ty<t
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+ 0.502(1.‘)} dt + (x(t) - 1)o (t) dB(t)

= [r(t)(x(t) —1) + (1-x(®)alt) [T @+rax)
O<ty<t
(1 - x(t))c(t) 1_[0<Tk<t(1 + )‘k)x(t)
b(®) + ([ Toeqper (X + i) ()]

+ 0.502(t):| dt + (x(¢) —1)o (t) dB(t)

C(t) 1_[0<‘L'k<t(1 + )\k)x(t)
b(t)

< [r(t)x(t) +a(t) [T @ +rx@) +

O<y<t

+ 0.502(13)] dt

+ (x(¢) = 1)o (t) dB(2)
< [(r” +a*M + %)x(t) + 0.5(0”)2] dt + (x(t) - l)o(t) dB(t). (2.10)

Let

M

L= 05(c")".

Li=r*+a"M +
Notice that x < 2(x —1 —Inx) + 2, for x > 0, we know that

dV < [Lix(¢) + Ly ] dt + (x(£) - 1)o () dB(t)
< {2L1 (\_/(x) + 1) + L2} dt + (x(t) - l)a(t) dB(t)

= {20,V (%) + 2Ly + Ly} dt + (x(2) — 1)o () dB(2). (2.11)

So

t~NT

unT t AT _
/ dV(x) < / {2L1 Vix) + 2L + L2} dt + / (x(t) - l)a(t) dB(t). (2.12)
0 0 0
Taking expectations leads to
_ _ gNT
EV(x(tx AT)) < V(x(0)) + 2Ly + Ly)E(tx A T) + 2Ly / EV (x(2)) dt
0
- T -
< V(x(0)) + 2Ly + Ly) T + 2L, / EV(y(tx A T))dkt. (2.13)
0
It then follows from the Gronwall inequality that
EV(x(te A T)) < (V(x(0)) + (2Ly + Ly) T)e*1 7. (2.14)

Let @2, = {t, < T}, n > n, then P(2,) > ¢. Notice that for arbitrary o € Q,, x(¢,, w) equals
either n or %, and thus V(y(t,, w)) is no less than # — 1 —In# or % —1+Inn. Then

(\_/(x(O)) + (2L + L2)T)62L1T > E[lgn (w)\_/(x(t,,,w))]

zs[(n—l—lnn)/\<%—1+lnn)], (2.15)
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where 1g,, is the indicator function of €2,,. Letting n — oo results in the contradiction
+00 > (V(%(0)) + 2Ly + L) T)e*1T = +oo.

Thus we obtain ¢, = +00 a.s.
In the following, we need to show that y(¢) is the solution of (2.5). Denote

y®) = [T @+ rx(). (2.16)

O<ty<t

One can see that y(¢) is continuous on each interval (tx, Txs1) C R, and for any ¢ # 1,

dy(t) = d( [Ta+ Ak>x(t)) = [T @+ r0da()

O<ty<t O<ty<t

= [ @+nroa) <r(t) —a(t) ] @+rx)
O<Ty<t

B C(t) ]_[0<rk<t(1 + )‘k)x(t)

b(®) + [oqee (1 + 2%

O<t<t

) dt+ [T 0+ o (e)x(e) dB()
O<ty<t
c(t)y(®)

500 - aten) - 5P

) dt + o ()y(t) dB(®). (2.17)

Moreover, for every k € N and t; € [0, +00),

y(7) = lim 1_[ 1+ Ap)x(t) = 1_[ 1+ A)x(zy)
el O<tj<t 0<7j<t%
=@+ a0 [T @+ aame) = @+ ey (2.18)
O<zj<ty
Meanwhile,

(o) = tim [T @+ax@= [T @+ax(z)

O<j<t O<tj<t)
= [T @+xaatm) =y(w). (2.19)
O<gj<ty
The proof of Lemma 2.4 is complete. 0

