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It is our aim to show that the Chern-Simons terms of modified gravity can be understood as generated by the addition of a 3-
dimensional algebraic manifold to an initial 11-dimensional space-time manifold; this builds up an 11 + 3-dimensional space-time.
In this system, firstly, some fields living in the bulk join the fields that live on the 11-dimensional manifold, so that the rank of
the gauge fields exceeds the dimension of the algebra; consequently, there emerges an anomaly. To solve this problem, another
11-dimensional manifold is included in the 11 + 3-dimensional space-time, and it interacts with the initial manifold by exchanging
Chern-Simon fields. This mechanism is able to remove the anomaly. Chern-Simons terms actually produce an extra manifold in
the pair of 11-dimensional manifolds of the 11 + 3-space-time. Summing up the topology of both the 11-dimensional manifolds and
the topology of the exchanged Chern-Simons manifold in the bulk, we conclude that the total topology shrinks to one, which is in
agreement with the main idea of the Big Bang theory.

1. Introduction

Some authors have recently extended general relativity and
proposed a Chern-Simons modified gravity in which the
Einstein-Hilbert action is supplemented by a parity-violating
Chern-Simons term, which couples to gravity via a scalar
field. The parity-violating Chern-Simons term is defined as
a contraction of the Riemann curvature tensor with its dual
and the Chern-Simons scalar field [1]. Ever since, a great deal
of contributions and discussions on this particular model has
appeared in the literature. For example, the authors of [2] have
studied the combined effects of the Lorentz-symmetry violat-
ing Chern-Simons and Ricci-Cotton actions for the Einstein-
Hilbert model in the second-order formalism extended by
the inclusion of higher-derivative terms and considered their
consequences on the spectrum. In another investigation, the
authors have argued about rotating black hole solutions in
the (3 + 1)-dimensional Chern-Simons modified gravity by
taking account of perturbations around the Schwarzschild
solution [3].They have obtained the zenith-angle dependence

of a metric function that corresponds to the frame-dragging
effect, by using a constraint equation without choosing
the embedding coordinate system. Also, a conserved and
symmetric energy-momentum (pseudo)tensor for Chern-
Simons modified gravity has been built up and it has been
shown that the model is Lorentz invariant [4]. In another
article, the authors have considered the effect of Chern-
Simons modified gravity on the quantum phase shift of de
Broglie waves in neutron interferometry by applying a unified
approach of optical-mechanical analogy in a semiclassical
model [5]. In a different scenario, the authors have asserted
the consistency of the Gödel-type solutions within the four-
dimensional Chern-Simons modified gravity with the non-
dynamical Chern-Simons coefficient, for various shapes of
scalar matter and electromagnetic fields [6]. Finally, in one
of the latest versions of the Chern-Simons gravity, the Chern-
Simons scalar fields are treated as dynamical fields possessing
their own stress energy tensor and an evolution equation.This
version has been named Dynamical Chern-Simons Modified
Gravity (DCSMG) [7–9]. Now, a question arises on what this
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tensor is andwhat would be the origin of these Chern-Simons
terms. We shall here show that our universe is a part of an
11-dimensional manifold which is connected with another 11-
dimensional manifold by an extra 3-dimensional space. The
11-dimensional manifolds interact with one another via the
exchange of Chern-Simons fields which move along the 3-
dimensional manifold.

Our model is, in fact, a generalization of Kaluza-Klein
theory to 11 + 3-dimensional space-time. Until now, many
discussions have been done on this subject. For example,
in one paper some very interesting features of the large 𝐷
expansion of a Kaluza-Klein theory in 4 + 𝐷 dimensions
have been considered. This model exhibits a nontrivial large𝐷 scaling: in particular, it has been found that the four-
dimensional effective cosmologicalΛ constant is of order 1/𝐷
[10]. In other researches, the properties of different types of
black holes in𝐷-dimensional Kaluza-Klein theory have been
considered. It is observed that, by reducing dimensions to
four, these black holes achieve the same properties of normal
black holes in 4-dimensional gravity [11–13].

The main reason for considering higher dimensional
world is responding to some main questions and removing
some puzzles in field theory and cosmology. For example,
what is the reason for the emergence of the difference between
fermions and bosons? What is the origin of the emergence
of extra terms in generalized uncertainty principles in 4-
dimensional field theory?What is the origin of the emergence
of very big energy at the Big Bang? In 10-dimensional string
theory, some of these questions have had a response; however
this theory had some anomalies. In 1995, by generalizations
of the number of dimensions to 11, the anomalies in 10-
dimensional string theory have been removed [14]. However,
this theory contains two stable objects like 3-dimensional𝑀2-brane and 6-dimensional 𝑀5-brane and designing a
4-dimensional universe is very hard. Also, this 𝑀-theory
includes some other anomalies which can be removed in
theories with more than 11 dimensions like 𝐺-theory in 14
dimensions [15].

Recently, a new theory has been proposed in 14-
dimensional space-time that responds to many questions,
removes the anomalies in 11-dimensional 𝑀-theory, and
considers the evolution of universe from nothing to present
stage. In this theory, at the beginning, two types of 𝐺0-
branes, one with positive energy and one with negative
energy, are created from nothing in fourteen dimensions.
Then, these branes are compacted on three circles via two
different ways (symmetrically and antisymmetrically), and
two bosonic and fermionic parts of action for 𝑀0-branes
are created. By joining 𝑀0-branes, supersymmetric 𝑀𝑝-
branes are produced which include the equal number of
degrees of freedom for fermions and bosons. Our universe
is built on one of 𝑀𝑝-branes and other 𝑀𝑝-brane and extra
energy play the role of bulk. By dissolving extra energy which
is created by compacting actions of 𝐺𝑝-branes, into our
universe, the number of degrees of freedom on it and also its
scale factor increase and universe expands. We test 𝐺-theory
with observations andfind that themagnitude of the slow-roll
parameters and the tensor-to-scalar ratio in this model are a
lot smaller than one which are in agreement with predictions

of experimental data. Finally, we consider the origin of the
extended theories of gravity in 𝐺-theory and show that these
theories could be anomaly-free. And, finally, one of the main
results of an extension to 14 dimensions yields the predicted
terms in the generalized uncertainty principle [16]. This
theory gives the exact form of GUP and explains the reason
for the birth of extra terms and their growing in this principle.
In this paper, we will show that the physics of 11-dimensional
spacingmanifold + 3-dimensional algebraicmanifold is equal
to the physics of 14-dimensional manifold. This helps us to
understand why 𝑀-theory with Lie-three algebra is a true
theory and solvemany problems in physics. In fact,𝑀-theory
with Lie-three algebra lives on 14 dimensional manifold
where a 3-dimensional part of it corresponds to Lie-3-algebra
and the other 11-dimensional part is related to space-time.
Also, we show that 𝑀-theory on 11-dimensional manifold
could be the anomaly-free if a three-dimensional algebraic
manifold is added to it or its spacial time is increased to 14
dimensions. This 14-dimensional manifold can be broken to
two parallel 11-dimensional manifolds which are connected
by a three-dimensional Chern-Simons manifold.

In our model, there is a 14-dimensional manifold which
can be divided into smaller parts. Each of these parts can form
a new smaller manifold. In Horava-Witten mechanism, most
of anomalies are removed on an 11-dimensional manifold.
We will show that there are more anomalies that may be
removed in a new systemwhich is constructed of two parallel
11-dimensional manifolds which are connected by a three-
dimensional manifold. This system can be created in a 14-
dimensional space-time. In fact, this system is similar to Bion
in string theory. Bion is a system which has been constructed
of two branes which are connected by a wormhole. Now, our
new Bion has been constructed of two 11-dimensional man-
ifolds which have been connected by a three-dimensional
manifold. This new Bion can be a part of a 14-dimensional
manifold.

