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1 Introduction

In this paper, we consider an inverse problem of identifying a pollution source from data
measured at some points in a watershed. The pollution source causes water contamination
in some region. In all industrial countries, groundwater pollution is a serious environmen-
tal problem that puts the whole ecosystem, including humans, in jeopardy. The quality and
quantity of groundwater have much effect on human life and may lead to natural environ-
mental changes (see, e.g,, [1]). As we know, most efforts to find pollutant transport are
based on the methodology of mathematics. Solute transport in a uniform groundwater

flow can be described by the one-dimensional (1D) linear parabolic equation

ou 9% ou

— —-D—+V—+Ru=Fy(x,t), x€,0<t<T, 1

ot o2 o« o 1) @)
where Q is a spatial domain, i is the solute concentration, V represents the velocity of
watershed movement, R denotes the self-purifying function of the watershed, and Fy(x, £)

is a source term causing the pollution function #(x, £). Putting
~ Jox—( Vd +R)t
u(x, t) = u(x, t)e2p* a0 HV8

we can transform the latter equation into

du 9%u
— —D—— =F(x,¢), 2
a7 2 (%, 1) )

2
where F(x,t) = Fo(x, t)e‘%x*(X_D*R)t ; we still call it the source function. Coming from this

relationship between the two equations (1) and (2), in the present paper, we will find a pair
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of functions (u, F) satisfying (2) subject to the initial and the final conditions
u(x) 0) = 0) u(x, T) = g(x), PAS (0) 7-[); (3)

and the boundary condition %(0,¢) = u(r, ) = 0. To consider a more general case, we will
replace D in (2) by a given function () which is defined later.

This inverse source problem is ill posed. Indeed, a solution corresponding to the given
data does possibly not exist, and even if the solution exists (uniquely) then it may not
depend continuously on the data. Because the problem is severely ill posed and difficult,
many preassumptions on the form of the heat source are in order. In fact, let {¢,(¢)} be a
basis in L%(0, T). Then the function F can be written as

FED =Y ou0)fu(®). (4)
n=0

In the simplest case, one reduces this approximation to its first term F(x,t) = ¢(¢)f (x),
where the function ¢ is given. Source terms of this form frequently appear, for example,
as a control term for the parabolic equation.

In another context, this problem is called the identification of heat source; it has received
considerable attention from many researchers in a variety of fields using different methods
since 1970. If the pollute source has the form of f = f(u), the inverse source problem was
studied in [2]. In [3], the authors considered the heat source as a function of both space and
time variables, in the additive or separable forms. Many researchers viewed the source as a
function of space or time only. In [4, 5], the authors determined the heat source dependent
on one variable in a bounded domain by the boundary-element method and the iterative
algorithm. In [6], the authors investigated the heat source which is time-dependent only
by the method of a fundamental solution.

Many authors considered the uniqueness and stability conditions of the determination
of the heat source under this separate form. In spite of the uniqueness and stability results,
the regularization problem for unstable cases is still difficult. For a long time, it has been
investigated for a heat source which is time-depending only [4, 5, 7] or space-depending
only [1, 3, 8—10]. As regards the regularization method, there are few papers with a strict
theoretical analysis of identifying the heat source F(x, £) = ¢(£)f (x), where ¢ is a given func-
tion. Trong et al. [11, 12] considered this problem by the Fourier transformation method.
Recently, when a(t) = 1 and ¢(¢t) = e™** (A > 0), the problem (1) describes a heat process of
radio isotope decay whose decay rate is A, which has been considered by Qian and Li [13].
In [14], Hasanov identified the heat source which has the form of F(x, t) = F(x)H(t) of the
variable coeflicient heat conduction equation u; = (k(x)u,), + F(x)H(£) using the varia-
tional method. However, the generalized case with the time-dependent coefficient of Au
in the main equation is still limited and open. In this paper, we consider the following
generalized equation:

ur — Aty = F(, 1) (5)

and u satisfies the condition (3). This kind of equation (5) has many applications in ground-
water pollution. It is a simple form of advection-convection, which appears in groundwater
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pollution source identification problems (see [1]). Such a model is related to the detection
of the pollution source causing water contamination in some region.