3 Extinction and stochastic permanence
We first consider the extinction of system (2.5). Denote

o(t) = r(t) — 0.50%(¢). (3.1)

Theorem 3.1 System (2.5) is extinct provided that

lim sup t‘1< Z In(1 + Ag) + /t(p(s) ds) <0.
0

t=+00 O<tg<t



Next, we turn to studying the stochastic permanence of system (2.5).
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Proof Applying Itd’s formula to (2.7), one derives that
dx(t)  (dx(t))?
dlnx(t) = -
w0 =" T w0
(t) [Tocrper (1 + Ar)x(2)
=(r@®)-al(t 1+ Ap)x(t Ths 0.502t)dt
( (£) - a( )01:[%5 Ox(t) = o o+ 2007 ()
+ o (t)dB(t)
c(t)y(#)
= t)—a(t)y(t) - —————— ) dt t)dB(t). 3.2
<<ﬂ() a(t)y(t) 50+ 20 +0(t)dB(t) 3.2)
Integrating both sides from O to ¢ gives
t t t
Inx(¢) — Inx(0) =/ o(s) ds—/ a(s)y(s) ds—f Ly(?dsa/\/(t), (3.3)
0 0 o b(s) +y%(s)
where N (¢) = fot o (s)dB(s), and N (¢) is a local martingale with quadratic variation
t
N@,N @) = / o2(s)ds < (U”)zt. (3.4)
0
We obtain from the strong law of large numbers for local martingales
t
lim A& =0 as. (3.5)
t—>+00 [
On the other hand, it follows from (3.3) that
t t
Z In(1 + Ag) + Inx(2) — Inx(0) = Z In(1 + Ag) +/ o(s) ds—/ a(s)y(s)ds
O<ty<t O<ty<t 0 0
Loc(s)y(s)
- | —=——ds+ N(2), (3.6)
/0 b(s) + y2(s)
that is,
t t
Iny(¢) — Iny(0) = Z In(1 + Ag) + / (s)ds —/ a(s)y(s)ds
O<tp<t 0 0
_clshy(s)
ds+ N(2). (3.7)
o bls) +%(s)
Hence
t
Iny(£) — Iny(0) < Z In(1 + Ag) + / o(s)ds + N(t). (3.8)
O<ty<t 0
Then the desired assertion follows from (3.5) immediately. O
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Theorem 3.2 If¢' > 0, then system (2.5) is stochastically permanent, where ¢(t) is defined
in (3.1).

Proof We first prove, for given 0 < ¢ < 1, that there exists a positive constant § such that
liminf,_, ;o P{y(¢) > B} > 1 —¢. Define

1
Vi(x) = —, forx>0. (3.9)
x

Then applying It6’s formula to (2.7), one can see that

1 1
dvi(x) = 2 dx + E(dx)z

C(t) H0<rk<t(1 + )\k)X(t) )

=-Vi(x) <I"(t) —a(t) 1_[ (L + Ap)x(t) - b(t) + [l_[ (1 + 2)x(2)]2
O<ty<t

O<ty<t

+ Viw)o2(t) dt — Vi(x)o (£) dB(t). (3.10)

Since ¢! > 0, we can choose a suitable positive constant § such that

@' >0.50 (o”)z. (3.11)
Define
Vo) = (1+ Vi)', (3.12)

then it follows from It¢’s formula, the assumption (S), and (3.11) that

dVs(x) = 6(1+ Vi)' dVix) + 0500 - (1 + Vi) (dVi(x))?