In this model, we will use a generalization of the concept
of Lie algebra to an 𝑛-array bracket. This algebra gives us
this opportunity to produce all types of gauge fields by using
the relation between brackets and derivatives with respect to
strings. In 𝑀-theory, Lie-three algebra has been used which
include 3-dimensional brackets (brackets with 3 arrays). We
will show that there is a direct relation between dimensions
of brackets and dimensions of manifold and by increasing
the number of dimensions of manifold, the number of
arrays (number of dimensions) of algebra is increased. To
remove anomalies, we have to increase number of dimensions
of manifolds. Consequently, the number of dimensions of
brackets (number of arrays) should be increased.

Maybe, this question arises: can all anomalies be removed
in 10-dimensional superstring theory? In this theory, anoma-
lies depend on the difference between numbers of degrees of
freedoms of fermions and bosons. If the number of degrees
of freedoms of fermions is equal to the number of degrees of
freedoms of bosons, all anomalies can be removed. However,
Horava and Witten show that some anomalies appeared due
to axial fields and also interactions between fermions that can
be removed by extending dimensions to eleven [14, 17]. In this
paper, it is shown that 11-dimensional theory also has some
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anomalies that can be removed by extending dimensions to
14. Also, we will show that there is a direct relation between
number of dimensions and algebra and also by choosing a
suitable algebra, anomalies can be removed completely.

Our paper is organized according to the following outline:
in Section 2, we devote efforts to show that, by adding up a
3-dimensional manifold to eleven-dimensional gravity, there
emerges a Chern-Simonsmodified gravity. Next, in Section 3,
we shall show that if the fields obey a special algebra,
Chern-Simons modified gravity is shown to be anomaly-
free. However, by increasing the rank of the fields, other
anomalies show up. In Section 4, we focus on the removal
of the anomaly of this type of gravity in a system composed
of two 11-dimensional spaces and a Chern-Simons manifold
that connects them. In the last section, we cast a summary
and our final considerations.

2. Chern-Simons Modified Gravity on
an 11 + 3-Dimensional Manifold

We start off by introducing the action of the Dynamical
Chern-Simons modified gravity [7–9]:

𝑆DCSMG = 𝑆EH + 𝑆CS + 𝑆𝜙 + 𝑆mat

𝑆EH = ∫𝑑4𝑥√−𝑔𝑅
𝑆CS = ∫𝑑4𝑥√−𝑔(12𝜖𝛼𝛽𝜇]𝜙𝑅𝛼𝛽𝛾𝛿𝑅𝛾𝛿𝜇])
𝑆𝜙 = −∫𝑑4𝑥√−𝑔 [𝑔𝜇]𝜕𝜇𝜙𝜕]𝜙 + 2𝑉 (𝜙)] ,

(1)

where 𝑅 is the curvature and 𝜙 is the Chern-Simons scalar
field.

Now, we are going to show that Chern-Simons modified
gravity can be obtained from a supergravity which lives on
an 11 + 3-dimensional manifold. Actually, we assume that
our four-dimensional universe is a part of an 11-dimensional
manifold that interacts with the bulk in an 11+3-dimensional
space-time by exchanging Chern-Simons fields. For this,
our departure point is the purely bosonic sector of eleven-
dimensional supergravity and we show that, by adding up
a three-dimensional manifold, Chern-Simons terms will
appear.

The bosonic piece of the action for a gravity which lives
on an eleven-dimensional manifold is given by [14, 17]

𝑆Bosonic-SUGRA
= 1𝜅2 ∫𝑑11𝑥√𝑔(−12𝑅 − 148𝐺𝐼𝐽𝐾𝐿𝐺𝐼𝐽𝐾𝐿) + 𝑆𝐶𝐺𝐺

𝑆𝐶𝐺𝐺 = − √23456𝜅2 ∫𝑀11 𝑑11𝑥𝜀𝐼1𝐼2 ⋅⋅⋅𝐼11𝐶𝐼1𝐼2𝐼3𝐺𝐼4 ⋅⋅⋅𝐼7𝐺𝐼8 ⋅⋅⋅𝐼11 ,
(2)

where the curvature (𝑅) and 𝐺𝐼𝐽𝐾𝐿 and 𝐶𝐼1𝐼2𝐼3 , given in terms
of the gauge field,𝐴, and its field-strength, 𝐹, are cast in what
follows [17]:

𝐺𝐼𝐽𝐾𝐿 = − 3√2 𝜅2𝜆2 𝜀 (𝑥11) (𝐹𝐼𝐽𝐹𝐾𝐿 − 𝑅𝐼𝐽𝑅𝐾𝐿) + ⋅ ⋅ ⋅

𝛿𝐶𝐴𝐵𝐶 = − 𝜅26√2𝜆2 𝛿 (𝑥11) tr (𝜖𝐶𝐹𝐴𝐵 − 𝜖𝐶𝑅𝐴𝐵)
𝐺11𝐴𝐵𝐶 = (𝜕11𝐶𝐴𝐵𝐶 ± 23 permutations)

+ 𝜅2√2𝜆2 𝛿 (𝑥11) 𝜔𝐴𝐵𝐶
𝛿𝜔A𝐵𝐶 = 𝜕𝐴 (tr 𝜖𝐹𝐵𝐶)

+ cyclic permutations of 𝐴, 𝐵, 𝐶
𝐹𝐼𝐽 = 𝜕𝐼𝐴𝐽 − 𝜕𝐽𝐴𝐼
𝑅𝐼𝐽 = 𝜕𝐼Γ𝛽𝐽𝛽 − 𝜕𝐽Γ𝛽𝐼𝛽 + Γ𝛼𝐽𝛽Γ𝛽𝐼𝛼 − Γ𝛼𝐼𝛽Γ𝛽𝐽𝛼
Γ𝐼𝐽𝐾 = 𝜕𝐼𝑔𝐽𝐾 + 𝜕𝐾𝑔𝐼𝐽 − 𝜕𝐽𝑔𝐼𝐾
𝐺𝐼𝐽 = 𝑅𝐼𝐽 − 12𝑅𝑔𝐼𝐽.

(3)

Here, 𝜀(𝑥11) is 1 for 𝑥11 > 0 and 1 for 𝑥11 < 0 and𝛿(𝑥11) = 𝜕𝜀/𝜕𝑥11. Both capitalized Latin (e.g., 𝐼, 𝐽) and Greek
(e.g., 𝛽) indices act on the same manifold and we have only
exhibited the free indices 𝐼, 𝐽, 𝐾 and the dummy ones (𝛼, 𝛽).𝜖𝐶 is used as a vector in direction of𝐶.This helps the equation
that becomes balanced from the indices point of view. The
gauge variation of the 𝐶𝐺𝐺-action gives the following result
[17]:

𝛿𝑆𝐶𝐺𝐺11
= − √23456𝜅2 ∫𝑀11 𝑑11𝑥𝜀𝐼1𝐼2 ⋅⋅⋅𝐼11𝛿𝐶𝐼1𝐼2𝐼3𝐺𝐼4 ⋅⋅⋅𝐼7𝐺𝐼8 ⋅⋅⋅𝐼11
≈ − 𝜅4128𝜆6 ∫𝑀10

