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Let0=Upy < Uy < -+ - < Uy_10 < Uy = 1 be an ordered sample from uniform [0, 1]
distribution, and Dy, = U;, — Ui, i = 1,2,...,n3 n = 1,2,..., be their spacings, and let
fins---> fan be a set of measurable functions. In this paper, the probabilities of the mod-
erate and Cramer-type large deviation theorems for statistics R,(D) = fi,(nD1,,) + -+ - +
fan(nDy,) are proved. Application of these theorems for determination of the intermedi-
ate efficiencies of the tests based on R, (D)-type statistic is presented here too.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Let Uy, Ua,... be a sequence of independent uniform (0,1) random variables (r.v.). We
denote the order of U;, Us,...,Uy—1 by Uy, <+ -+ < Up—1,4 < Upy. Putting Uy, = 0 and
Un,n = 1, we define spacings as Di, = Uiy — Ui—1,, i = 1,2,...,n; n = 1,2,..., and denote
D = (Diy...,Dun). Let fiu(y) = fun(y), m = 1,2,...,n, be a measurable functions of non-
negative argument y. We consider statistics of type

R,.(D) = ifm(ann), n=12,.... (1.1)

Statistics of this form have wide application, for example, goodness of fit tests, test-
ing the dispersive ordering, for estimation of unknown parameters, in the problems of
random coverage of the circle. An extensive survey on the distribution theory of these
statistics and its applications can be found in Pyke [13, 14] and Deheuvels [2], see also,
Feller [4], UEcuyer [10], and Ghosh and Jammalamadaka [5], and references therein.

The optimal condition of the asymptotical normality and the lower estimation of the
remainder in CLT, Mirakhmedov [11], and Edgworth-type asymptotical expansion, Does
et al. [3], and the probability of “supper large” deviation result (i.e., of order ¢,/n), Zhou
and Jammalamadaka [16], have been obtained for r.v. (1.1). But the topics of interest
to us here are not readily available in the literature. In the present paper, we will prove
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2 Large deviations of the sum functions of spacings

a probability of large deviation theorems in moderate zone (i.e., of order c¢v/Inn) and
Cramer’s zone (i.e., of order o(/n)).

Many authors have considered spacings-based tests testing hypothesis whether a ran-
dom sample comes from a specified distribution. Most papers are dedicated to Pitman’s
approach (see, e.g., Holst and Rao [6], Jammalamadaka et al. [8]). Also in Zhou and Jam-
malamadaka [16], Bahadur’s asymptotic efficiency and in Bartoszewicz [1] Bahadur’s and
Hodjes-Lehman approximate efficiencies have been studied. In the present paper, the in-
termediate efficiencies due to Kallenberg [9], see also Ivchenko and Mirakhmedov [7], of
the spacings-based tests are presented too.

Thus the results of the present paper are filling existing gaps in the investigation of the
large deviation probabilities of the statistics of type (1.1) and efficiencies of the tests based
on this statistics.

The method developed in the present paper is based on following property of the
uniform spacings. Let Y1 (1), Y2(4),... be a sequence of independent r.v.s with common
exponential distribution exp(A), and let Y(A) = (Y1(A),...,Y,(1)), Sx(A) = Y (A) +- - - +
Y, (). For arbitrary A > 0, there is a regular variant of the conditional distribution of the
random vector Y (A) given S,(A) = n such that 3(nD) = I(Y(1)/S,(A) = n), where J(X)
denoted the distribution of the random vector X. This equality is known and usually
used at A = 1 (see, Pyke [13], Holst and Rao [6], Does et al. [3]). Its validity for arbi-
trary A > 0 follows from the fact that S, (1) is a sufficient statistic for parameter A. Thus
for arbitrary measurable function L(x;,...,x,) of nonnegative arguments and each A >
0, we have 3(L(nDy,,...,nD,,)) = I(L(Y1,...,Y,)/S,(A) = n), and if [* | EL(Y,(A),...,
Y, (1)) exp{itS, (1)} |dT < oo, then

1

EL(}’ID]n,...,T’ann) = m

J_ZE(L(Yl D).y Ya(A)) exp {iz(Su(A) — ) Ddr,
(1.2)

where p,(z,1) is the density function of r.v. S,,(1). We note that the proof of the Cramer-
type theorem (Theorem 2.2) rests on a special choice of the parameter A, see Lemma 3.2.

Few words about notations. Many quantities like g, p, gn depend on n, however for
notational convenience, we will suppress this suffix, except cases where it is essential. C; is
a positive constant that may not be the same in the different expressions, ¢ is an arbitrary
small positive constant. All asymptotic expressions are considered as n — co.

The organization of this paper is as follows. The probabilities of large deviation results
are formulated in Section 2. A proof of the theorems of Section 2 is given in Section 3.
The application of the theorems of Section 2 to the study of the intermediate efficiency of
tests based on spacing statistics are presented in Section 4. Appendix contains proofs of
auxiliary lemmas.

2. Results

For simplicity of notations below, we put Y,, = Y,,,(1), S, = S, (1). Also we let

n

R,.(Y) = Z i (Ym), p = corr (R,(Y),Sn),

m=1
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gn(w) = fin(u) —Efu(Ym) = (u—1)p M’

n

T,(D) = ng(ﬂDm), Ta(Y) = ng(Ym)-
m=1

el (2.1)
Note that 02 = Var T,,(Y) = (1 — p?) VarR,(Y) and
ET,(Y)=0, cov (T, (Y),S,) =0. (2.2)

It is obviously that T,,(D) = R, (D) — ER,(Y). Let P,(x) = P(T,(D) < x0,) and let ®(x)
be the standard normal distribution function.