=0(1+ Vi)'~ {_(1 + Vi) Vi) <r(t) —a(t) T @+ o)
O<ty<t
DT Toerarl + 205(2)
b(t) + []_[0<Tk<t(1 + A)x(2)]2

) + (1 + Vl(x)) Vi(x)a(8)
+0.5(0 — 1)v12(x)02(t)} dt—0(1+ vl(x))g’lvl(x)a(t) dB(t)

—0(1+ Vi(w)" {—vf(x)(r(t) - 0.5002(t) - 0.50(t))

C(t) 1_[0<rk<t(1 + )"k) )

2
+ Vi(x) (—r(t) +al@)+a) [T @+a)+ b(8) + [ar e (1 + A0)5(O12

O<ty<t
+ C(t) H0<7:k<t(1 + )‘k)
b(E) + [ Tperger (1 + M)R(OP

va(t) [T a+ xk)} dt

O<ty<t
—6(1+ Vi) " Viw)o (£) dB(2)
< 9(1 + Vl(x))ez{—vlz(x)(gol - 0.59(0”)2) + Vﬂx)((a")2 +a"M + CM—M>

c*
u
+a"M +

b]lw } dt —6(1+ Vi(x)" " Vi(x)o () dB(2). (313)
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Choose a sufficient small constant p > 0 such that

0< g <¢'-050 (a”)z. (3.14)
Define
Vi(x) = e’ Va(x). (3.15)

Applying Ito’s formula leads to

dVi(x) = pe” Vo (x) dt + e’ dV,(x)

<0e’(1+ Vl(x))9_2{§(1 +Viw)? = Vi) (¢! - 0.50 (")) + Vl(x)<(o”)2

U

u "M u c
+a*M+ —— | +a*M +

U

b!

bzlw } dt -6 (1+ Vi(@))"™ Vi) (£) dB(r)

=0e"(1+ vl(x))"‘z{-vl(x)2 <qo’ ~0.50(c")’ - g) + vl(x)<(gu)2 M
- %p) raM s S §}df — ¢ (1+ Vi®) ™ Vi) (8) dB(2)
= "' T(x)dt - 0e’ (1+ Vi(%)" ™ Vi(®)o (£) dB(), (3.16)
where

rx) =6(1+ Vl(x))e_z{—\/l(x)2 ((pl ~0.560(c")’ - g) + vl(x)((a”)2 +a"M

"M 2p M p
o +7)+a”M+ o +5}

It is not difficult to prove that I'(x) is upper bounded, namely, I'; = sup,., I'(x) < +00. This,
together with (3.16), indicates that

dVs(x) < Tye’ dt — e (1+ Vi(x)" ™ Vi(x)o () dB(2). (317)

Integrating and taking expectations result in

. 0 g Tie’
E[V3(x(t))] = E[e” (1 + Vi(x(2)) ] < (1 + Va(x(0)))" + . (3.18)
As a consequence
limsup E[ VY (x(2))] < limsup E[(1 + V4 (x(£))’] < %, (3.19)
t—00 t—00
which, together with (2.16), yields
-0 1_,
lim supE[l/ye(t)] =lim sup( H 1+ Ak)) E[l/xe(t)] < m’ezl =T,. (3.20)
t—00 t—00

O<ty<t
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1
Thus for any ¢ > 0, let 8 = ed ) 'Y, by Chebyshev’s inequality, we have

=p°E[y*(®)], (3.21)

0
Ply() < B} =Py (0)> p) < %

which implies that

limsup P{y(t) < B} < BT, =¢,

t—+00

namely

liminfP{y(t) > B} = 1-e. (3.22)

t—>+00

Next, we will prove that for arbitrary fixed 0 < € <1, there exists a constant § > 0 such that
liminf;_, ;o P{y(¢) <8} > 1 - ¢. Choose g > 1 arbitrarily, we define

Va(x) = x(¢). (3.23)
Applying Itd’s formula to (2.7) and recalling the assumption (S) yield
dVy(x) = gx7 dx + 0.5g(q — 1)x77>(dx)?