The remainder of the paper is divided into three sections. In Section 2, we apply the
quasi-boundary value method and truncation method to solve the problem (2)-(3). Then
we also estimate the error between an exact solution and the regularization solution with
the logarithmic order and Holder order. Finally, some numerical experiments will be given

in Section 3.

2 ldentification and regularization for inhomogeneous source depending on

time variable
Let || - ||, {-,-) be the norm and the inner product in L?(0,7). Let a : [0, T] — R be a con-
tinuous function on [0, T]. We set A(¢t) = fot a(s) ds. The problem (5) can be transformed
into

% (u(x, ), sinnx) + na(t)(u(x, t), sinnx) = p(t){f(x),sinnx), 0<t<T,

(u(x, t),sinnx) = 0, (6)

(u(x, T),sinnx) = (g(x), sin nx).
By an elementary calculation, we can solve the ordinary differential equation (6) to get

2 r o, -
(f(x),sin nx) =AM |:/ e’ Am(p(t) dt] (g(x),sin nx)
0

or

-1

00 T
flx) = Ze"2A(T) [/ e"ZA(t)go(t) dt] gnsinnx, 7)
n=1 0

where g, = %(g(x),sin nx). Note that ¢”AT) increases rather quickly when n becomes
large. Thus the exact data function g(x) must satisfy the property that (g(x), sinnx) de-
cays rapidly. But in applications, the input data g(x) can only be measured and never be
exact. We assume the data functions g¢(x) € L%(0, ), ¢, ¢ € L*(0, T) to satisfy

lec-g] <&, lpe-vll<e @)

and ¢(£) > Cy, ¢c(t) > Cy, t € (0, T), where the constant ¢ represents a noise level and
C() > 0.

Lemmal Lets>0,X>0.Thenforall0<t<Tand0<e <1, wehave

€ s 1-s =5 _T )
e =0 ) () Y

Proof Casel. X € [0, %]. It is clear to see that

€ €

< <ee™ < ee. 10
IT+X)ye+e ™) = 1+ X)ye™ =ce = 10
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From the inequality € < (g)s(ln(}/e) )%, we get

€ 1-s 1 ) s 1-s —S T *
1+ X)k(e + e TX) =se <ln(1/e)) =5e (1+ T )(ln(l/e)) ’

Case2.X > 1. Set e’T™¥ = €Y. Then we obtain

€ € T s
a+Xﬂe+rﬂ)_e+eY(T—m@n)

1 T s

- 1+Y(T—ln(eY))

1 T \°/ -=In(e) \°
- 1+Y(1n(1/e)> <T—ln(eY)>

~ T \° 1 —In(e) \*
- <ln(1/e)> 1+ Y<T—ln(eY)> '

We continue to estimate the term T:ll:((:;) ).

If0 <Y <1then 0 < —In(e) < —In(eY), thus
1 —In(e) \*
<1,
1+Y\ T -1In(eY)

elseif Y >1thenInY > 0andIn(eY) = —-TX < —1 due to the assumption X € (%, o0). There-
fore, In Y(1 + In(eY)) < 0. This implies that

—Ine —Ine
< <
T—-In(eY) -In(eY)

<l+InY. (11)

Hence, in this case, we get

1 ( —1In(e) )S . (IL+InY)" (1+InY)yy-! (12)
; )

1+Y\T-In(eY Y
Setg(Y)=(1+InY)'Y! for Y > ¢7!. Taking the derivative of this function, we get
FdY)=A+InY)y Y ?(s-1-InY). (13)

The function g has a maximum at the point Yy, so that g’(Yy) = 0. This implies that ¥, =
¢*~1. Therefore

sup(1 +InY) Y™ < g(Yy) = s°e'*. (14)
Y>1

Since (11), (14), we have

s
1 —In(e) < s,
1+Y\ T -1In(eY)
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From (11), we get

€ s 1-s T ’ 1-s —S T ’
e (—) <s'e (1+T )<ln(1/e)>' 0

—
A+ X)»(e+eTX) — In(1/€)

Lemma 2 Let a:[0,T] — R be a continuous function on [0, T]. Let p = info<,<7 a(t), g =