THEOREM 2.1. If
1,
hm;an >0, (2.3)

E% S E|gn(Y) | < o, (2.4)

m=1
for some 8 > 0. Then for all x such that 0 < x < \/8Inn,
1-P,(x) = (1-®(x))(1+0(1)), P,(—x) = ®O(—x)(1+0(1)). (2.5)
THEOREM 2.2. Let (2.3) be fulfilled and for some H > 0,
yon & Eexp {H|gn(Yn) |} <C. (2.6)
Then for x > 0 and x = o(\/n),

1-P,(x)=(1 —d)(x))exp{j;Ln<jﬁ)}(l +O<x\7ﬁ1>),
P,(—x) = CD(—x)expSL - j—;Ln< - %>}<1+O<x—jﬁl)>,

where L, (1) = €o, + L1qu+ - - - is a special Cramer-type power series. Particularly, putting
05 = n~tog, qij = 1! X Gijmo

(2.7)

1 1 1 1 1 <
by, = —0,° > bin= = —TZ—T +262) — = § Zom-
On nan q30 1n 240.;11 q40 80,6, q30 80'3 q21 (q21 Gn) 80'37’1 “ quOm

(2.8)

3. Proof of Theorems 2.1 and 2.2

Proofs based on the Cramer’s transform. If Ee#Y! < oo, for some H > 0, then the r.v. X with
distribution function P{X < u} = E(exp{hY}1{Y < u})/Eexp{hY} is called the Cramer’s
transform with parameter h of the r.v. Y, where || < H. For r.v. Y, we have

P{Y >u} = Ee"E(exp{—hX}1{X > u}). (3.1)
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Proof of Theorem 2.1. We will prove first relation from (2.5). Second relation can be ob-
tained from first by substituting —g,, (1) instead of g,,(u), m = 1,2,.... Under conditions
of the Theorem 2.1 from [11, Corollary 3], it follows that |P,(x) — ®(x)| < Cyn 972,
where 8" = min(1,4). Using this and well-known relation

- ) = — e—"z/2<1+o(i)), (3.2)

T \2nx

it is easy to check that Theorem 2.1 holds true for 0 < x < +/§’ Inn/2. From now on, we

suppose that
1l%lnnsxs\/ﬁlnn. (3.3)

We introduce the truncated functions g (#) = gm(1)1{Igm(u)| < ea,}, m = 1,2,...,
where ¢ > 0 will be chosen sufficiently small later on. Putting T,,,(D) = >.},_; §m(nDp,),
P,(x) = P(T,(D) < x0,), we have

[1—Py(x) = (1= ®x) | < | (1 =Pu(x)) = (1 =D(x)) | + | Pu(x) = Pu(x)| = V1 + V2.
(3.4)

(i) Estimation of V. For a complex variable z, we denote §,(z) = Eexp{zYN"n(D)}.
Let G, be the Cramer’s transform with parameter h = x/0, of the r.v. T.(D). Note that
@n(h) = 1/2 for sufficiently large n. Estimation of the V; rests on the following lemma,
proof of which (being long) is given in the appendix.

LemMma 3.1. Under conditions of Theorem 2.1,
(1) sup, IP{G* < u} — D(u)| = O(n=373C+)) where G = (G — x04)/0u;
(2) @u(h) = exp{x?/2}(1+O(n=073+)), where &' = min(1,9).

Due to (3.1),

P(Ty(D) >x0,) = §u(W)E| exp { — hG,}1{G, > x0,,} |

=exp {Ing,(h) —xz}E[exp{ —hGF}11{G* >0}]

=exp {Ing,(h) —xz}[J: exp{—xu}d®(u) (3:3)

+Imexp{—xu}d(P{§fj <u}-— (D(u))].
0

We denote the first and second summands inside the square brackets by A; and A,,
respectively. It can be readily shown that A; = ®(—x) exp{x?/2}. In A, first of all we inte-
grate by part, and after this we use first assertion of Lemma 3.1 to get A, = O(n~%/3(2+3)),
Use second assertion of Lemma3.l to get exp{ln@®,(h) — x*} = exp{—x?/2}(1 +
O(n=9732+9)) Now apply this and estimations of A; and A; in the equality (3.5) to
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22 , ! 52 (3.6)
— exp {_7} (140 (n=87328))) [@(—x) exp {7} £ O(n00re ))]
Thus taking into account (3.2), we have
V1= (1-®(x))O(xn 73+, (3.7)

(ii) Estimation of V,. Note that p,(n,1) = n"(n!)"'e", hence using Stirling’s formula,
we obtain
(3.8)

iy

‘; ¢
V2nnp,(n,1) n

We have

{YN‘H(D) >ul = {Tn(D) >u, ﬂ {1gm(nDyn) | < £x0,1}7s> c {T.(D) > u},

m=1

(T4(D) >u}:{Tn(D) >ty () {| gn(nDun) | <ex0n} U {Tn(m >, {| gn(nDuns)| >£x0n}7s>

m=1 m=1

{ O {1gm(nDyn) | >£xan}},

(]

(3.9)

Hence putting X, (4) = 1{|gn(#) > exo,|} and using formula (1.2), we get

Vv, < iPHgm (nDpy) | > exo,}
n n 1 00 )
= mz:1EXm(ann) < mZ::l W J_oo |E(Xm(Ym) exp{zr(Sn - 7’1)}) |dT (310)
" EXp (V)
<mzlmf | Eexp {it(S, — Yn}) | dz.