= gqu? (r(t) —a(t) ]_[ (1 +Ap)x(t) + 0.5(q - D)o (t)

O<ty<t

DT Toerer1 + 20x(8)
B(O) + ([Toer <o + 1o)x(0)]2

§qxq(r(t) —a(t)mx(t) + 0.5(q — 1)02(t)) dt + gxlo (t) dB(t). (3.24)

) dt + qxo(t) dB(t)

Integrating and taking expectations give

E(x"(1)) - E(x"(0)) < Q/ZE{xq(s)(r(s) —a(s)mx(s) + 0.5(q — l)az(s))} ds. (3.25)
0
So
76{13(2(;0)) =< qE(xq(t)) [i”(t) +0.5(q - l)az(t)] - Wla(t)qE(xq”(t)), (3.26)

It follows from Holder’s inequality that

g+l

E() = (7)) T
As a consequence

dE(x1(¢))

7 < qE(xq(t)) [r(t) +0.5(q - l)az(t)] — gma(t) (E(xq)) %1. (3.27)

Denote

2(t) = E(x7(2)),
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then (3.27) can be rewritten as

% < qz®)[r(t) + 0.5(g - 1)o(t) - ma(t)z1 (£)]

< qz(¢) [r“ + O.Sq(o”)2 - malz% (t)].

By the standard comparison theorem, we have

“ 105 u\2\ 9
limsup E(x7(2)) < (%) = Alg).
t—+00 ma

So

limsup E(y?(t)) = limsup< 1_[ 1+ )Lk)>qE(x‘1(t))

t—+00 t—>+00
O<ty<t

“4+0.5 u\2\ 9
< (Mir ! q,(g ) ) = %(g).
ma

On the other hand, let § = E)i%i (@)/e i , then we have

E(y"(t))'

P{y >4} = P{yq > 8‘1} < 5

Thus it follows from (3.30) and (3.31) that

g\
limsupP{y > §} < g)

= )
t—+00 81

which implies that

ltimian{yf 8} >1-e¢,

which, together with (3.22), completes the proof of Theorem 3.2.

4 Global attractivity

Page 11 of 17

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

In this section, we first give Lemma 4.1 which is useful for the proof of global attractivity.

Lemma 4.1 For a solution x(t) of (2.7) with initial value x(0) > 0, almost every sample path

of x(¢) is uniformly continuous for t > 0.
Proof Denote

L(q) = max{A(q),xq(O)}.
It follows from (3.28)-(3.29), for all £ > 0, that

E(() < L(g).

(4.1)

4.2)
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Notice that (2.7) is equivalent to the following integral equation:

¢(8) [ Toar < (L + Ai)x(s) }

x(t) = x(0) + /0 x(s) [r(s) —al(s) l_[ (1 + Ag)x(s) — B + Mooy o1+ RO

O<ty<t

+ /Ot o (s)x(s) dB(s). (4.3)

At the same time, by Lemma 2.2 one sees that

q
E

C(t) 1_[0<Tk<t(1 + )‘k)x(t) :|
50 + [Toury L + 20RO

C(t) H0<rk<t(1 + )‘k)x(t)
5O + [ Toug 0+ (O]

x(t) [r(t) —a(t) ] @+ a0 -

O<ty<t

:E<|x(t)|q

@) -a@®) [ @+nroa) -

)

O<ty<t
< 0SE|(0)]* + 05E|r(0) ~a(t) [T (1+10(e) - oAt K
- O<tg<t b(t) + [H0<rk<t(1 +)x(8)]?
) ot )
< 0.5{£(2q) +3%71 (\r”\ 74 7 + |a”M| q£(2q))} =K(q). (4.4)
By the moment inequality for stochastic integrals, we obtain, for 0 < # <t and g > 2,
ty q q(q _ 1) % -2 ty
E / o(s)x(s)dB(s)| < (a”)q[T] (t—t)Z f E‘x(s)‘qu
f 51
(-17?
< (a")q[%} (- )} L(q). (45)
Then for
1 1
0<t <ty <+00, tHh—-4H <1, —+—-=1,
p 4

we can derive that

El|x(t2) - x(t1)|*

=E

IS [r<s) —ats) T @+ 205

O<ty<t

q

~ c(s) ]_[qud(l + hi)x(s)
b(s) + [[Tocrce (1 + i)x(s)]

> ] ds + /ttz o (s)x(s) dB(s)

