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Introduction and preliminaries
Let (X, d) be a complete metric space and T be a selfmap of X. Then T is called a contrac-
tion if there exists r € [0,1) such that

d(Tx, Ty) < rd(x,y)

forallx,y € X.

The following famous theorem is referred to as the Banach contraction principle.

Theorem 1 (Banach [1]) Let (X,d) be a complete metric space, and let T be a contraction
on X. Then T has a unique fixed point.

This theorem is a very forceful and simple, and it has become a classical tool in nonlinear
analysis. It has many generalizations, see [2-19].

In 2008, Suzuki [20] introduced a new type of mapping and presented a generalization
of the Banach contraction principle in which the completeness can also be characterized
by the existence of a fixed point of these mappings.

Theorem 2 [20] Let (X, d) be a complete metric space, and let T be a mapping on X. Define
a nonincreasing function 0 from [0,1) onto (1/2,1] by

1 ifo<r<5-1)2,
0(r)=1 A-r)ir* if(5-1)2=<r=<1/V2, (1)
1/Q +7r) ifl/ﬁ§r<1.

Assume that there exists r € [0,1) such that 0(r)d(x, Tx) < d(x,y) implies d(Tx, Ty) <
rd(x,y) for all x,y € X. Then there exists a unique fixed point z of T. Moreover, lim,, T"x = z
forallx e X.
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Its further outcomes by Altun and Erduran [21], Karapinar [22, 23], Kikkawa and Suzuki
[24, 25], Mot and Petrusel [26], Dhompongsa and Yingtaweesittikul [27], Popescu [28, 29],
Singh and Mishra [30—32] are important contributions to metric fixed point theory.

Popescu [28] introduced a new type of contractive operator and proved the following

theorem.

Theorem 3 [28] Let (X, d) be a complete metric space and T : X — X be a (s, r)-contractive

single-valued operator:
x,ye€X withd(y, Tx) <sd(y,x) implies d(Tx, Ty) <rMr(x,y),

wherer € [0,1), s > r and

Mr(x,y) = maX{ d(s,y), dx, Te), d(y, Ty), 25 )+ 0. Tx) }

2
Then T has a fixed point. Moreover, if s > 1, then T has a unique fixed point.
As a direct consequence of Theorem 3, we obtain the following result.

Theorem 4 Let (X,d) be a complete metric space, and let T be a mapping on X. Assume
that there exist r € [0,1) and s > r such that

d(y, Tx) <sd(y,x) implies d(Tx,Ty) <rd(x,y) (2)

for all x,y € X. Then there exists a fixed point z of T. Further, if s > 1, then there exists a
unique fixed point of T.

The following theorem is a well-known result in fixed point theory.

Theorem 5 (Edelstein [33]) Let (X, d) be a compact metric space, and let T be a mapping
on X. Assume d(Tx, Ty) < d(x,y) for all x,y € X withx #y. Then T has a unique fixed point.

Inspired by Theorem 2, Suzuki [34] proved a generalization of Edelstein’s fixed point
theorem (see also [35—38]).

Theorem 6 [34] Let (X,d) be a compact metric space, and let T be a mapping on X. As-
sume that (1/2)d(x, Tx) < d(x,y) implies d(Tx, Ty) < d(x,y) for all x,y € X. Then T has a
unique fixed point.

In this paper, we prove generalizations of Theorem 2, Theorem 4, Theorem 5 and extend
Theorem 6. The direction of our extension is new, very simple and inspired by Theorem 3.

Main results
We start this section by proving the following theorem.

Theorem 7 Let (X,d) be a complete metric space, and let T be a mapping on X. Assume
that there existr € [0,1),a € [0,1],b € [0,1), (a+b)r* +r < 1ifr € [1/2, 1//2), a+(a+b)r <
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1ifr e [1/3/2,1) such that
ad(x, Tx) + bd(y, Tx) < d(y,x) implies d(Tx, Ty) <rd(x,y)

for all x,y € X. Then there exists a unique fixed point z of T. Moreover, lim, T"x = z for all
xeX.