Supg ;< a(t). Then we have

T t -1 1
(i) |;/ exp(n2/ a(s)ds) dt] < -, (15)
0 0 T

N 1 Blg,k,T)| qT |

, 16
W @@ e ®) = ale) |inGL) 1o

where
B(g,k, T) = ke (1+ (¢T)7").
Proof (i) Since a(t) > p, we have
T t -1 1
2
|:/ exp<rz / a(s) ds) dt] = — .
0 0 Jo exp(n? [, a(s) ds) dt
1
=7 > 1
Jo exp(n? [, pds)dt
1 n? 1
- < (17)
fo ertdt e -1 T
(ii) Since a(t) < g, we get e A > e 1T Then using Lemma 1, we get
1 - 1
(1 + m2)*(a(e) + eAMY = 1 + n2)k(a(e) + e*4T)
Bg,k,T)| qT |
_Bl@kT)| 4 1 18)
ale) ln(@) 0

2.1 Regularization by a quasi-boundary value method
Denote by || - ||x the norm in Sobolev space H*(0, ) defined by

Ik = (i(uﬁ)kw)i,

n=1

where f, = %(f(x), sinnx).
We modify the problem (3)-(5) by perturbing the Fourier expansion of final value g as

follows:
D (a(t) ) = g () (), x€(0,m),0<t<T,

Bt ox
u¢(x,0)=0, x€(0,m),
u¢(0,t) =uc(m,t)=0, te(0,T),

—A(T)n? .
u'xT)=Y ) mgz sinnx, x¢€(0,7),

(19)


http://www.journalofinequalitiesandapplications.com/content/2014/1/161

Tuan et al. Journal of Inequalities and Applications 2014, 2014:161 Page 6 of 15
http://www journalofinequalitiesandapplications.com/content/2014/1/161

where g§ = %(gé (), sinnx) and «(e) is a regularization parameter such that lim._, ¢ a(€) =
0. This problem is based on the quasi-boundary regularization method which is given in
[11]. This method has been studied for solving various types of inverse problem [11, 15].
The solution of this problem is given by

oo

T -1
nzA(t) c -
Z a(e) + eAM) (/ @ (t) dt) g sinnx. (20)

n=

Now we will give an error estimate between the regularization solution and the exact so-
lution by the following theorem.

Theorem 1 Suppose that f,g € L*(0,7) such that ||f ||ox < oo and ||g||k+% < 00 for some
k> 0. Let g¢ € L*(0,7) be measured data at t = T satisfying (8). Let f. be the regularized
solution given by (20). If we select a(€) such that

€
im——=0
e—0 a(€) ’

then lime_,¢ ||f: —f|| = 0 and we have following estimate:

k
€
C ’ !IIT N VRN +
e ~f1 = s + Ck )a(e)‘ln%) gl 2
+ Bl k, T)|‘ |lf||2k~ (21)
In(;5)
Proof We define
3 B o) 1 T nzA(t) p -1 '
e(x)— ;m A e (pg(t) t gy’ Sin n1x (22)
and
> 1 L B
- noA(t) i
pe(x) = HZI: m (/; e (p(t) dt) gy S1nx. (23)

We divide the proof into three steps.
Step 1. Estimate ||f. — /||. From (20) and (22), we have

2 = 1 T n2A(t) N € 2
Ife = hell” = ZIW /0 e @e(t) dt (gn _gn)

[e¢]

< Z 1 1 ( gn)

~ 2In* () ([ Codr)?
1 1
<
Tl (f Codr?

lec -¢|?

62

= GPaOr 24
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Step 2. Estimate ||/ — p.||. From (22), (23), and (18), we have

e = pell®

o]

1 r n2A(t - T n2A(t P
:21(01(6)“3*”2/‘”))2 |:(/o ¢ A“@(t)dt) _(/o e )(p(t)dt) ]gﬁ

- i 1 (f) e A0 (p(t) - pe(2)) dt)?
e (1 + n2)2k(ae(€) + e—nZA(T))Z (foT enZA(t)wE (¥) dt)z(fOT enzA(t)(p(t) dt)?