Note that

-1/2

|Eexp {itYix}| = (1+7%) (3.11)

Therefore, quite clear calculations show that the integral in the right-hand side of (3.10)
does not exceed 7. Thus taking into account (3.8) and using successively Chebishev-type
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inequality, condition (2.3), and relations (3.2) and (3.3) in (3.10), we get
S __ ¢
= (s-x-(fn)2+6

- (1-0()0(n 2 D exp {2 ) (3.12)

9 _ _
D gm (V) |77 = O(n~ 22210

= (1-®(x))O((Inn)~(1+72),

Substituting in (3.4) the estimates obtained for V, and V, in (3.7) and (3.12) yields
Theorem 2.1. O

Proof of Theorem 2.2. Let us prove the first relation and for x > 1 only. The case x < 1
is not of interest here. Second relation can be obtained from first by substituting —g,, ()
instead of g, (1), m = 1,2,.... ForanyA € J. = (1 —¢,1+¢),e >0,and |h| < H; <min(1 —
¢,H)/4 using Holder’s inequality and inequality a/ < jlexp{H|al}/H/, a €R, j > 0, we
have

E|gn (Y)Y () exp (7| gm (Y(1)) | }
< AE|gn(Yon) I Y} exp {h| g (Yin) | + €Y}

(3.13)
o G 1/2
< AitjiE, <—°)> .

1- 2(H1 +é&
Putting lN/m(/\) = Y,,(1) — 1, we introduce functions of the complex variables u and v:

Ko (14,v,1) = Eexp {ugm (Y1) +vY,, (1)}

o (3.14)
=/\J exp{v(t—1) — At}Eexp {ug,(t)}dt, m=1,...,n.
0

We will consider an analytical continuity of the function K,,(u,v,1) as a function of the
variable A into disk J. = {A:|A — 1] < ¢} and we will use the same denotation for it. Put
S(H,e) = {(u,v,A) : lul <H, |v| < H, A €J:}. By (3.13), the function K,,(u,v,1) is an-
alytical in the region S(H,,e) and moreover in S(H,,¢), where H, = Hi/1-2(H, +¢)/
8ef1,/Cy, we have

| Kn(tt,1,0) = 1| < E | g (YmO)) +vYm V) | exp [ | g (Yo O)) | + H | Tn) |} < %
(3.15)

Hence, also the function I%m(u,v,/\) =InK,,(u,v,A) is analytic in the region S(H,¢) and

0 _ j
| Ru(uyw,2)| < S 1 K’”;“’V’m <In2, (3.16)
j=1

foreachm=1,...,n.
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Let (#m>&m) be a random vector with distribution function (depending on real param-
eters hand 1):

Pl <, En < v} = mEexp{hgm(Ym(A))}l{gm(Ym(A)) <u, Tull) <.
(3.17)

Note that (171,£1),(172,&2),... is a sequence of independent random vectors. We denote

n

(Pn(z) = Eexp {ZTn(D)}, n= Z N> 52 z Em: A(h,M) = E77>
m=1 m=1

A(hA) =EE,  o*(h)) =Dp,
BAhA) =DE,  p(hA) =covin&),  p(hA) = a2 (b)) - p2(h, H)B2(R,A).
(3.18)

Let G, be the Cramer’s transform of the r.v. T,(D) then putting G} (h,A) = (G, —
A(h,A))/u(h,A) due to (3.1), we get

P{T,(D)>x0,} =exp {Ing,(h) — hA(h,\A)}

_ 3.19
-E[exp{—h#(h;A)G:(h»A)}l{G:(h’A)>W}]' -

(]
We will choose A and h according to Lemmas 3.2 and 3.3.

LemMa 3.2. Under conditions of Theorem 2.2, there exists a unique solution of the equation
A(h,A) =0. (3.20)

This solution can be represented as the power series
Mh) = > Ajuh/ (3.21)
j=0

which is convergent for |h| < Hy, where Hy > 0 does not depend on n and

1+e¢)

| < (Hé i1 (3.22)

In particular, \oy = 1, My = 0, dyyy = 071 X E(Yy — 1)g2(Y).

Proof. Function A(h,A) = (1/n)A(h,A) = (1/n) Em(a/av)lem(u, V5A) lu=h,v=o is analytic in
the region S(H,, ). Also by (3.16) and Cauchy’s inequality, |A(h,1)| < In2/H,. Hence in
the region S(H,, ), the function A(h,1) is bounded uniformly with respect to h, A, n, and
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it can be represented as power series with respect to variables h and A — 1. This series
is convergent uniformly with respect to n. It can be easily checked that A(0,1) = 0 and
(0/0A)A(hyA)p=o,=1 = —1. Therefore Lemma 3.2 follows from well-known theorem on
series solution of an equation. We can readily check that Hy = ey/Hy/4(e +2In2)%. The
inequalities (3.22) follow from Cauchy’s inequality for coefficient of the power series since
the root A(h) is analytic at zero. O

LemMMA 3.3. Let A(h) be the root of (3.20). Under conditions of Theorem 2.2, there exists a
unique real solution of the equation

A(hA(h)) = x5 (3.23)

This solution can be represented as the power series
0 x ]
h=Sh( ), (3.24)
- On
j=1
where hy,, = 1, and there is Hy > 0 such that
[ B | < i=1,2,.... (3.25)
Proof. Putting A(h) = n~'A(h,A(h)), we rewrite (3.23) as A(h) = n~'x0,. Obviously,

1 & 0 4
Ah) == > @Km(u,O,/\)lwh,Ad(h)- (3.26)
m=1

N

Therefore, A(h) is an analytic function in the region |h| < H,, and |A(h)| <In2/H,
(by (3.16) and Cauchy’s inequality), A(0) = 0, and its derivative at point h = 0 equals
n~'g2 >0 (by (2.3)). Thus Lemma 3.3 follows from the theorem on inversion of the ana-
lytic functlons.