Proof Since ad(x, Tx) + bd(Tx, Tx) = ad(x, Tx) < d(Tx,x) holds for every x € X, by hypoth-
esis, we get

d(Tx, sz) < rd(x, Tx) (3)

for all x € X. We now fix u € X and define a sequence {u,} € X by u,, = T"u. Then (3) yields
Ad(thy, Uy1) < r'd(u, Tu), so ZZZI d(uy, uys1) < 00. Hence {u,} is a Cauchy sequence. Since
X is complete, {u,} converges to some point z € X. We next show that

d(Tx,z) < rd(x,2) (4)

for all x € X, x # z. Since lim,, d(u,,, Tu,,) = 0, lim,, d(x, Tu,) = lim, d(x, u,,) = d(x,z), there
exists a positive integer v such that ad(u,, Tu,) + bd(x, Tu,) < d(x,u,) for all n > v. By
hypothesis, we get d(Tu,,, Tx) < rd(u,,x). Letting n tend to co, we obtain d(z, Tx) < rd(z, x).
That is, we have shown (4).

Now we assume that T’z # z for every integer j > 1. Then (4) yields
d(Tj”z,z) <rd(Tzz) (5)

for every integer j > 1. We consider the following three cases:
(a) 0<r<1/2,
(b) 1/2 <r<1/4/2,
(€ 1/V/2<r<1.

In the case (a) we note that 2r < 1. Then, by (3) and (5), we have

d(z, Tz) < d(z, T°z) + d(Tz, T*z) < rd(z, Tz) + rd(z, Tz) = 2rd(z, Tz) < d(z, T2).

This is a contradiction.
In the case (b), we note that 2r2 < 1. If we assume ad(T?z, T%z) + bd(z, T?z) > d(z, T?z),
then we have, in view of (3) and (5),

d(z, Tz) < d(z, T*z) + d(Tz, T*z)
< ad(T%z,T°z) + bd(z, T°z) + d(Tz, T*z)
< ar*d(z, Tz) + br*d(z, Tz) + rd(z, Tz)
= [(a + b)r* +r]d(z, Tz)

<d(z, Tz).
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This is a contradiction. Hence ad(T?z, T3z) + bd(z, T3z) < d(z, T*z). By hypothesis and (5),
we have
dz,Tz) < d (z, ng) +d (Tz, T3z)
<r’d(z, Tz) + rd (z, Tzz)
< rd(z, Tz) + r*d(z, Tz)
= 2r%d(z, Tz)
< d(z, Tz).

This is also a contradiction.
In the case (c), we assume there exists an integer v > 1 such that

ad(um un+1) + bd(Z) un+1) > d(Z, un)
for all # > v. Then

d(z uy) < ad(uy, tn.1) + blad (1, ty,2) + bd(z, ty,2)
= (ﬂ + ﬂbr)d(un: un+1) + bzd(z’ Mn+2)
< (61 + dbr)d(um MVH—I) + b2 [dd(urHZr un+3) + bd(Z’ Mn+3)]

< (a+abr + ab’r*)d(uy, un1) + b>d(z, tys3).
Continuing this process, we get

d(z,u,) < (a +abr+ab®r* +-- -+ abp_lrp_l)d(u,,, Upi) + VP d(z, ip)

1-(bryp
< al_ibrd(un,unﬂ) +bd(z, l'in+p)

for all » > v, p > 1. Letting p tend to oo, we obtain
a
d(z’ un) E 1_—brd(um un+1)
for all n > v. Thus,
a ar
d(Z: Mn+1) =< md(unﬂr un+2) =< md(um un+1)

forall # > v, so

Ay, ) < d(z,uy) + d(z, i)
ar

< md(un’ Mn+1) + 1— brd(um un+1)
a+ar
= 1—br d(um un+1)

= d(um Mn+1)
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for all » > v. This is a contradiction. Hence there exists a subsequence {u,} of {,} such
that

ad Uy, Unky+1) + bd(2, tnpyn) < d(2, Unk))

for all k > 1. By hypothesis, we get d(1z, Tu,)) < rd(z, u,x)) for all k > 1. Letting k tend
to 0o, we get d(z, Tz) = 0, that is, z = Tz. This is a contradiction.

Thus there exists an integer j > 1 such that 7/z = z. By (3) we get d(z, Tz) = d(T/z, T'*'z) <
rd(z, Tz), so d(z, Tz) = 0, that is, Tz = z.