<20 /fz (5 [r(s) —als) 1‘[ 1+ A)x(s)
t O<ty<t
C(S) H0<rk<t(1 + )‘k)x(s) 1 -1 2 !
") + Mo g 4] +27E| [ omoan

q (B2
<277ty —1y)» / E
5]

x(s) [r(s> —as) T] @ +hoxs)

O<tg<t
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q

(5) [T cr (1 + Fi)(s) ]

-1( u\4 q(q_ 1) % %
bls)+ ([ Towrpee(L + A)x(s)]? ds+ 217 (o) |:—:| (tr—t1)2L(q)

2

@]2(@ “)ice)

<201, - 1)} [(tz —t)h [”’("2‘ ”] 2]D(q)

<21y — 1)} [1 ["("2' ”HD@, (4.6)

<207 - )P ' K(g) + 27 (a”)q[

where D(gq) = max{K(g), (c*)7L(q)}. Thus, we obtain from Lemma 2.1 that almost every
sample path of x(¢) is locally but uniformly Hoélder-continuous with an exponent ¢ for
¥ € (0, %), and hence almost every sample path of x(£) is uniformly continuous on ¢ > 0.
The proof of Lemma 4.1 is complete. d

Theorem 4.1 Ifa’ > c*/b', then system (2.5) is globally attractive.

Proof Letyi(t) and y(¢) be, respectively, arbitrary two solutions of system (2.5) with initial
values y1(0) > 0 and y,(0) > 0. Suppose that x;(¢) is a solution of the system (4.7) with
x1(0) = y1(0),

(t) <T, <t(1 A ) (t)
dx(t) = x(2) (r(t) —a® [T a+ron() - 5 :) " PHO - (1++ ;k;;(t)]z) at
O<ty<t

O<tg<t

+ 0o (t)x(2) dB(t) (4.7)

and x,(t) is a solution of the system (4.8) with x,(0) = ,(0),

() TToery e+ A)x(0) ) y

dx(t) = x(t) (r(t) —a(t) 1_[ (1 + Ag)x(t) — PO+ 0 REERTOIE
O<ty<t

O<tyt
o (£)x(t) dB(t). (4.8)
Thus, we obtain
n@e)= T Q+rm@®, 50 = ] 0+1x0. (4.9)
O<tyet O<tyet
Define
V(£) = |Inxi (£) — Inxs(£)|. (4.10)

Applying Itd’s formula, and calculating the right differential D* V(¢) of V/(£), we have

D'V (t) = sgn(x1(2) — x2(2)) d(Inx, (£) — Inxy(2))

d
{[dx1(t) B (dx1(t))2] ~ [dxz(t) ~ (dxz(t))z]}
10 2x7(0) 0@ 26500

= sgn xl(t) xg(t)
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= sgn(x(t) - (1)) {— [T @+ ma) (@) - ()

O<ty<t

¢(t) [Towrer @ + 1) (x1(8) = 22(O) [T Tgwgy X + 20221 (O)22(8) - b(2) }
(b(®) + [ ocrpee @ + 2051 (O1)(B(E) + [[ Lo (1 + Ae)x2(6)]?)

- {— [T @+ 20a@]x(@) - %)

O<ty<t

e(8) Tpeyer 1+ 2011 () = 2O (T oy (1 + i) 00 (B)2(8) — b(2) } .
) + Tlocr oL + 0B OGO + Tloer L + 0% O)

(4.11)

Let

e TTocree@ + 20121 (8) = 22 (O)| ([ Toq o (L + 1)1 () (2) = b(2)
(0@ + Tperper @+ 25 O1)B(E) + [[Tgry o 1+ 1a)%2(£)]2)

Next, we focus on the estimation of ®. It follows from (4.9) that x; > 0 and x; > 0. Without
loss of generality, assume that x; < x,, then