In what follows, h and A are roots of (3.20) and (3.23). It is evident that for each i and j,
the function Qﬁ,i{j)(u,v,l) def gl e (u,v,1)/0u’dv/ is analytic in the region S(H,,¢), and
hence can be represented as power series in a neighborhood of the point (0,0,1). Due to
(3.16), (3.21), (3.22), and Cauchy’s inequality, we have for each i and j,

QW (h,0,1) = Zq,’f’hl Zq,’f H+o(*Y), g™ < C(HyHoe).  (3.27)
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From (3.27) taking into account (2.2), we get

i )(h,0,1) = 62h+O(nh?) = a2h+ O(nh?), (3.28)

A(hA(R) = > Q%Y (h,0,1) = ZEgm (Y, —1) +O(nk?), (3.29)
m=1

B*(h,A(h)) iom h,0,1) —n+hZEgm ) (Yo = 1)° +0(nh?) = n(1+ O(h)),

m=1 m=1

(3.30)

a2 (hA(h) = > QEV(h,0,1) = o2 +hZEgm ) +0(nh?) = a2(1+0(h)), (3.31)
m=1

m=1

n

p(mAR) = > QY (h,0,1) =h z Eg% (V) (Y, —1) +O(nk?), (3.32)
m=1

It follows from (3.30), (3.31), and (3.32) that
2 _ 2 2
W (hA) =0y (1+0(h?)). (3.33)

By (3.27), we have

In K, (h,0,A(h Zklmnh’ (3.34)

where ko, = Eg2(Y,,)/2 and by Cauchy’s inequality,

| Kimn | < 2H" i=12,...,m=12,..,n (3.35)
0

Future proof rests on Lemma 3.4, which will be proved in the appendix. O

LemMa 3.4. Let A and h be the roots of (3.20) and (3.23), respectively, and the conditions of
Theorem 2.2 are fulfilled. Then

(1) sup, [IP{G(h,A) <u} —D(u)| = O(1//n).
(2) gu(h) = (V2rnp(n,1)) " TTj—1 Ki(h,0,A) (1 + O(h)).
From (3.19) using first assertion of Lemma 3.4,
1- Pn(x)
= exp {Inga(h) —hA(h,A(M))}

« U:exp{—ha(h,A(h))v}dm(v)+j:exp{—ha(h,A(h))v}d(P{G;: < —@(v))]

=exp{lng,(h) —hA(h,A(h))}[ exp {H2a* (h,A(h))/2} D (—ha (h,A(h)))]+O(n~V?).
(3.36)
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Also, exp{h?a?(h,A(h))/2}®(—ha(h,A(h))) = 2r) V>M(ho(h,A(h))), where M(u) =
O(—u)/D'(u) is the ratio of Mills. Taking into account (3.31) and that h = xo,'(1 +
O(xn~V2)) by standard manipulations, (see, Petrov [12]) M(ho(h,A(h))) = M(x)(1 +
O(xn=V2)). Substitute this expression in (3.36) and take into account that M(x) > x~! to

get
1 - P,(x) = exp {Ing,(h) — hA(h,A(h)) +x*/2} (1 — D(x)) (1+O(xn"V?)).  (3.37)
Since pn(z,A) = A"z"~1e~"/(n — 1)! using Stirling’s formula and Lemma 3.2,

V2anpa(nA) = A"V (1+0(n7 1)) = exp {nln (1 — (1 -1)) +n(1 - 1)}

= expSLn ipknhk},

k=4

(3.38)

where | prn| < C(e,Hp). From this relation and second assertion of Lemma 3.4 and (3.34),
we get

%ln(py,(h) _ % S 0Ky (1,0,A(h)) — %ln(x/Zrm A1) +O(h) = S g3l + O(h),
m=1

j=2
(3.39)
where |@j,| < C(e,Hp), j = 2,3,... with @2, = 07/2n.
Due to (3.26) and (3.34), we have
A(h,M(h)) Za,,m |ain| < C(Ho,Ha,é), j=12,... (3.40)

with a;, = o2/n.
From relations (3.39) and (3.40), substituting instead of & its expression from (3.32),
and collecting coefficients at powers of x/./n,

Y]

x? ; x° x
In g (h) ~ RA(RA(R) + % Z (@i — aj1.0)H +O() = ﬁLn<ﬁ) +O(h).

(3.41)

From (3.25), (3.35), (3.31), and (3.40), it follows that the series L, (1) are majorized by the
power series with coefficient not depending on n. Theorem 2.2 follows now from (3.37)
and (3.41).

4. Asymptotical relative indeterminate efficiency

Let X1, Xon,-..»Xn—1,» be an ordered sample from distribution F(x), and Wy, = Xk, —
Xk-1,n> k = 1,...,n, with notations X,, = 0 and X,,, = 1. We wish to test null hypothesis
Hy: F(x) = x,0 < x < 1, versus sequence of alternatives

Hi,:F.(x)=x+L(x)6(n), 0<x<1, (4.1)
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where §(n) — 0, as n — oo, and function L(x) satisfy smoothness conditions, under which
Wi can be related to the uniform spacings Dk, by the relation (cf. [6, (3.2)]) nWy, =
n[F, ' (Ukn) = E; ' (Uk-1,n)] = nDgn(1 = rkn)8(n) + 0,(8(n))), where I(u) = L' (u), rin =
(k —0.5)/n, and 0,(-) is uniform in k. Hence, Theorems 2.1 and 2.2 can be applied for
test statistics of type

n
Z ann) rkn (42)

We assume that function f(u, y) is defined on [0, ] X [0,1] and has continuous deriva-
tives of first and second orders with respect to u. Statistic R, is called symmetric if func-
tion f(y,u) = f(y) does not depend on u, in otherwise statistic R, is nonsymmetric. A
test based on statistic R, is called f-test.