5∑
𝑛=1

(tr𝐹𝑛 − tr𝑅𝑛 + tr (𝐹𝑛𝑅5−𝑛)) ,
(4)

where tr𝐹𝑛 = tr(𝐹[𝐼1𝐼2 ⋅ ⋅ ⋅ 𝐹𝐼2𝑛−1𝐼2𝑛]) =𝜖𝐼1𝐼2 ⋅⋅⋅𝐼2𝑛−1𝐼2𝑛 tr(𝐹𝐼1𝐼2 ⋅ ⋅ ⋅ 𝐹𝐼2𝑛−1𝐼2𝑛) and tr𝑅𝑛 =
tr(𝑅[𝐼1𝐼2 ⋅ ⋅ ⋅ 𝑅𝐼2𝑛−1𝐼2𝑛]) = 𝜖𝐼1𝐼2⋅⋅⋅𝐼2𝑛−1𝐼2𝑛 tr(𝑅𝐼1𝐼2 ⋅ ⋅ ⋅ 𝑅𝐼2𝑛−1𝐼2𝑛). These
terms above cancel the anomaly of (𝑆Bosonic-SUGRA) in
eleven-dimensional manifold [17]:

𝛿𝑆𝐶𝐺𝐺11 = −𝛿𝑆Bosonic-SUGRA = −𝛿𝑆anomaly
Bosonic-SUGRA. (5)

Thus, 𝑆𝐶𝐺𝐺 is necessary for the anomaly cancelation; so,
let us now go on and try to find a good rationale for it. Also,
we shall answer the question related to the origin of 𝐶𝐺𝐺
terms in 11-dimensional supergravity. We actually propose a
scenario in which the 𝐶𝐺𝐺 terms appear in the supergravity
action in a way that we do not add them up by hand. To
this end, we choose a unified shape for all fields by using the
Nambu-Poisson brackets and the properties of string fields
(𝑋). We define [15, 18, 19]

𝐼𝐽 = 𝜖𝐽𝐼 = 𝜖𝐽 𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽
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𝑋𝐼𝑖 = 𝑦𝐼𝑖 + 𝐴𝐼𝑖 + 𝜖𝐼𝑖𝜙 − 𝜖𝐼𝑖𝐽Γ𝛼𝛼𝐽
− 𝜖𝐼𝑖𝐽 ∞∑
𝑛=1

(Γ𝛼𝛼𝐽)−𝑛 + ⋅ ⋅ ⋅
{𝑋𝐼𝑖 , 𝑋𝐼𝑗} = 𝐹𝐼𝑖𝐼𝑗 − 𝑅𝐼𝑖𝐼𝑗 + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙

− 12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚 + ⋅ ⋅ ⋅ ,
(6)

where 𝜙 is the Chern-Simons scalar field, 𝐴𝐼 is the gauge
field, Γ is related to the curvature (𝑅), and 𝐼 is a unit vector
in the direction of the coordinate which can be expanded in
terms of derivatives of metric. In fact, the origin of all matter
fields and strings is the same and they are equal to the unit

vectors (𝐼𝐽 = 𝐼𝜖𝐽) in addition to some fields (𝜙, 𝐴𝐼) which
appear as fluctuations of space. The latter may emerge by the
interaction of stringswhich breaks the initial symmetric state.
Without string interactions, we have a symmetry that could
be explained by a unit vector or a matrix. We can first say
that, in the static state, all strings are equal to a unit vector or
a matrix and, then, these strings interact with one another,
so that the symmetry is broken and fields emerge. Also,𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚 is an antisymmetric tensor that has been attached to
antisymmetric curvature and makes a symmetric part. This
tensor causes that different states of curvature be regarded.
Maybe, this question arises: is 𝑋 used only for strings in 26-
dimensional string theory? In fact, this could be a sign for
bosonic strings in any dimension and is not related to 26 or 10
dimensions. Using four-dimensional brackets instead of two-
dimensional ones, we obtain the shape of the 𝐺𝐺-terms in
supergravity as functions of strings (𝑋):

𝐺𝐼𝐽𝐾𝐿 = {𝑋𝐼, 𝑋𝐽, 𝑋𝐾, 𝑋𝐿} = ∑
𝐼𝐽𝐾𝐿

𝜖𝐼𝐽𝐾𝐿 𝜕𝑋𝐼𝜕𝑦𝐼 𝜕𝑋
𝐽

𝜕𝑦𝐽 𝜕𝑋
𝐾

𝜕𝑦𝐾 𝜕𝑋
𝐿

𝜕𝑦𝐿 ⇒

∫𝑑11𝑥√𝑔 (𝐺𝐼𝐽𝐾𝐿𝐺𝐼𝐽𝐾𝐿) = ∫𝑑11𝑥√𝑔( ∑
𝐼𝐽𝐾𝐿

𝜖𝐼𝐽𝐾𝐿 𝜕𝑋𝐼𝜕𝑦𝐼
𝜕𝑋𝐽𝜕𝑦𝐽

𝜕𝑋𝐾𝜕𝑦𝐾
𝜕𝑋𝐿𝜕𝑦𝐿 ∑
𝐼𝐽𝐾𝐿

𝜖𝐼𝐽𝐾𝐿 𝜕𝑋𝐼𝜕𝑦𝐼 𝜕𝑋
𝐽

𝜕𝑦𝐽 𝜕𝑋
𝐾

𝜕𝑦𝐾 𝜕𝑋
𝐿

𝜕𝑦𝐿) .
(7)

The equation above helps us to extract the 𝐶𝐺𝐺 terms
from the 𝐺𝐺-terms in supergravity. To this end, we must add
a three-dimensional manifold (related to a Lie-three-algebra)
to eleven-dimensional supergravity by using the properties of
strings (𝑋) in Nambu-Poisson brackets [15]:

𝑋𝐼𝑖 = 𝑦𝐼𝑖 + 𝐴𝐼𝑖 − 𝜖𝐼𝑖𝐽Γ𝛼𝛼𝐽 − 𝜖𝐼𝑖𝐽 ∞∑
𝑛=1

(Γ𝛼𝛼𝐽)−𝑛 ⇒
𝜕𝑋𝐼5𝜕𝑦𝐼5 ≈ 𝛿 (𝑦𝐼5) + ⋅ ⋅ ⋅
𝜕𝑋𝐼6𝜕𝑦𝐼6 ≈ 𝛿 (𝑦𝐼6) + ⋅ ⋅ ⋅
𝜕𝑋𝐼7𝜕𝑦𝐼7 ≈ 𝛿 (𝑦𝐼7) + ⋅ ⋅ ⋅

∫
𝑀𝑁=3

→ ∫
𝑦𝐼5+𝑦𝐼6+𝑦𝐼7

𝜖𝐼5𝐼6𝐼7 𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7 = 1 + ⋅ ⋅ ⋅ ,

(8)

where the integration has been carried out over a three-
dimensional manifold with coordinates (𝑦𝐼5 , 𝑦𝐼6 , 𝑦𝐼7) and,
consequently, the integration can be done by using that∫
𝑦𝐼5+𝑦𝐼6+𝑦𝐼7

= ∫𝑑𝑦𝐼5 ∫𝑑𝑦𝐼6 ∫𝑑𝑦𝐼7). The result above shows
that, by ignoring fluctuations of space which yield production
of fields, the area of each three-dimensional manifold can
shrink to one and the result of the integration over that
manifold goes to one.Whenwe addonemanifold to the other,
the integration will be the product of an integration over each
manifold, for the coordinates of the addedmanifolds increase

the elements of integration. By adding the three-dimensional
manifold of (8) to the eleven-dimensional manifold of (7), we
get

∫
𝑀𝑁=3

×∫
𝑀11

√𝑔 (𝐺𝐼1𝐼2𝐼3𝐼4𝐺𝐼1𝐼2𝐼3𝐼4)
= ∫
𝑀11+𝑦𝐼5+𝑦𝐼6+𝑦𝐼7

√𝑔𝜖𝐼5𝐼6𝐼7𝐺𝐼1𝐼2𝐼3𝐼4𝐺𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7
= ∫
𝑀11+𝑀𝑁=3

√𝑔𝐶𝐺𝐺 ⇒
𝐶𝐼5𝐼6𝐼7 = ∑

𝐼5𝐼

6𝐼

7

𝜖𝐼5𝐼6𝐼7 𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7 .