1+ nZ)Zkgz

2 qT
1
ln(m)

qT
In(>7=)

a(e)

- ‘B(q,k, T)
ale)

B(g,k, T)
a(e)

2 i ([ A0 dh][ [T |oe(t) - o(£)]* dt]
= (f) e A0gt)dD2(f, e A0g, (1) dt)?
2k

1+ nz)Zkgﬁ

2

S ‘

5 i [ A0 [ [T |9 (1) - o(8)|* dt]

1+n2)% g2, (25)
= CATH(J, ™40 dr er)e

On other hand, we have
2A(T) 24(0) 2A(T) r 2A(8)\
e’ -€" =¢" -1= (e” ) (t) dt
0
T 2 T 2
= / n* A (e dr = / n*a(t)e? dt.
0 0
Since p < a(t) < q, we get
T 2 T 2 T 2
p / e A0 gt < / at)e™ Wdt < g / A0 gy,
0 0 0

Hence

2 2
AT _q T e AT _q
- < / enZA(t) dt < - . (26)
qn 0 pn

It follows from (25) and (26) that

lhe — pe ”2
- ‘B(q,k, T)‘2 g[S @40 - Dllpe) - () (L+m)* 2 (27)
ale) 111(%6)) —t 2pC3T4(en2A(T)_1)2 e

Since

IA

eznZA(T) -1 1- e—2n2A(T) 1 2
(=)

(enZA(T) —-1)2 = (1- e—nZA(T))z _ AT
1 2
1-e?T

1 2
< -—
- (1 - e‘A(T))

IA

Page 7 of 15
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and [|¢e (£) — p(2)[|> < €%, we obtain

2 2 2% oo
q GB(% k’ T) qT 2k+1
he —pe|* < 1 2
Ihe=pel = ST —e 2| 0@ | |iny) zﬁ L
€ 1
= C ’ ’ky 2 N = 1 <
Cr.a ak)‘hmag) [{me
Here
q k
Clp,q,k,T) = B(g,k, T)(qT)".
»,q,k T) 2 /pCe T2 1= erT) (q,k T)(qT)
Hence
€ 1 k
he — <Clp,qk,T)— | —— 4. 28
lhe = pell < Clp.q )Q&Am%b)|wmgl (28)

Step 3. Estimate ||pc — f||. In fact, using the Fourier expansion of f, we have

o]

2 _ 1 n2A(T) 2 r n2A(t) 2 2

lpe -f1° = ;(m —e€ ) (/0 e <P(t)dt) &
2 nzA(T) 2 s
= (a(e)+e-" A(T>> ( INCEC (t)dt) &

2
2
(e emm) 2

Using Lemma 2, we obtain

o]

P% N

o]

loe(e)? k
llpe _f||2 = Zl 1+ n2)2k(a(6) + e—nzA(T))2 (1 + 1’12)2 f;12

2k
< |Bg. k)|’ IF112,

)

This implies that

lpe = £l < |Blg. k, T)|‘ ‘ I/ ll2- (29)

Combining Steps 1, 2, and 3 and using the triangle inequality, we get

Ife —=fII < IIfe = hell + 1 = pell + lIpe = f]]
€ 1 k
< — ,/, 2k+1
_COTa()+C(pq<T) ()‘1( - gl 21
w@knw T (30)
(G

Page 8 of 15
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Remark 1 If we choose a(¢) = €, 0 < m < 1, then (21) holds.

Remark 2 In this theorem, with the assumption f € H*¥(0, r), we have an error ||f. —f|| of
logarithmic order. In the next section, we introduce a truncation method which improves
the order of the error. We present the error of Holder estimates (the order is €*,0 <« < 1)

with a weaker assumption of f, i.e., f € H}(0, 7).

2.2 Regularization by a truncation method
Theorem 2 Suppose that f € H'(0,7). Let g€ € L*(0, ) be measured data at t = T satis-

fying (8). Put
N, T, -
filx) = Z e A [/ A0 (2) dt:| g sinnx, (31)
n=1 0
where N = [E%] +1, k €(0,1). Then the following estimate holds:
Ife—f| < Qe's +2pék, (32)

where

2
J Z4||g|| ,
Cs 2pCi(1—e?T)s

0= (NE . \/9 W 11 0,m-

Proof From (7) and (31), we have

S &) = fe(x)
i oA N A
. . -
= ——————8gnSinnx - — &, sinnx
= Jo e Oe()dt i Jo @400 (t) dt
enZA(T) N enzA(T)
= —————g,sinnx + gy Sinnx

n=N+1 foT e A0 () dt sy fOT e AO (1) dt

N enzA(T)
21: ) e A0 (t)dt

=11 +12, (33)

g5 sinnx

where

e’} 2
e" A(T)

h= ),
n=N+1 fo e Ao (t) dt

g, sinnx (34)

and

i oA i A
]2 — e { sin #x — —g6 sin nx. (35)
Sl erag(s)de™ Jy e A0p () dt™"

n=1 n=1 Jo
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Step 1. We estimate I;. In fact, since (34), we get