We will apply Theorems 2.1 and 2.2 to the analysis of the intermediate asymptotic
efficiency (IAE) due to Kallenberg [9] (see, also Ivchenko and Mirakhmedov [7]) of the
f-tests. Note that asymptotical properties of the f-tests are different for nonsymmetric
and symmetric tests.

In what follows P;, E;, Var; denote the probability, expectation, and variance under
H;, i=0,1. Let A;, and B, stand for the asymptotic values of n'E;R, and n~! Var;R,,,
receptively, and x, = \/n(A1, — Aon)/Bon. We briefly outline here the scheme of asymp-
totic study of w-IAE, the B-IAE is analyzed similarly. Performance of statistic R, will be
measured by the asymptotic value of

0] _ _ Rn - T’len }
e?(f) = —logPy{R, > nA,} = logPo{iﬁBon > Xp t. (4.3)

Nonsymmetric tests. It is known by Holst and Rao [6] that the nonsymmetric tests dis-
criminate alternatives H; (4.1) with §(n) = n~"2, and asymptotically optimal test in Pit-
man’s sense is a linear test with test statistic L, = >.;_; [(rn) Win. The intermediate alter-
natives H; determine &(n) such that

d(n) — 0, V/né(n) — oo, (4.4)

Denote p(f) = 1/00 fol (1) cov( f(Y u),Y)du = fol u)corr(f(Y,u),Y)du. It can be
shown that x,, = (n)p(f) = o(\/n). Therefore, e? is determined by the asymptotic
behavior of large dev1at10n probabﬂmes for R, under Hy, which is given by Theorems
2.1 and 2.2. In agreement with Kallenberg [9], this efficiency will be called weak w-IAE
when /nd(n) = O(+/Inn), when /nd(n) = o(n'/°), we say middle w-IAE, and we speak
of strong w-IAE when /nd(n) = o(\/n). Applying Theorems 2.1 and 2.2, we get the fol-
lowing theorem.

THEOREM 4.1. Let alternative H, be specified by (4.1) and (4.4). If
(i) f()lElf(Y,u)|2+5du < oo, for some € >0 and /nd(n) = O(,/logn),

or
(ii) folEexp{H\f(Y,u)l}du< oo for some H > 0,
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then

S = P+, (45)

It follows from Theorem 4.1 that p 2(f) can be taken as a measure in sense of w-IAE
of the f-test. Obviously [p(f)| < (; 2(u)du)? and equality is achieved if and only if
f(y,u) = I(u)y. Thus, within the class of nonsymmetric tests, the linear test (based on
statistics L, ) is most efficient in the of w-IAE (all three types) as it was in Pitman’s sense,
since it satisfies condition (ii) of this theorem.

As follows from Theorem 4.1, nonsymmetric tests are “thin directed” in sense that
each nonsymmetric f-test essentially depends on alternative H;. Note that for linear test,

P*(f) = [y P(w)du

Symmetric tests. Symmetric tests cannot distinguish alternative H; (4.1) that is at a “dis-
tance” §(n) = n~2, and can distinguish more distant (4.1) alternatives with §(n) = n~4,
Moreover within the class of symmetric tests, the optimal test in Pitman’s sense is Green-
wood’s test based on statistics: G, = Wi, + W3, + - - - + W2,, see Holst and Rao [6]. For
symmetric tests, intermediate alternatives H, determine §(#) such that

d(n) — 0, Jnd(n) — oo, (4.6)

This efficiency will be weak w-IAE when {/nd(n) = O(\‘y@), when {/né(n) = o(n12),
it will be w-IAE, and strong w-IAE when /nd(n) = o(/n).

Put ¢(f) = corr(g(Y),Y? — 4y +2). Using Theorems 2.1 and 2.2, we get the following
theorem.

THEOREM 4.2. Let alternative H, be specified by (4.1) and (4.6). If (i) E| f (Y)|*** < oo, for
some & >0 and \/nd(n) = O(Jlogn), or (ii) Eexp{H| f(Y)|} < co, for some H >0, then

w 1 2
% = %c%f)(fo lz(u)du> (1+0(1)). (4.7)

The properties of the correlation coefficient imply that ¢?(f) <1 and ¢*(f) = 1 if and
only if f(y) = ay?+ by + ¢ (which is equivalent to f(y) = y? in terms of the test statis-
tic). Thus, within the class of symmetric tests, the Greenwood statistic G, is most effi-
cient in the sense of weak w-IAE (as it was in Pitman’s sense) since it satisfies condition
(i) of Theorem 4.2. However, for more distant alternatives when §(n).jn/logn — o, w-
IAE of G, remains an open question since this statistic does not satisfy condition (ii)
of Theorem 4.2. The optimality of symmetrical tests in the sense of strong w-IAE can
be deduced from Theorem 4.2 only for some subclasses of statistics satisfying Cramer’s
condition (ii).

Remark 4.3. The central limit theorem for R, implies that for §(n)/n — x >0 (i.e., for
Pitman alternatives), one has Py{R, > A,} = ®(—y> - c(f)fo1 2(u)du), that is, the as-
ymptotic efficiency of test statistic R, is still determined by the functional ¢?(f). In other
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words, a Pitman efficient test remains optimal in the sense of w-IAE as long as Theorems
2.1 and 2.2 hold true for test statistic.

Remark 4.4. The Greenwood statistic satisfies the well-known Linnik’s condition with
parameter « = 1/6, hence relations (2.5) should be true for x = o(n"/°) (but as yet do not
have a proof). Therefore, we suspect that Greenwood test must still be most efficient in
middle w-TAE sense.

The proofs of Theorems 4.1 and 4.2 follow from Theorems 2.1 and 2.2 and calculations
analogous to that presented by Holst and Rao [6] and Ivchenko and Mirakhmedov [7].