(9)

This equation presents three results we should comment
on: (1) 𝐶𝐺𝐺 terms may appear in the action of supergravity
by adding a three-dimensional manifold, related to the
Lie-three-algebra added to eleven-dimensional supergrav-
ity. (2) 11-dimensional manifold + three-Lie algebra = 14-
dimensional supergravity. (3)Theshape of the𝐶-terms is now
clear in terms of the string fields, (𝑋𝑖).

Substituting (6), (7), and (8) into (9) yields

∫
𝑀11+𝑀𝑁=3

√𝑔𝐶𝐺𝐺
= ∫
𝑀11+𝑀𝑁=3

√𝑔(12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑘𝐼𝑚𝐼𝑙𝐼𝑛𝑅𝐼𝑙𝐼𝑛𝐼𝑖𝐼𝑗 − 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)
− 12 ∫
𝑀11+𝑀𝑁=3

√𝑔(𝜙𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝐹𝐼𝑘𝐼𝑚𝐹𝐼𝑖𝐼𝑗) + ⋅ ⋅ ⋅ .
(10)
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In the equation above, the first integration is in agreement
with previous predictions of Chern-Simons gravity in [7–
9] and can be reduced to the four-dimensional Chern-
Simonsmodified gravity of (1). Also, the second integration is
related to the interaction of gauge fields with Chern-Simons
fields. Thus, this model not only produces the Chern-Simons
modified gravity, but also exhibits some modifications to it.
Still, these results show that our universe is a part of one-
eleven-dimensional manifold which interacts with a bulk in
a 14-dimensional space-time by exchanging Chern-Simons
scalars.

3. Anomalies in Chern-Simons
Modified Gravity

In this section, we shall consider various anomalies which
may be induced in Chern-Simonsmodified gravity. Although
we expect that terms in the gauge variation of the Chern-
Simons action remove the anomaly in eleven-dimensional
supergravity, we will observe that some extra anomalies are
produced by the Chern-Simons field. It is our goal to show
that these anomalies depend on the algebra and thus, by
choosing a suitable algebra in this model, all anomalies can
be removed. To obtain the anomalies of the Chern-Simons
theory, we should reobtain the gauge variation of the 𝐶𝐺𝐺-
action in (4) in terms of field-strengths and curvatures. To

this end, by using (8) and (9), we can work out the gauge
variation of 𝐶 [15]:

𝑋𝐼𝑖 = 𝑦𝐼𝑖 + 𝐴𝐼𝑖 − 𝜖𝐼𝑖𝐽Γ𝛼𝛼𝐽 − 𝜖𝐼𝑖𝐽 ∞∑
𝑛=1

(Γ𝛼𝛼𝐽)−𝑛 ⇒
𝜕𝛿𝐴𝑋𝐼𝜕𝑦𝐼 = 𝛿 (𝑦𝐼) ⇒
∫
𝑀𝑁=3+𝑀11

𝛿𝐴𝐶𝐼5𝐼6𝐼7

= ∫
𝑀𝑁=3+𝑀11

∑
𝐼5𝐼

6𝐼

7

𝜖𝐼5𝐼6𝐼7𝛿𝐴(𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7 ) =

∫
𝑀𝑁=3+𝑀10

∑
𝐼5𝐼

6

𝜖𝐼5𝐼6 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 ) = ∫
𝑀𝑁=3+𝑀10

(𝐹𝐼𝑖𝐼𝑗

− 𝑅𝐼𝑖𝐼𝑗 + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙 − 12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚 + ⋅ ⋅ ⋅) .

(11)

Using the equation above and (7), we get the gauge
variation of the 𝐶𝐺𝐺 action given in (9):

𝛿∫
𝑀11+𝑀𝑁=3

√𝑔𝐶𝐺𝐺
= ∫
𝑀10+𝑀𝑁=3

√𝑔 5∑
𝑛=1

(tr𝐹𝑛 − tr𝑅𝑛 + tr (𝐹𝑛𝑅5−𝑛))
+∫
𝑀10+𝑀𝑁=3

√𝑔( 5∑
𝑛=1

(tr(𝐹𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛)) + tr(𝐹𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛))

−∫
𝑀10+𝑀𝑁=3

√𝑔( 5∑
𝑛=1

(tr(𝑅𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛)) + tr(𝑅𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛)) + ⋅ ⋅ ⋅ .

(12)

The first line of this equation removes the anomaly on the 11-
dimensional manifold of (4); however, the second and third
lines show that extra anomalies can emerge due to the Chern-
Simons fields. We can show that if we choose a suitable
algebra for the 11-dimensional manifold, all anomalies can be
swept out. We can extend our discussion to a𝐷-dimensional
manifold with a Lie-𝑁-algebra. In fact, we wish to obtain a
method that makes all supergravities, with arbitrary dimen-
sion, anomaly-free. To this end, wemake use of the properties
of Nambu-Poisson brackets and strings (𝑋) in (6) to obtain
a unified definition for different terms in supergravity and
rewrite action (4) as follows:

𝛿𝑆𝐶𝐺𝐺 = − 𝜅4128𝜆6 ∫𝑀10 𝜖𝐼1𝐼2 ⋅⋅⋅𝐼10 {𝑋𝐼1 , 𝑋𝐼2} {𝑋𝐼3 , 𝑋𝐼4}
⋅ {𝑋𝐼5 , 𝑋𝐼6} {𝑋𝐼7 , 𝑋𝐼8} {𝑋𝐼9 , 𝑋𝐼10} .

(13)

In the equation above, we only used the Lie-two-
algebra with two-dimensional bracket; however, it is not
clear whether this algebra is true. In fact, for 𝑀-theory, Lie-
three-algebra with three-dimensional bracket [18, 19] is more
suitable. To obtain the exact form of the Lie algebra which
is suitable for𝐷-dimensional space-time, we shall generalize
the dimension of space-time from eleven to𝐷 and the algebra
from two to𝑁 anduse the followingNambu-Poisson brackets
[19]:

∫
𝑀𝐷

{𝑋𝐼𝑖 , 𝑋𝐼𝑗} ⋅ ⋅ ⋅ →
∫
𝑀𝑁+𝐷

𝜖𝐼𝑖𝐼𝑗𝐽1𝐽2⋅⋅⋅𝐽𝑁 {𝑋𝐽1 , 𝑋𝐽2 , . . . , 𝑋𝐽𝑁} ⋅ ⋅ ⋅ .
(14)

In this equation, we have added a new manifold, related
to the algebra, to the world manifold. In fact, we have to
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regard both algebraic (𝑀𝑁) and space-time (𝑀𝐷) manifolds
to achieve the exact results. For the 𝑁-dimensional algebra,
we introduce the following fields:

𝑋𝐽𝑁 → 𝑦𝐽𝑁 + 𝜖𝐽𝑁𝐽1,𝐽2,...,𝐽𝑁−1𝐴𝐽1,𝐽2,...,𝐽𝑁−1
− 𝜖𝐽𝑁𝐽1 ,𝐽2,...,𝐽𝑁−1𝜕𝐽4 ⋅ ⋅ ⋅ 𝜕𝐽𝑁−1Γ𝐽1,𝐽2,𝐽3

𝐹𝐽1⋅⋅⋅𝐽𝑁 = 𝜖𝐽𝑁𝐽1 ,𝐽2,...,𝐽𝑁−1𝜕𝐽𝑁𝐴𝐽1,𝐽2,...,𝐽𝑁−1
𝜕𝐽5 ⋅ ⋅ ⋅ 𝜕𝐽𝑁𝑅𝐽1⋅⋅⋅𝐽4 = 𝜖𝐽𝑁𝐽1 ,𝐽2,...,𝐽𝑁−1𝜕𝐽𝑁𝜕𝐽4 ⋅ ⋅ ⋅ 𝜕𝐽𝑁−1Γ𝐽1𝐽2𝐽3

+ ⋅ ⋅ ⋅ ,

(15)

where

𝜖𝐼𝑖𝐼𝑗𝐽1𝐽2⋅⋅⋅𝐽𝑁 = 𝜖𝐼𝑖𝐼𝑗𝜖𝐽1𝐽2⋅⋅⋅𝐽𝑁
𝜖𝐼𝑖𝐽1𝐽2⋅⋅⋅𝐽𝑁 = 𝛿𝐼𝑖

[𝐽1𝐽2⋅⋅⋅𝐽𝑁]

𝛿[𝐽1𝐽2⋅⋅⋅𝐽𝑁] = 𝛿𝐽1𝐽2⋅⋅⋅𝐽𝑁 − 𝛿𝐽2𝐽1⋅⋅⋅𝐽𝑁 + ⋅ ⋅ ⋅ .
(16)

Here, 𝛿 is the generalized Kronecker delta. With defi-
nitions in (15), we can obtain the explicit form of the 𝑁-
dimensional Nambu-Poisson brackets in terms of fields:

∫
𝑀𝑁+𝑀𝐷

{𝑋𝐽1 , 𝑋𝐽2 , . . . , 𝑋𝐽𝑁}
= ∫
𝑀𝑁

∑
𝐽1,𝐽2,...,𝐽𝑁

𝜖𝐽1,𝐽2,...,𝐽𝑁 𝜕𝑋𝐽1𝜕𝑦𝐽1 𝜕𝑋
𝐽2

𝜕𝑦𝐽2 ⋅ ⋅ ⋅ 𝜕𝑋𝐽𝑁𝜕𝑦𝐽𝑁
≈ ∫
𝑀𝑁+𝑀𝐷

(𝐹𝐽1⋅⋅⋅𝐽𝑁 − 𝜕𝐽5 ⋅ ⋅ ⋅ 𝜕𝐽𝑁𝑅𝐽1 ⋅⋅⋅𝐽4) .
(17)

Substituting (14), (15), and (17) in (13), which is another
form of (4), and replacing 11-dimensional manifold with 𝐷
dimensional manifold, we obtain

𝛿𝑆𝐶𝐺𝐺𝐷+1 = −𝑍∫
𝑀𝐷

𝜖𝐼1𝐼2 ⋅⋅⋅𝐼𝐷 {𝑋𝐼1 , 𝑋𝐼2} {𝑋𝐼3 , 𝑋𝐼4}
⋅ ⋅ ⋅ {𝑋𝐼𝐷−1 , 𝑋𝐼𝐷}
= −𝑍∫

𝑀𝐷+𝑁
𝜖𝐼1𝐼2⋅⋅⋅𝐼𝐷𝜖𝐼1𝐼2𝐽11𝐽12 ⋅⋅⋅𝐽1𝑁 {𝑋𝐽11 , 𝑋𝐽12 , . . . , 𝑋𝐽1𝑁}

⋅ 𝜖𝐼3𝐼4
𝐽21𝐽
2
2 ⋅⋅⋅𝐽
2
𝑁

{𝑋𝐽21 , 𝑋𝐽22 , . . . , 𝑋𝐽2𝑁}
⋅ ⋅ ⋅ 𝜖𝐼𝐷−1𝐼𝐷
𝐽𝐷/21 𝐽
𝐷/2
2 ⋅⋅⋅𝐽

𝐷/2
𝑁

{𝑋𝐽𝐷/21 , 𝑋𝐽𝐷/22 , . . . , 𝑋𝐽𝐷/2𝑁 }
= −𝑍∫

𝑀𝐷+𝑁
𝜖𝐼1𝐼2⋅⋅⋅𝐼𝐷𝜖𝐼1𝐼2𝐽11𝐽12 ⋅⋅⋅𝐽1𝑁𝜖𝐼3𝐼4𝐽21𝐽22 ⋅⋅⋅𝐽2𝑁

⋅ ⋅ ⋅ 𝜖𝐼𝐷−1𝐼𝐷
𝐽𝐷/21 𝐽
𝐷/2
2 ⋅⋅⋅𝐽

𝐷/2
𝑁

(𝐹𝐽11 ⋅⋅⋅𝐽1𝑁 − 𝜕𝐽15 ⋅ ⋅ ⋅ 𝜕𝐽1𝑁𝑅𝐽11 ⋅⋅⋅𝐽14)
× (𝐹𝐽21 ⋅⋅⋅𝐽2𝑁 − 𝜕𝐽25 ⋅ ⋅ ⋅ 𝜕𝐽2𝑁𝑅𝐽21 ⋅⋅⋅𝐽24) ⋅ ⋅ ⋅ (𝐹𝐽1𝐷/2⋅⋅⋅𝐽𝐷/2𝑁 − 𝜕𝐽𝐷/25
⋅ ⋅ ⋅ 𝜕𝐽𝐷/2𝑁 𝑅𝐽𝐷/21 ⋅⋅⋅𝐽𝐷/24 ) ,

(18)

where 𝑍 is a constant related to the algebra. This equation
shows that the gauge variation of the action depends on
the rank-𝑁 field-strength. The action above is not actually
directly zero, and there emerges an anomaly. Now, we use
properties of 𝜖 and rewrite (18) as below:

𝛿𝑆𝐶𝐺𝐺𝐷+1 = −𝑍∫
𝑀𝐷+𝑁

𝑊(𝐷,𝑁)
⋅ 𝜖𝜒1𝜒2 ⋅⋅⋅𝜒𝐷/2 (𝐹𝜒1 − 𝜕𝐽15 ⋅ ⋅ ⋅ 𝜕𝜒1−4𝑅𝐽11 ⋅⋅⋅𝐽14) × (𝐹𝜒2
− 𝜕𝐽25 ⋅ ⋅ ⋅ 𝜕𝜒2−4𝑅𝐽21 ⋅⋅⋅𝐽24) ⋅ ⋅ ⋅ (𝐹𝜒𝐷/2
− 𝜕𝐽𝐷/25 ⋅ ⋅ ⋅ 𝜕𝜒𝐷/2−4𝑅𝐽𝐷/21 ⋅⋅⋅𝐽𝐷/24 ) .