Now we suppose that y is another fixed point of T, that is, 7y = y. Then

ad(y, Ty) + bd(z, Ty) = bd(z,y) < d(z,y),

s0, by hypothesis, d(y, z) = d(Ty, Tz) < rd(y,z). Hence d(y, z) = 0. This is a contradiction. [J

Remark 1 For r € [0,1/2), taking a = 1, b = 0, we obtain Suzuki’s condition from Theo-
rem 2. Moreover, from our condition and the triangle inequality, we get

ad(x, Tx) + b[d(x, Tx) — d(y, x)] <d(y,x),

that is,

b
272 dx, To) < d(y, %),
1+b

If r € [1/+/2,1), we have

a+b_
1+b

1
— =0(r),
1+r ")

S

hence our condition implies Suzuki’s condition. We also note that if we take a = (1 —r)/r?,
b =0 for r € [1/2,1/+/2), we get Suzuki’s condition. Therefore, our theorem generalizes,
extends and complements Suzuki’s theorem.

Example 1 Define a complete metric space X by X = {-1,0,1,2} and a mapping T on X
by Tx =0 if x € {-1,0,1} and 72 = —1. Then T satisfies our condition from Theorem 7 for
every r € [0,1/3) U [1/2,1), but T does not satisfy Suzuki’s condition from Theorem 2.

Proof Since6(r)d(1,T1) <1=d(1,2) foreveryr € [0,1),and d(T1,T2) =1 =d(1,2), T does
not satisfy Suzuki’s condition. If r € [1/2, (/5 =1)/2), we have 2 + r < 1, so taking a + b =
(1-r)/r*,wegeta+b>1.Hence ad(l, T1) + bd(1, T2) = a+2b >1=d(1,2) and ad(2, T2) +
bd(2,T1) = 3a + 2b >1 = d(1,2). Now it is obvious that T satisfies our condition. If r €
[(v/5-1)/2,1), we take b = 1/2. We have two cases: r € [(v/5-1)/2,1/+/2) and r € [1/4/2,1).
In the first case we put a = (2 — 2r — 72)/(2r?) and in the second a = (2 — 7)/(2 + 2r). We
have a + 2b =1 + a > 1 in both cases, so T satisfies our condition. If » € [0,1/3) for a =1,
b =1/2, it is obvious that T satisfies our condition. O

The following theorem is a generalization of Theorem 4.


http://www.fixedpointtheoryandapplications.com/content/2013/1/319

Popescu Fixed Point Theory and Applications 2013, 2013:319

Page 6 of 11
http://www.fixedpointtheoryandapplications.com/content/2013/1/319

Theorem 8 Let (X,d) be a complete metric space, and let T be a mapping on X. Assume
that there exist r € [0,1), s > r such that

S —

%d(x, Tx) + d(y, Tx) < sd(y,x) implies d(Tx, Ty) < rd(x,y)
r

forall x,y € X. Then T has a unique fixed point. Moreover, if s > 1, then T has a unique
fixed point.

Proof Let u; € X and the sequence u,, be defined by u,,,; = Tu,,. Since
0 =d(upn, Tu,) < sd(Up1, uy) — d(um Tuy,),

we get from hypothesis d(u,,1, Uny2) < rd(u,41,u,) for all n > 1. Therefore, d(u,41, y12) <
d(uq, uy) for all m > 1. Thus

Zd(um,un) < Z " d(uy, up) < 0.
= n=1

Hence {u,} is a Cauchy sequence. Since X is complete, {1, } converges to some point z € X.
Now, we will show that there exists a subsequence {u,x} of {#,} such that

S—7r
d(z, Tunwy) < sd(z, Un) — md(umk» Tutn(i))

for all kK > 1. Arguing by contradiction, we suppose that there exists a positive integer v
such that

d(z, Tu,) > sd(z, u,) — —d(u,,, Tu,,)
for all # > v. Then we have

S—r
Az, i) > 5d(z, tpe1) — md(um,umz)

S —
> s*d(z,u,) —s - —d(un, Upe1) — d(un+1:un+2)
1+r 1+r

> (2, ) — —— [5thy 1) + 11k 1)
1+r
) s—r
= s"d(z, ) — —— (s + )d(uy, Upi1).
l+r
By induction, we get for all » > v, p > 1 that
s—r
Az, up.p) > L d(z,u,) - i (s”‘1 +8 2 4t r”‘])d(un,uml).
+r

Then we have

» LR el ULis
Az, tn.p) > Pd(z, u,) 1o S 1= s

=s |:d(Z, Uy) — _V - (r/S)pd(unrun+1):|'

d(um Mn+1)