The analysis of B-IAE goes along the same lines. According to the general principle
stated above, the efficiency of f-test is measured by the asymptotic value of eﬁ( f)=
—InPi(R,(W) > nA,,). We have

Py{R,(W) < u} = Py(Ry(D) < u), (4.8)

where
Z WMD)y Jon(%) = frun(x(1 = (1) 8(n)) +0(8(n)).  (4.9)

Omitting summand o(8(n)) for simplicity of notes and putting z = I(7,,,)8(n), we get

Eexp {Hfmn(Y)} =Eexp{H fun(Y(1—2))} = 1%Jmexp {Hfmn(v) v Z}dv
_ZL exp{Hfmn —v— l—z}dv
< ijexp {H fun(v) —v}dv < 2Eexp {H fun(Y)}.
1-2zJo
(4.10)

Thus we can use Theorems 2.1 and 2.2 to asymptotic analysis of eh( f). Corresponding
calculation shows that for eﬁ( f), the assertions of Theorems 4.1 and 4.2 are still true, that
is, en ( f) and e?( f) are asymptotically equivalent.

Appendix

In this section, the proof of Lemmas 3.1 and 3.4 are presented. We will use the notations
of Section 3. Also for notational convenience, we will write g,, and g, instead of g, (Y,,)
and g, (Y,,) correspondingly.

Let F and V be the distribution functions and f and v their characteristic functions
correspondingly. We have, see Mirakhmedov [11],

|F(x) - V(x)|

! 24
= ;[ng |5 = v(®)]dt + sup [ Di(f(2) = v(D) | + 7 max | DV ()| ]
(A1)
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Proof of Lemma 3.1. Putu=ita, ' +h, h=x/0y, Ymn(t,T) = Eexp{ugy +it(Y, — 1)n" 2},
2 2 op2

WV (u,7) = 1_[ Yinn (U, T), Q(t,7,x) = itx + % EEREX (A.2)

We have €U, (u,7/n) = Eexp{ug, + itYn,} = [, e* e exp{ugn(y)}1{y = 0}]dy.
So € Yun(u,7/n) is the Pourier transformation of the complex function k(y) =
e VEexp{ugn(y)}1{y = 0}], and k(y) and |k(y)|* are integrable functions. Recall the
definition of g, and that 0 < x < +/8Inn to get |[Eexp{ugy}| < Eexp{hgn} < 1%, There-
fore by Plansherel’s identity,

[ | G (4, T/ | dT—ZnI k(y) | dy < 27n2d (A3)
From this using Holder’s inequality, we see that
J @,(t,7) | dr < 228405, (A4)

Hence we can use formula (1.2) to get

Pn(u) = J Y, (u,7)d (A.5)

Zﬂ\/_pn n,1)
Putting ¢,(t, h) Eexp{ztG* }, we obtain

exp{—itx} @, (u)
@n(h) ’

Let a, = Cynd/?2t8) b, = C, n/2-¢9/8" From (A.5), we have

Pn(t,h) = (A.6)

exp{—itx} @, (u)
1
" 2n/npa(n,1)

+oo ~
X [I exp{ —itx+ 6(t,r,x)}dr+[ e (¥, (u,7) — Q™)) dr

|t <a,

o] emBwnder | e ndi- | edinige
a,<|t|<b bu<|t|

a,<|t|
~ 2m/npa(n, 1) [;Bj]’

(A7)
where B; denotes the jth summand inside of square brackets. It is obvious that
2 p2
=2 exp{x— - %} (A.8)

Estimation of B, and Bs rests on the following lemma.
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LEMMA A.5. Under conditions of Lemma 3.1, there exist constants Cy, C, such that C, < C,
and for j = 0,1 the following assertions are true:
(1) if It] < ap, 7| < aj, then

DIY,(t,7) = (—t+ix)’ exp {Q(t,1,%)} (1+0((x+ [t + |T|)2+5/n*8’/2+€5)), (A.9)

where a,, = Cya,/C\;
(2) if ltl < ay, a, < |T| < by, then
. 2 2 2 .
| DI, (u,7) | < Cexp5J - Z} (1t + 7] + hne0)’. (A.10)
The proof of Lemma A.5 is alike to the proof of Lemma 2 from [7], and we omit it.
Using Lemma A.5 with j = 0 after simple and quite clear calculations choosing € < §"/46,
we obtain

2 2

Bz+B3:eXp{x }(1+O((x+t2+5’)n’(8’/4))). (A.11)

Let now || < ay, |7] > by,. Using successively inequalities x < exp{x — 1} and x — 1 <
0.5(x* — 1), we have
|Wimn(u,7)| < |Eexp {itY,} (exp {iugn} — 1) + Eexplit Y} | < | Eexp{itYu}| +|ulE|gn |
<exp{—(1— |Eexp{itY,u}|) +|ulE|gn]|}

<exp| -3 (1= [BexplirTu}|*) + (Iflo, + WE| G}
(A.12)

since u = to,; ' + h. By (3.11) for |7| > b, and n > CQ’/ES, we get

1- |Eexp{it¥n}|® = 0.5C,n 20", (A.13)

Using Holder’s inequality, we see that >},_; E|g| < 0,/n. Therefore for [¢| < ay,,

Lil D> E|gn| < Cin/2ro32r, h > E|gu| <d8nlnn. (A.14)
" m=1 m=1
From (A.12), (A.13), (A.14), it follows that for any integer k and s such that 1 <k,s<n
and n > cf'/“?,
" C
[T 1P| < exp{ - 72(;1 — )2 | O /232 &/ﬂlnn}.

m=1,m#k,s
(A.15)