_ ) pegerl+ 20110 = 228 T+ 2050
= DO Toun 1+ 1022 (1)

et [Toerper @ + )21 (2) — 22(8)]
N b(t) ’

which, together with (4.11) and the assumption (S), leads to

DY (t)+ < _Olr‘[kdu + kk){a(t) - % } |x1(8) %2 (£)| dt < —m (al - %) |x1(8) —x2(8)| dt,
and, moreover, integrating on both sides yields

V() < V(0) - m(al - %) Ot|x1(s) — %(s)| ds. (4.12)
Namely

V(¢) + m(al - %) /Ot|x1(s) —x2(s)| ds < V(0) < +o0. (4.13)

Notice that V(t) > 0, then |x;(£) — x2(£)| € L}[0, +00). It follows from Lemmas 4.1 and 2.3
that lim_, ;o0 |1 (£) —x2(2)| = 0 a.s. Thus one obtains from (4.9), (4.10), and the assumption
(S) that

Jim [y -y20] = lim [T @+ a0l -20] <M lim 0@ -20]=0 as.
O<ty<t

The proof of Theorem 4.1 is complete. O
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5 Numerical simulation

In the present paper, a nonautonomous single-species model with impulsive effects and
stochastic perturbations is proposed and sufficient conditions for the extinction, stochas-
tic permanence and global attractivity of system (2.5) are established, respectively. To il-
lustrate the above analytical results, we consider the following three specific numerical

examples.
Example 1 (Extinction) Consider the following system:

dy(t) = y(#)(0.5 + 0.1sin £ — (0.75 + 0.05 sin £)y(¢) — —gg;fg?dgiijjfy@(&)dt

+(+/0.4 + 0.1sint)y(t) dB(t), t#w, (5.1)
() = A+ r)y(w), t=tkeN

_pk+l

(1)
Let y(0) =03, 7w =k, Ax =e & —1,then 1< [[;Z(1+ Ag) < 2. Notice that ¢() = 0.5 +
0.1sint — 0.5(+/0.4 + 0.1sin£)? and

t
lim sup t_1< Z In(1 + Ag) + / o(s) ds) =-0.0525<0.
0

t=+00 O<ty<t

It follows from Theorem 3.1 that system (5.1) is extinct (see Figure 1).
Example 2 (Stochastic permanence) Consider the following system:

dy(t) = y(£)(0.75 + 0.05sin £ — (0.5 + 0.1sin £)y(£) — %) dt

+(+/0.3+0.1sint)y(t)dB(t), t#m, (5.2)
y(TF) = M+ r)y(te), t=t,keN.

(71)k+1

Let y(0) =0.3, tx =k, Ag =e & —1,then 1< [[;2](1 + ) < e. Obviously, ¢() = 0.75 +
0.05sint — 0.5(+/0.3 + 0.1sin¢)?, and <pl = 0.4902 > 0, so by Theorem 3.2 we know that

system (5.2) is stochastically permanent (see Figure 2).

Figure 1 System (5.1) is extinct. 07 .
gure System (5.1
0.6 4

0.5

0.4

0.3

0.2

0.1+
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Figure 2 System (5.2) is stochasticall 45 ‘
po.?rmanen:. o2 ’ n i
3.5 1
sl
25¢
Al
15F
1L
O.Sﬁ
00 16 2‘0 3;0 4‘0 5‘0 60
Figure 3 System (5.3) is global attractive. 6 w w w w w

—,
—— ¥,

Example 3 (Global attractivity) Consider the following system:

dy(t) = y(#)(0.71+ 0.0Lsin - (0.5 + 0.1 sin )y(r) - T22eE28n) gy

+(+/0.5 +0.1sint)y(t) dB(t), tF (5.3)
() = 1+ M)y(w), t=tkeN

(_1)k+1

Let 1(0) =12, 5,(0) =03, u =k, sk =e ¥ —1,then 1< [[;5(L+ ) <e al =04 >
¢*/b' = 0.3. Thus, it follows from Theorem 4.1 that system (5.3) is globally attractive (see
Figure 3).
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