1+r s—r
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Hence
1- VZ
sF |:d(z, Uy) — ﬂd(un, u,,+1)] <d(z, Upip). (6)
On the other hand,

d(unwr ) < AUy Uni1) + AUty Upao) + -+ + d(uwrp—lr un+p)

<@+r+e P ) d g, i)

1-r7
= d(um un+1)'
1-r

Letting p — o0, we get for all n > 1 that d(z, u,) < d(u,, uy41)/(1—r). Thus
d(Z, un+p) = d(l’ln+p7 un+p+1)/(1 - r) = rpd(um un+1)/(1 - I’). (7)

By (6) and (7) we have for all n > v, p > 1 that

P 1- '3
lr—d(um un+1) > sF |:d(Z, ”n) - ﬂd(um un+1):|r
—-r
SO
1-
(r/S)p d(um un+1) > d(Z, un) - ﬂd(um Mn+1)-
1-r 1+r

Taking the limit as p — 0o, we obtain that d(z, u,) < d(u,, 4,41)/(1 + r) for all n > v. Then

we have
d(Z: un+1) =< d(unﬂ: Mn+2)/(1 + l") = rd(un: un+1)/(1 + 7")
and
1A, un1)/ (1 + 1) > sd(z, u,) — (s — r)d(ty, tpi1)/ (L + 7).
This implies d(z, u,) < d(u,, uy41)/(1 + r) for all n > v. Thus,
d(um un+1) =< d(zx un) + d(Z, un+1) < d(um Mn+l)/(1 + I”) + rd(un: un+1)/(1 + l") = d(um un+1)-
This is a contradiction. Therefore there exists a subsequence {u,)} of {u,} such that
s—r
Az, Tunky) < sd(z, ung)) — ——A(Un(k), Tthn())
1+r
for all k > 1. By hypothesis, we get d(T%, Tu, ) < rd(z, u,x)). Letting k — oo, we obtain
d(Tz,z) = 0, that is, z = TZ.
If s > 1, we assume that y is another fixed point of 7. Then d(z, Ty) = d(z,y) < sd(z,y) —

(s—r)d(y, Ty)/(1 + r) = sd(z,y), so, by hypothesis, d(z,y) = d(1z, Ty) < rd(z,y). Since r < 1,
this is a contradiction. g
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Edelstein’s theorem
The following theorem extends Theorem 6 and generalizes Theorem 5.

Theorem 9 Let (X,d) be a compact metric space, and let T be a mapping on X. Assume
that

ad(x, Tx) + bd(y, Tx) < d(y,x) implies d(Tx, Ty) < d(x,y) (8)
forx,y € X, wherea>0,b>0,2a+b<1. Then T has a unique fixed point.
Proof We put

B =inf{d(x, Tx) : x € X}

and choose a sequence {x,} in X such that lim,_, d(x,, Tx,) = B. Since X is compact,
without loss of generality, we may assume that {x,} and {Tx,} converge to some elements
v, w € X, respectively. We have

lim d(x,,w)= lim d(Tx,,v)=d(v,w) = 8.
We shall show B = 0. Arguing by contradiction, we assume g > 0. Since
lim [ad(x,,, Tx,) + bd(w, Tx,,)] =ap < B = lim dw,x,),
n—00 n—oo
we can choose a positive integer v such that
ad(x,, Tx,) + bd(w, Tx,,) < d(w,x,,)
for all n > v. By hypothesis, d(Tw, Tx,) < d(w,x,) holds for n > v. This implies
dw, Tw) = lim d(Tw, Tx,) < lim d(w,x,) = B.
n—00 n—00

From the definition of 8, we obtain d(w, Tw) = B. Since ad(w, Tw) + bd(Tw, Tw) < d(Tw, w),
we have

d(Tw, T*w) <d(w, Tw) = ,

which contradicts the definition of 8. Therefore we obtain 8 = 0. We have lim,,_, o, d(x,,,
w) = lim,_ oo d(Tx,,v) = lim, o d(Tx,,%,) = d(v,w) = 0, so v = w. Thus, lim,_, %, =
lim,,_, o TX, = w.