Choose here € < §'/68, and C, > 2C; to get

n

1_[ |{/7mn(u>7) | <G eXP{ - C4n2/3}- (A.16)

m=1,m#k,s
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Using Holder’s inequality and (A.3), we have
J | Gon (14, 7) G (1, 7) | d = G005, (A17)

From this and (A.16) for By, we obtain

|By| < Cexp{—cn®?}. (A.18)
It is easy to see that
2 2 2
| Bs | sCexp{%—%—“z—”}. (A.19)

Substituting relations (A.8), (A.11), (A.18), (A.19) into (A.7), we get that if [f] <
Cin®32+9) then

exp {(x2 = 2)/2} (1+O(n=974))

exp{—itx} @, (u) = Tamnon(n) (A.20)
Particularly, at t = 0 from (A.20) and (3.11), we have
gty = SPLOCOU ) (2o
Pu(h) = JarnpnmD) =expy (1+0(n™"%)). (A.21)
The second assertion of Lemma 3.1 is proved.
Since (A.6) from (A.20) and (A.21), we obtain
_tZ ,
Gulth) = exp{T}(l L O(n0Y), (A.22)
From (A.5), (A.20), (A.21), it follows that
d _expi{—itx} [iw e ]
7y Pn(h) = 0N 2p Pn() —itgn(u)
= Lexp{ —itx — x—z}(1+0(n*6'/4)) Jm [E‘T’ (u,7) — ix¥,,(u T)]dT
V2 2 N I e
__L e X 5/
= mexp{ itx 2}(1+O(n N+ 1],
(A.23)

where

Iy = Lmﬂ [%%(u,f) - ix\ffn(u,r)]df, J = Lmﬂ [%%(u,r) - ixq’n(u,‘r)]d‘r.
(A.24)



Sherzod Mira’zam Mirakhmedov 17

We have

I = Jl i(\fln(u,r)—exp{é(t,r,x)})d‘r—ixj (Pu(u,7) — exp {Q(t, 7,%)} ) dT

T|<a, dt |7t|<a,

+L - <%exp{(§(t,r,x)} —ixexp{é(t,r,x)})dr.

(A.25)
Hence using first assertion of Lemma A.5 with j = 1, we obtain

2 2 2 , )
\/%—ﬂexp{ —itx — %}]1 = —texp{ - %} +exp{ - %}(1+o((x+ |t|)2+5 p0/2red)y
(A.26)

because

\/% exp{ —itx — %2} J|r|san (%exp {é(t,r,x)} —ixexp {(3(t,1,x)}>dr

12 1 2
— texpd - El(1+ = ).
exp{ 2 }( 27 \T\>ane !

Since n > 2, there are integers k, s such that 1 <k,s<n, k # j, s # j,

(A.27)

2(u,T)dT

n

[T |¥mwr)|dr

m=1,m#j

IA
M=
—_— =2

d ~
av/](u)‘[)

T|>a,

2. Elg]

X[LMT'(Z) 1_[ Wm(u)T)MTJerbn|1!N/k(u’T)1%(u’T)| H |1T/m(u,r)|dr].

"m=1,m#j m=1,m#j,k,s
(A.28)

Therefore, using second assertion of Lemma A.5 for first integral inside of brackets, and
(A.16) and (A.17) for second integral, and that >}, _, E|gn| < 0,/n, we get

J d
|7]>a,

_\T]n(ua t)
Analogousy using second assertion of Lemma A.5, (A.16), and (A.17), we get

pr dr < Cnexp{ — cn*?}. (A.29)
J‘ ‘ |, (u,7) | dT < Cn®>* P exp { — n?3}. (A.30)
T|>a,

Thus

|I,| < Cexp{—cn'?}. (A.31)
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Now, from (A.23), (A.26), and (A.31), it follows that

d . t? t? 248 g
Ecpn(u,h) =—texp{ - E} +exp{ - 5} (1+0((x+t)) " n=0/2%) + Chexp{ —cn'3}.
(A.32)

Putting in (A.1) F(x) = P((N?:,‘ <x), V(x) = O(x), f(t) = $u(t,h), v(t) = exp{—1t?/2}, and
T = n%/32+%) "and using (A.22) and (A.32), we complete the proof of Lemma 3.1. O

Proof of Lemma 3.4. Recall that A and h are the roots of (3.5) and (3.11) correspond-
ingly. Put u = ity ' (h,A) + h, ¢,(t,h) = Eexp{itG} (h,A)}, ¥ (u,7) = Kp(u,7n"V2,1) =
Eexp{ugm(Yu(A)) +it(Y(A) = Dn= V23, W (1, 7) = TTpey Y (1, 7).

LeEMMA A.6. Under conditions of the Theorem 2.2, there exist Cy, C1, Cy, such that if |t| <
Cin"2, then for sufficiently large n and j = 0,1,

’ 6;l—tjj<§0n(l‘,h) —exp{ - g}) ‘ <C(1+tP)n Vexp | — o). (A33)

Proof. Recalling that ¢,(z) = Eexp{zT,(D)}, we get

on(t,h) = % exp{ - lﬁg’lﬁ) } (A.34)
Alike (A.3), now we have
Ji )l//m (u,r\/ﬁ) ‘sz < nA(l—z(C4I%+s)) 1/2, (A.35)
by (3.13). Hence using Holder’s inequality, we see that
. o 12
LO W, (t,7) | dr < 27r( m) . (A.36)
Therefore from (1.2),
1 ® 1
Pulu) = mhwn(u,r)drz ENTRrR IR} (A37)
where
si-|  owwodn we|  wwods (A.38)
l7l<C v l1>C, /i