(19)

In (19), 𝜒, 𝜖𝜒1𝜒2 ⋅⋅⋅𝜒𝐷/2 and𝑊(𝐷,𝑁) can be obtained as

𝜒𝑖 = 𝐽𝑖1 ⋅ ⋅ ⋅ 𝐽𝑖𝑁
𝜖𝐼1𝐼2 ⋅⋅⋅𝐼𝐷𝜖𝐼1𝐼2

𝐽11𝐽
1
2 ⋅⋅⋅𝐽
1
𝑁

𝜖𝐼3𝐼4
𝐽21𝐽
2
2 ⋅⋅⋅𝐽
2
𝑁

⋅ ⋅ ⋅ 𝜖𝐼𝐷−1𝐼𝐷
𝐽𝐷/21 𝐽
𝐷/2
2 ⋅⋅⋅𝐽

𝐷/2
𝑁

= 𝜖𝐼1𝐼2⋅⋅⋅𝐼𝐷𝜖𝐼1𝐼2𝜖𝐽11𝐽12 ⋅⋅⋅𝐽1𝑁𝜖𝐼3𝐼4𝜖𝐽21𝐽22 ⋅⋅⋅𝐽2𝑁
⋅ ⋅ ⋅ 𝜖𝐼𝐷−1𝐼𝐷𝜖𝐽𝐷/21 𝐽𝐷/22 ⋅⋅⋅𝐽𝐷/2𝑁 = 𝑊(𝐷,𝑁) 𝜖𝜒1𝜒2 ⋅⋅⋅𝜒𝐷/2

𝑊(𝐷,𝑁) = ([(𝐷 + 2) (𝐷 − 2)8 − 𝑁(𝐷2 − 1)]
⋅ [ (𝐷 + 2) (𝐷 − 2)8 − 1 − 𝑁(𝐷2 − 1)] ⋅ ⋅ ⋅ 1)
⋅ ([𝑁(𝐷2 − 1)] [𝑁(𝐷2 − 1) − 1] ⋅ ⋅ ⋅ 1)𝑈 (𝛿) ,

(20)

where𝑈 is a function of the generalized Kronecker delta. On
the other hand, 𝛿𝑆𝐶𝐺𝐺|𝐷+1 has been added to the main action
of supergravity to remove its anomaly. Thus, we can write

𝛿𝑆𝐶𝐺𝐺𝐷+1 = −𝛿𝑆Bosonic-SUGRA𝐷+1
= −𝑆anomaly

Bosonic-SUGRA
𝐷+1 = 0 ⇒

𝑊(𝐷,𝑁) = ([(𝐷 + 2) (𝐷 − 2)8 − 𝑁(𝐷2 − 1)]
⋅ [ (𝐷 + 2) (𝐷 − 2)8 − 1 − 𝑁(𝐷2 − 1)] ⋅ ⋅ ⋅ 1)
× ([𝑁(𝐷2 − 1)] [𝑁(𝐷2 − 1) − 1] ⋅ ⋅ ⋅ 1)𝑈 = 0 ⇒

𝑁 ≤ (𝐷 + 2) (𝐷 − 2)8 (𝐷/2 − 1) .

(21)

This equation indicates that, for a (𝐷+1)-dimensional space-
time, the dimension of the Lie algebra should be equal to or
less than a critical value. Under these conditions, the Chern-
Simons gravity is free from anomalies and we do not need
an extra manifold. On the other hand, as we show in (15),
the dimension of the algebra determines the dimension of
the field-strength.This means that, for a Lie-𝑁-algebra, field-
strengths should have at most 𝑁 indices. For example, for a
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manifoldwith 11 dimensions, the algebra can be of order three
as predicted in recent papers [18, 19] and field-strengths may
have three indices. In fact, in above equation, we have shown
that the physics of an 11-dimensional spacing manifold plus
a 3-dimensional algebraic manifold is equal to the physics
of 14-dimensional manifold. This helps us to understand
why 𝑀-theory with Lie-three algebra is a true theory and
solves many problems in physics. In fact,𝑀-theory with Lie-
three algebra lives on 14-dimensional manifold where a 3-
dimensional part of it corresponds to Lie-3-algebra and the
other 11-dimensional part is related to space-time. Also, we
show that 𝑀-theory on 11-dimensional manifold could be
the anomaly-free if a three-dimensional algebraic manifold
is added to it or its spacial time is increased to 14 dimensions.
This 14-dimensional manifold can be broken to two parallel
11-dimensional manifold which are connected by a three-
dimensional Chern-Simons manifold.

4. A Chern-Simons Manifold between Two
11-Dimensional Manifolds in an 11 + 3
Dimensional Space-Time

In the previous section, we have found that, for an eleven-
dimensional manifold, the suitable algebra which removes
the anomaly in Chern-Simons gravity is a three-dimensional
Lie algebra. This means that the rank of the fields can be
of order two or three. However, (2) shows that the rank of
the fields may be higher than three in eleven-dimensional
supergravity. Thus, in Chern-Simons gravity theory which
lives on an eleven-dimensional manifold, some extra anoma-
lies are expected to show up. To remove them, we assume
that there is another 11-dimensional manifold in the 14-
dimensional space-time which interacts with the first one
by exchanging Chern-Simons fields. These fields produce
a Chern-Simons manifold that connects these two eleven-
dimensional manifolds (see Figure 1.)Thus, in this model, we
have two 𝐺𝐺 terms which live on 11-dimensional manifolds
(see (2)) and two 𝐶𝐺𝐺 terms in the bulk so that each of them
interacts with one of the 11-dimensional manifolds.

We can write the supergravity in 14-dimensional space-
time as follows:

𝑆SUGRA-14 = ∫
𝑀𝑁=3

(∫
𝑀11

𝐺𝐺 + ∫
𝑀11

𝐶𝐺𝐺
+ ∫
𝑀11

𝐶𝐺𝐺 + ∫
𝑀11

𝐺𝐺) = (∫
𝑀14

𝐶𝐺𝐺
+ ∫
𝑀14

𝐶𝐺𝐺 + ∫
𝑀14

𝐶𝐺𝐺 + ∫
𝑀14

𝐶𝐺𝐺) .
(22)

In this equation,𝐶𝐺𝐺 and𝐶𝐺𝐺 are related to the Chern-
Simons gravities which live on the two eleven-dimensional
manifolds and are extracted from 𝐺𝐺 and 𝐺𝐺 terms. Also,𝐶𝐺𝐺 and𝐶𝐺𝐺 correspond to the Chern-Simons fields which
are exchanged between the two manifolds in 14-dimensional
space-time. By generalizing the results of (3), (6), and (11), we
get

𝐺𝐼𝐽𝐾𝐿 ∼ − (𝐹𝐼𝐽𝐹𝐾𝐿 − 𝑅𝐼𝐽𝑅𝐾𝐿) + 𝜕𝐼𝜙𝜕𝐽𝜙𝑅𝐾𝐿 ⋅ ⋅ ⋅

𝛿𝐶𝐼𝑖𝐼𝑗𝐼𝑘 ∼ −𝜖𝐼𝑘 tr(𝐹𝐼𝑖𝐼𝑗 − 𝑅𝐼𝑖𝐼j + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙
− 12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚 + ⋅ ⋅ ⋅)

𝐺𝐼𝐽𝐾𝐿 ∼ − (𝐹𝐼𝐽𝐹𝐾𝐿 − 𝑅𝐼𝐽𝑅𝐾𝐿) + 𝜕𝐼𝜙𝜕𝐽𝜙𝑅𝐾𝐿 ⋅ ⋅ ⋅
𝛿𝐶𝐼𝑖𝐼𝑗𝐼𝑘 ∼ −𝜖𝐼𝑘 tr(𝐹𝐼𝑖𝐼𝑗 − 𝑅𝐼𝑖𝐼𝑗 + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙

− 12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚 + ⋅ ⋅ ⋅) .
(23)

Here, the 𝐹’s, 𝑅’s, and 𝜙’s live on one of the supergravity
manifolds as depicted in Figure 1, whereas the 𝐹’s, 𝑅’s, and 𝜙’s
are fields of the other supergravity manifold. To obtain their
relations, we should make use of (12) and the gauge variation
of the actions (22); in doing so, we obtain

𝛿𝑆SUGRA-14 = ∫
𝑀14

5∑
𝑛=1

({𝑋𝐼𝑖 , 𝑋𝐼𝑗} + {𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛 = 0 →
{𝑋𝐼𝑖 , 𝑋𝐼𝑗} = − {𝑋𝐼𝑖 , 𝑋𝐼𝑗} →

𝑋𝐼𝑖 = 𝑖𝑋𝐼𝑖 →
𝑦𝐼𝑖 = 𝑖𝑦𝐼𝑖
𝐴𝐼𝑖 = 𝑖𝐴𝐼𝑖 ,
𝜙 = 𝑖𝜙.