We next show that 7" has a fixed point. Arguing by contradiction, we assume that
T does not have a fixed point. Since ad(x,, Tx,) + bd(Tx,, Tx,) < d(Tx,,x,) for all n >
1, we get d(T%x,, Tx,) < d(Tx,,x,), so lim,_,» T?x, = w. By induction, we obtain that
A(T?x,, T?*'x,) < d(TP %, TPx,) < - - - < d(x,, Tx,) and lim,,_, o, TPx, = w for all integers

p > 1. If there exist an integer p > 1 and a subsequence {x,,)} of {x,} such that

(ld(Tpilxn(k), T”xn(k)) + bd(w, Tpxn(/()) < d(W, Tpilxn(k))
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for all k > 1, by hypothesis we get d(Tw, TPx)) < d(w, TP x,4)). Taking the limit as k —
00, we obtain d(w, Tw) = 0, that is, Tw = w, which is a contradiction. Hence, we can assume
that for every m > 1, there exists an integer n(m) > 1 such that

ad (T’”’lxn, T’”xn) +bd (w, T”‘x,,) >d(w, Tm’lxn) 9)

for all n > n(m). Since

2a 1
— < 5
1-b

we can choose p satisfying

pb? . (p-1)p! . 2a
1-br 1-pr1 1-b

<1 (10)
We put v = max{n(1), n(2),...,n(p)}. Then by (9) we have

d(w,x,) < ad(xy, Tx,) + bd(w, Tx,)
< ad(x, Txy) + blad(Tx,, T*x,) + bd(w, T?x,) ]
= ad(xy, Tx,) + abd(Tx,, T*x,) + b*d(w, T*x,,)
<...
< ad(xy, Txy) + abd(Tx,, T*x,) + - -+

+ab?' d(T? %, T %) + bPd(w, Tx,,)

<(a+ab+-- +ab’")d(x,, Tx,) + B d(w, T’x,)
< [a(1-8")/(1 - b)|d(x, Txn) + B’ d(w, T"x,,)

for all #» > v. Since

d(w, T”xn) <dw,x,) +dx,, Tx,) + -+ + d(Tp_lx,,, Tpx,,)

< d(w,xn) +pd(xnr Txn)’
we get
d(w,x,) < [a(1- 7))/ (1 = b)]d(xn, Tx,) + b [d(w, %) + pd(xs, Tx) ],

SO

dw,x,) < <L + b

- l—bl’>d(xm Tx,) (11)

Page 9 of 11
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for all » > v. Similarly, we can obtain

a (-t
1-6 " 1-prt

[ a  (p-1p!
<

dw, Tx,) < [ ]d(Tx,,, T2x,,)

% + - ]d(x,,,Tx,,)
for all n > v. Using (11), we get

2a . pr  (p-1pt
-5 1-br " 1-br

d(x,, Tx,) < dw,x,) + dw, Tx,,) < |: :|d(xn, Tx,)

for all n > v. Thus, by (10), we obtain d(x,, Tx,) < d(x,, Tx,), which is a contradiction.
Therefore there exists z € X such that 7z = z. Fix y € X with y # x. Then since ad(x, Tx) +
bd(y, Tx) = bd(y, x) < d(y,x), we have d(Ty,x) = d(Ty, Tx) < d(y,x) and hence y is not a fixed
point of T. Therefore, the fixed point of T is unique. g

Remark 2 The proof of Theorem 9 is available for a = 1/2, b = 0. In this case we obtained
Theorem 6. We do not know if Theorem 9 is still correct for a = 0, b = 1, or, more generally,

for 2a + b = 1. This is an open question.

Example 2 Define a complete metric space X by X = {4, B, C,D, E} such that d(A,B) =
d(A,C) =d(B,D) =d(C,D) =2, d(A,D) = d(B,C) = 3, d(A,E) = d(C,E) = 5/2, d(B,E) =
d(D,E) =1 and amapping T on X by TA=B, TB=E, TC=D, TD=E, TE=E. Then T
satisfies our condition from Theorem 9 for a =1/8, b = 2/3, but T does not satisfy Suzuki’s

condition from Theorem 6.

Proof We have d(A,C) =2 =d(TA, TC) and (1/2)d(A, TA) =1<d(A,C) =2, so T does not
satisfy Suzuki’s condition from Theorem 6. Moreover, we have ad(A, TA) + bd(C, TA) =
ad(C,TC) + bd(A, TC) = 2a + 3b = 9/4 > d(A, C). It is now obvious that T satisfies our
condition from Theorem 9. O
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