Let |t| < C;n'? and |7| < C3n'?, where C; and C; do not exceed H,. Then by (3.15),
|Wm(u,7)| = 1/2. Hence for Iny,, (1, 7), Taylor’s expansion formula at point (h,0) can be
used. This expansion together with Lemma 3.2 and representation of A(h,1), B%(h,A),
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02(h,A) and p(h,A) as in the first equalities in (3.28), (3.30), (3.31), and (3.32), respec-
tively, and that y?(h,A) = 62(h,A) — p?(h,A)B~2(h,A) after simple manipulations give the
following relation:

& ” itA(h,A)  itA(hA)  t2o*(hA)  ttp(hA)
Z::lm//m UT) = mzzlnwm(h,O) ) T 2@ ) ah)
72B%(h,7) B+
- 2n +O( Jn )

! itA(h,A) £
Zzlm//m (h,0) + o) 2

(A.39)

BX(h,)) JiphA) (P
T on <T+ty(h,)L)B2(h,/\)) +O( NG )

We note that due to condition (2.3), and relations (3.30), (3.32), and (3.33) for
sufficiently large n, we have |/np(h,A)/u(h,A)B?(h,A)| < Ch, B*(h,A) > n/2. Keeping in
mind this inequalities and using (A.39) and simple manipulations alike to the proof of
relation [15, (24)], we get

exp{ —itA(h,A)/u(h,A)} 2 B*(h,)) Jap(hA) \?
¥, (h,0) Falt7) = eXP{ T2 (” ty(h,)L)BZ(h,/\))

3 3 2 2
<P+l exp{_t_l(mW) }

Jn 8 8 u(h,A)B2(h,1)
(A.40)
Hence
Jnexp{ —itA(h,A)/u(h,A)} t - [t]? +1 1=
‘ B M)W, (h,0) 5 _eXp{_ 2 H <G = eXp{_m}' (A41)
Let now |t| < Cy/nand |7| > C;/n. Alike (A.8), we have
iTY,, (A . iTY,, (A
[ W (0, 7) | < 'Eexp{”\/ﬁ( )}(exp{zugm(Ym(/\))}71)+Eexp{%}‘
< 20, E|gn(Ym A
[ va(0,7) | + [UlE|gm (Y1) | (A42)

<exp{— (1— [ym(0,7)]) + |ulE|gm (Y1) | }

sexp{—%(l— |y (0,7) ) + <U+h)E|gm A))l}

Because |y,,(0,7)|> = A2/(A* + 72/n) and (3.21), we have for sufficiently large n, 1 —
| (0,7)|? > C3/(1 + C3) = Cs. Using this inequality and (3.13) in (A.42), we obtain
|Wm(u,7)| < exp{—271Cs5 + C,Cs} < expi{—Cs/4}, with Cs < (e2HCo/HI(1 — 2(H,
+¢))"? and C; < C4/4Cs. From (A.35), we see that [° |wi(u,7)yx(u,7)|dr <
2mnCo/(1 —2(e+ Hy)), 1 <s, k <n.
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Thus for sufficiently large n,

n

|9, < J\T|>C3/ﬁ lws(u, ) | [yic(u,7) | m:}:n[%k)s | Wm(u,7)|dr < Csexp { — Cyn}.
(A.43)

For sufficiently large n, we have ,,(h,0) > e"%/2, and A = 1+ O(h). Therefore, it fol-
lows from (A.43) and (3.30) that for sufficiently large n,

Jnexp{ —itA(h,A)/u(h,\)}
AB(h,A)¥ ,(h,0)

J,| <exp{-Csn}. (A.44)

Taking into account that |t| < C;n"? from (A.37), (A.41), and (A.44), we obtain

Jnexp { — itA(h,A)/u(h, M)}/ 2nnp,(n,A) 12
' B )Y, (,0) ¢n(u) = exp {_E} ’
[t]3+1

NG

Putting t = 0 in (A.45), taking into account (3.30), and that ¥,,(h,0) = [1},_; Kin(h,0,1),
we obtain the second assertion of Lemma 3.4. Using (A.45) and second assertion of
Lemma 3.4 in the equality (A.34), we immediately get Lemma A.6 at j = 0. From (A.34)
and (1.2), we have

(A.45)
< C7

exp { — Ggt’}.

D) = g (Wyesp |~ [ gy~ g |

exp{ itA(h,A)/u(h,\)}
on(h)\2nnp,(n,A)

" . (A.46)
iA(h,A)
Y, (u, Dy (u, 7
X[Lﬂsc;m (u M(,nzl YnlibT) = u(h, ))dT
A(h,A)
+Lﬂ>63ﬁpt\1/,,(u,)t)dr+LMM D e ]
Using (3.26), (3.28)—(3.33), it can be proved that
- _iA(h,A) 2 +172
z: () = SO —t+O<Th+ . ) (A.47)

It is obviously that [Dyyy,(u,7)| < [tlg~'(h,A)E|gm|exp{hlgm|}, therefore by (3.13),
(3.33), condition (2.3), we obtain alike (A.43) that

J|r|>c |DY, uT)|dT<ZJ |Ws w D)yt [ (Wm0 [Diyi(u,7)|dr

[71>C. z m=1
m#s,k,l

< Cnexp{— Con}.
(A.48)
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Using in (A.46) the relations (A.40), (A.47), (A.48), (3.28), (3.33), and reasoning used at
relation (A.44), we are convinced of validity of Lemma A.6 for j = 1. Proof of Lemma A.6
is complete. O

Now putting in (A.1) F(x) = P{G}(h,A) < x}, V(x) = O(x), f(t) = ¢u(t,h), T =
Cin'?, and v(t) = exp{—t*/2}, and using Lemma A.6, we complete the proof of the first
assertion of Lemma 3.4. Proof of Lemma 3.4 is complete. O
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