(24)

These results show that, to remove the anomaly in 14-
dimensional space-time, coordinates and fields in one of the
eleven-dimensionalmanifolds should be equal to coordinates
and fields in the othermanifold in addition to one extra 𝑖.This
implies that time- or space-like coordinates and fields in one
manifold transmute into space- or time-like coordinates and
fields of anothermanifold. For example, the zeroth coordinate
which is known as time on one manifold will transmute into
a space coordinate of the other manifold. If our universe with
one time and three space coordinates is located on one of the
manifolds, an antiuniverse with one space and three times is
located in the other manifold.

Now, we shall show that, by substituting the results of (24)
into the action of (22), the topology of the 14-dimensional
manifold tends to one. This means that the world with all
its matter began from a point and it may be thought of as
a signature of Big Bang in our proposal. To this end, using
(6), (7), (9), and (12), we rewrite 𝐶𝐺𝐺 terms in terms of
derivatives of scalar strings:

∫
𝑀11+𝑀𝑁=3

𝐶𝐺𝐺 = 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)
+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛) ,

(25)
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14-dimensional
space-time

Chern-Simons manifold

11-dimensional
manifold11-dimensional

manifold

Figure 1: Two eleven-dimensional manifolds + Chern-Simons manifold in 14-dimensional space-time.

where 𝑘 is a constant.There are similar results for other terms
in 14-dimensional supergravity:

∫
𝑀11+𝑀𝑁=3

𝐶𝐺𝐺 = 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 (𝐹𝑛 − 𝑅𝑛 + ⋅ ⋅ ⋅)) = 𝑘∫

𝑀𝑁=3
∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗}))

𝑛

∫
𝑀11+𝑀𝑁=3

𝐶𝐺𝐺 = 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

𝑛∑
𝑚=0

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 (𝐹𝑚 − 𝑅𝑚 + ⋅ ⋅ ⋅ ) (𝐹𝑛−𝑚 − 𝑅𝑛−𝑚 + ⋅ ⋅ ⋅ ))

= 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

𝑛∑
𝑚=0

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛−𝑚 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑚)

∫
𝑀11+𝑀𝑁=3

𝐶𝐺𝐺 = 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

𝑛∑
𝑚=0

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 (𝐹𝑛−𝑚 − 𝑅𝑛−𝑚 + ⋅ ⋅ ⋅ ) (𝐹𝑚 − 𝑅𝑚 + ⋅ ⋅ ⋅ ))

= 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)

+ 6∑
𝑛=1

𝑛∑
𝑚=0

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑚 ({X𝐼𝑖 , 𝑋𝐼𝑗})𝑛−𝑚) .

(26)

Using the results in (24) and substituting (25) and (26) in
(24), we obtain

(𝜕𝑋𝐼𝜕𝑦𝐼 ) = (𝜕𝑋𝐼𝜕𝑦𝐼 ) →
𝑆SUGRA-14 = 𝑘∫

𝑀𝑁=3
∫
𝑀11

(𝛿11 (𝑦)
+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗} + {𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛) .

(27)

On the other hand, results in (24) show that ({𝑋𝐼𝑖 , 𝑋𝐼𝑗} =−{𝑋𝐼𝑖 , 𝑋𝐼𝑗}). Thus, we can conclude that the action given
above tends to an action on the three-dimensional manifold.

{𝑋𝐼𝑖 , 𝑋𝐼𝑗} = − {𝑋𝐼𝑖 , 𝑋𝐼𝑗}
𝑆SUGRA-14 = 𝑘∫

𝑀𝑁=3
∫
𝑀11

(𝛿11 (𝑦)) = 𝑘∫
𝑀𝑁=3

→
𝑘4𝜋𝑅33 ,

(28)
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Figure 2: 14-dimensional manifold shrinks to one point.

where𝑅 is the radius ofmanifold. By redefining scalar strings,
we are able to show that the action of supergravity shrinks to
one.

𝑋 → (𝑘4𝜋𝑅33 )−1/11𝑋
𝑋 → (𝑘4𝜋𝑅33 )−1/11𝑋 ⇒

𝑆SUGRA-14 = (𝑘4𝜋𝑅33 )−1 𝑘∫
𝑀𝑁=3

→
(𝑘4𝜋𝑅33 )−1 𝑘4𝜋𝑅33 = 1.

(29)

This equation yields results that deserve our comments.
In fact, two eleven-dimensional manifolds and the bulk
interact with each other via different types of 𝐶, 𝐺, and
Chern-Simons-fields. When we sum up supergravities that
live on these manifolds and consider fields in the space
between them, we get supergravity in 14-dimensional space.
By canceling the anomaly in this new supergravity, we can
obtain the relations between fields. By substituting these
relations into the action of the 14-dimensional supergravity,
we simply obtain one. This means that the 14-dimensional
manifold with all its matter content can be topologically
shrunk to one point (see Figure 2.). In fact, the system of
the world began from this point and then expanded and

constructed a 14-dimensional world similar to what happens
in a Big Bang theory.

Another interesting result that comes out of our theory
concerns the reduction of the action of the world to one.This
means that the origin of allmatter or fields is the same. In fact,
at the first stage of the world, we have only a constant energy
which lives on 14-dimensional manifold. Then, by internal
interactions, two 11-dimensional manifolds are created.These
manifolds interact with each other via an extraChern-Simons
manifold. By exchanging the energy between 11-dimensional
manifolds, their energies are changed and two different
actions are produced. Also, as due to interaction between
strings, their shapes become different and different types of
fields like spinors and bosons are emerged.

5. Summary and Final Considerations

In this paper, we have shown that the Chern-Simons terms
of modified gravity may be understood as due to the inter-
action between two 11-dimensional manifolds in an 11 + 3-
dimensional space-time, where 3 is the dimension of a Lie-
type-algebra. We also argue that there is a direct relation
between the dimension of the algebra and the dimension
of the manifold. For example, for 11-dimensional world, the
dimension of the Lie-algebra is three. If the rank of the fields
which live in one manifold becomes larger than the rank
of the algebra, there emerges an anomaly. This anomaly is
produced as an effect of connecting fields in the bulk to
fields which live in the manifold. To cancel this anomaly, we
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need to introduce another 11-dimensional manifold in the11+3-dimensional space-timewhich interacts with the initial
manifold by exchanging Chern-Simons terms. These Chern-
Simons terms produce an extra manifold. If we sum up the
topology of the 11-dimensional manifolds and the topology
of the Chern-Simons manifold, we can show that the total
topology shrinks to one, which is consistent with predictions
of the Big Bang theory.

Our proposal is actually another version of the 𝐺-
theory in [15, 16]. This approach removes anomalies in 11-
dimensional 𝑀-theory by a generalization of dimension to
14. In this research contribution, we have shown that the
physics of an 11-dimensional spacing manifold plus a 3-
dimensional algebraic manifold is the same as the physics of
14-dimensional manifold. In fact, 11-dimensional 𝑀-theory
is a free-anomaly theory, whenever a three-dimensional
algebraic manifold is added to it. This 14-dimensional man-
ifold can be broken to two 11-dimensional manifolds which
are connected by a 3-dimensional Chern-Simons theory.
Another interesting result that comes out is the reduction of
the action of the world to one. This means that the origin
of all matter or fields is the same. In fact, at the first stage
of the world, we have only a constant energy which lives on
14-dimensional manifold. Then, by internal interactions, two
11-dimensional manifolds come out.Thesemanifolds interact
with each other via one extra Chern-Simons manifold. By
exchanging the energy between 11-dimensional manifolds,
their energies are changed and two different actions are
produced. Also, as due to interaction between strings, their
shapes differ and diverse types of fields like spinors and
bosons emerge.