) i eZnZA(T) Z )
14all” = fi (36)
n=N+1 (.[0 2A t)w n=N+1
Using integration by parts, we have
b4 X=TT 1 b4
fu =/ fx)sinnxdx = _cosnxf(x) + —/ f(x)cosnxdx
0 x=0 M"Jo
1 -1 1 [7
= —f(0) - ( )+ —f f'(x) cos nx dx. (37)
Iz n nJo
Hence
[f(0)] + [f ()] \/?1
< B EAL - 38
o < VOV T L) 3
On the other hand, since H'(0,7) is embedded continuously in C[0, ] we can assume
that u € C[0, 7r]. So, there exists an m € [0, 7] such that f(m) = L fo f(x) dx. We have
T
+/ f'(x)dx,
. (39)

£(0)=fm) - / £ dx.
0
It follows that

IFo)| < [f(m)|+[n"y/(x)|dx5%/O”V(xndm/:[ff(x)wx

< \/n /0 (f@[* + [ @) dx = VT 10,0 (40)

In a similar way, we also obtain [f(0)| < ﬁ|[f||H1(0yn). Hence |f,| < Zﬁ;\/; Nl 0,)-
This implies that

f 7)
IL|”* < Z @vr V3 uf||H1(0,,

n=N+1

(wa[) > >

n=N+1

b 1
S (2\/7?"'\/;) ”f”]z.[l(o,n)ﬁ' (4'1)

Step 2. We estimate I;. The term (35) can be rewritten as follows:

sin nx

. i A g, foT en2A(t)(pE(t) dt — g foT enzA(t)(p(t) dt]
’ (T era0g(t) de) ([T P40, (t) dt)

_ i DN~ ) fy @M Vget)de + g Ji ¢ Oped) gD
o (Jy e AOp(e)de)(f, e 4O (z)dt)

Page 10 of 15
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Then
”12”2 Yy N eznZA(T (g _g;)z . N ZnA gn[f "2A(t)(§0e(t) (p(t))dt]2
= —t (fo en?AQ) o(t) dt)? — (fo A o(?) dt)z(fo e2A) 0. (2) dt)2
2
Using < < OT AW dt we have
N g2 A( (g, — g°)? G2r2A(T)

(gn _g;)Z

) (f0 e AO(t) dt)? = Z cZ(f AW )2

n4q262n A(T) 5
= Z CZ enZA 1)2 (gn _gfz)

2
€\2
<ZC2(1 —n2A ) (g _gn)

AN*g%€?

< - 43
= (43)

In a similar way and using (26), we also obtain

N 2P AM g2 [T A0 (g (1) - (1)) dt)?
= (f) e A0p() dD2( [ ety (t) dt)?

N2 AM g2[ [ 2240 ge)[ [T |, (2) — o(8)[ dt]
= (fy @A) de)(f) e ADg,(2) dt)?

i 2 A 21 [T 2240 Ge)[ [T | (£) - o (8)|? dt]
Ca(f,| ™40 dpys

=

<

s 4 2n2A(T)( 212 A(T) _1)g2€2
n

N
= Z zpc4 enzA(T 1)4

<i ub 4(1 2 A(T)g;%ez
T & 2pC4 en2A(T))4

. 1 . .
It is easy to see that : <57 It implies that

1
_e—n2A(T)

N 2n2A(T)g2[f0T ”ZA(t)(we(t)—w(t))dt]Z
= () e A0p(t) de)2(f,) e A0, (1) dt)?

Z 4 —pT 4
2CH( )

NOgte?
Y= YR VY 2pC4 —pT)4 Zg"

Néq*e*||g|?
T 2pC(L—ePT)t

(45)

Page 11 of 15
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Therefore

2.2 6 4 2 2
N NG o

L|*< +
121 £~ + ey <

4 q*1lgl?

+ —1-—=——. Hence
2 7 opCi-erTyt

where P =
L]l < N3eP.
Combining (33), (41), and (46), we obtain

If =fell = M+ L)l < L]l + |12

T 1
< (2\/;+ \/;) Wl k1 0,04/ N + PN°€.

Since N = [e%] + 1, we obtain
Lk k
If —fell < Qe +2Pe",

where Q = (2/7 + ﬁ)”f”Hl(O,ﬂ)'

3 Numerical results

Page 12 of 15

(46)

In this section, we consider some examples simulation for the theory in Section 2. In nu-

merical experiments, we are interested in the error between exact source and source with

approximation as RMSE:

N
RMSE(f,f.) := % Z(f(xn) —fe(xn))2
n=1

with f(x,), f: (x,) a discretization of function f, f..
Now, we consider

ur —a(t)ug, = p(t)f (), x€(0,7),te(0,1),
u(0,t) =u(r,t)=0, te(0,1),
ulx, T)=gkx), x€(0,7),

where

a(t) =t+1,
o) =t +t+1,

g(x) = sinwx.
We can see the exact source

f(x) = sin(x).
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Using FORTRAN 95, we have a generator for noise data from routine rand() which is a
random variable with the uniform distribution on [0, 1]. Therefore, we have measurement
data with noise

ge(x) = sinx + € x rand(),
@e(t) =2 +t +1+ € xrand(),

where € =107, with r = 1,2, 3,4, works as the amplitude of noise.
We can easily see

g —gell < ev/7,
$ —dell < e/
and we have convergence to zero.

From Figure 1, we can compare between exact data and measured data.
We consider the source approximation with the quasi-reversibility regularization

[e'e} 1 -1 € .t
2 g, sinnx
(%) = < f eV (t)dt) =
J ; 0 ‘ €+ e Al

We have the table of errors with € =1071,1072,1073 and 10~ (see Table 1) and Figure 2.
On the other hand, we have the source approximation with the truncation Fourier reg-

ularization
N v, - 2
fi(x) = Z(/ e 400 (2) dt) " 4 Wg sin .
n=1 0
We have the table of errors € =1071,1072,1073 and 10~* (see Table 2) and Figure 3 is as in
Table 2.
12 . . : . 35 . . . .
g_exact— g_exact—
1L d b g_noise 1 | g_noise
/ ! 8 Wl
0.8 - i, 1 .
0 \.\\ 25F /1’ b
06+ . T it |
A \ 2 ughT
04 1 P
0.2 / \ | 15F L g
’ / 4 b AT
o Lol i
0.2 L L L L L L 0.5 L L L 1
0 05 1 15 2 25 3 35 0 02 04 0.6 0.8 1
Figure 1 Data for the problem.

Table 1 The error estimation between exact solution and regularized solution by
quasi-reversibility method

€ 1071 1072 1073 10
RMSE(f,fe) 333236 x 107" 482402 x 1072 920728 x 1074 1.11864 x 10™°
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source —— |

approximate
source

source ——

approximate
source

0.8F 0.8 4
0.6 0.6} :" ~ 1
0.4 0.4 ™~
./} \"\
0.2} I 0.2f N\
0 L L — 1= 0 L 1 1 L 1 |“
0 0.5 1.5 25 3 0 0.5 1 1.5 2 25 3
T T T T T T
source —— B 1 source — ]
approximate approximate
source source

the quasi-reversibility regularization.

Figure 2 The approximation source. Red is for the exact solution and green is for the approximation from

Table 2 The error estimation between exact solution and regularized solution by truncation

method

€ 1071 1072

1073 104

RMSE(f,fe)  1.74326 x 1072

435208107

138719

56755270

P source ——
approximate
source

source ——

approximate
sourct

source —-

source ——

r - approximate 7 1r _~~ . approximate 1
source Vs \ source
08f \ 1 os8r / \ T
\ / AN
06} , 1 osf / N\ 1
N / N
\ / \
0.4 \ 04 / \\
A Y
0.2} 1 o2r / ‘\ 1
N /
0 1 1 L 1 L O 4 L 1 1 1 1 1
0 0.5 1.5 2 25 3 0 0.5 1 1.5 2 25 3

Figure 3 The approximation source. Red is for the exact solution and green is for the approximation from
the truncation Fourier regularization.
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