To conclude, we would like to point out that that all our
treatment has been restricted to the purely bosonic sector
of 11-dimensional supergravity, whose on-shell multiplet,
besides the metric tensor and the 3-form gauge potential,
includes the gravitino field.The latter has not been considered
here; we have restricted ourselves to the bosonic sector.
However, it would be a further task to inspect how the
inclusion of the gravitino would affect our developments,
possibly changing the dimension of the Lie algebra to be
added to the 11-dimensional manifold. By including the
fermion, it is no longer ensured that the local supersymmetry
of the 11 + 3-dimensional supergravity action remains valid.
The change in the dimension of the Lie algebra could, in turn,
give rise to new terms, so that the Chern-Simons modified
gravity would be further extended as a result of including the
gravitino. We intend to pursue an investigation on this issue
and to report on it elsewhere.

In our model, the three-Lie algebra that we add, to pass
from 11 to 14𝐷, is geometrical. It is shown that all anomalies
which are produced by axial bosonic fields in 10- and 11-
dimensional theories can be removed on 14-dimensional
manifold. Maybe, a question arises: “which is the effect of
fermionic anomalies on the number of dimensions?” It must
be clear that this paper is the first step for solving anomalies
in 11-dimensional theories. In the next step, by applying
the model of this paper for fermions, the exact number of
dimensions of the world can be estimated.

Appendix

Details of Calculations

In this section, we will bring details of calculations. First let
us disclose more aspects of (6):

𝐼𝐽 = 𝜖𝐽𝐼 = 𝜖𝐽 𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽
𝑋𝐼𝑖 = 𝑦𝐼𝑖 + 𝐴𝐼𝑖 + 𝜖𝐼𝑖𝜙 − 𝜖𝐼𝑖𝐽𝐼𝐽

= 𝑦𝐼𝑖 + 𝐴𝐼𝑖 + 𝜖𝐼𝑖𝜙 − 𝜖𝐼𝑖𝐽𝜖𝐽 𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽𝜖𝛼𝛼𝐽 + Γ𝛼𝛼𝐽
= 𝑦𝐼𝑖 + 𝐴𝐼𝑖 + 𝜖𝐼𝑖𝜙 − 𝜖𝐼𝑖𝐽Γ𝛼𝛼𝐽 − 𝜖𝐼𝑖𝐽 ∞∑

𝑛=1

(Γ𝛼𝛼𝐽)−𝑛 + ⋅ ⋅ ⋅
{𝑋𝐼𝑖 , 𝑋𝐼𝑗} = ∑

𝐼𝑖 ,𝐼𝑗

𝜖𝐼𝑖 𝐼𝑗 𝜕𝑋𝐼𝑖𝜕𝑦𝐼𝑗
𝜕𝑋𝐼𝑗
𝜕𝑦𝐼𝑗

= ∑
𝐼𝑖 ,𝐼𝑗

𝜖𝐼𝑖𝐼𝑖 (𝜕𝐼𝑖𝐴𝐼𝑗 − 𝜕𝐼𝑖 (𝜖𝐼𝑗𝐼𝑘Γ𝛼𝛼𝐼𝑘) + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙 + ⋅ ⋅ ⋅)
= 𝐹𝐼𝑖𝐼𝑗 − 𝑅𝐼𝑖𝐼𝑗 + 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙 − 12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚

+ ⋅ ⋅ ⋅ ,

(A.1)

where 𝜙 is the Chern-Simons scalar field,𝐴𝐼 is the gauge field,Γ is related to the curvature (𝑅), and 𝐼 is a unit vector in the
direction of the coordinate which can be expanded in terms
of derivatives of metric.

Also, it is needed to reobtain the results of (10) with doing
some mathematical calculations:

∫
𝑀11+𝑀𝑁=3

√𝑔𝐶𝐺𝐺
= ∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5
⋅ 𝜕𝑋𝐼6𝜕𝑦𝐼6 𝜕𝑋

𝐼7

𝜕𝑦𝐼7 )𝐺𝐼1𝐼2𝐼3𝐼4𝐺𝐼1𝐼2𝐼3𝐼4
= ∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5
⋅ 𝜕𝑋𝐼6𝜕𝑦𝐼6 𝜕𝑋

𝐼7

𝜕𝑦𝐼7 ) × (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
⋅ (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋

𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
= ∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5
⋅ 𝜕𝑋𝐼6𝜕𝑦𝐼6 𝜕𝑋

𝐼7

𝜕𝑦𝐼7 ) × (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
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⋅ (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
= ∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7 (𝜖𝐼4𝐼5𝐼7 𝜕𝑋𝐼4𝜕𝑦𝐼4
⋅ 𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋

𝐼7

𝜕𝑦𝐼7 )(𝜖𝐼4𝐼6 𝜕𝑋𝐼4𝜕𝑦𝐼4 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 ) × (𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1
⋅ 𝜕𝑋𝐼2𝜕𝑦𝐼2 )(𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋

𝐼2

𝜕𝑦𝐼2 )(𝜖𝐼3𝐼3 𝜕𝑋𝐼3𝜕𝐼𝐼3 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 )
= ∫
𝑀11+𝑀𝑁=3

√𝑔(12𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙𝑅𝐼𝑘𝐼𝑚𝐼𝑙𝐼𝑛𝑅𝐼𝑙𝐼𝑛𝐼𝑖𝐼𝑗

− 𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙) − 12 ∫
𝑀11+𝑀𝑁=3

√𝑔(𝜙𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝐹𝐼𝑘𝐼𝑚𝐹𝐼𝑖𝐼𝑗)
+ ⋅ ⋅ ⋅ .

(A.2)

In the equation above, the first integration is in agreement
with previous predictions of Chern-Simons gravity in [7–
9] and can be reduced to the four-dimensional Chern-
Simonsmodified gravity of (1). Also, the second integration is
related to the interaction of gauge fields with Chern-Simons
fields. Thus, this model not only produces the Chern-Simons
modified gravity, but also exhibits some modifications to it.

Now, we can explain the mathematical model for obtain-
ing results of (12)

𝛿∫
𝑀11+𝑀𝑁=3

√𝑔𝐶𝐺𝐺

= 𝛿∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7 )𝐺𝐼1𝐼2𝐼3𝐼4𝐺𝐼1𝐼2𝐼3𝐼4

= 𝛿∫
𝑀11+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 𝜕𝑋
𝐼7

𝜕𝑦𝐼7 )

×(𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )(𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )

= ∫
𝑀10+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝜖𝐼5𝐼6 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 )

×(𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )(𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )

= ∫
𝑀10+𝑀𝑁=3

√𝑔𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6 (𝜖𝐼4𝐼5 𝜕𝑋𝐼4𝜕𝑦𝐼4 𝜕𝑋
𝐼5

𝜕𝑦𝐼5 )(𝜖𝐼4𝐼6 𝜕𝑋𝐼4𝜕𝑦𝐼4 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 )

×(𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 )(𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 )(𝜖𝐼3𝐼3 𝜕𝑋𝐼3𝜕𝐼𝐼3 𝜕𝑋
𝐼3

𝜕𝑦𝐼2 )

= ∫
𝑀10+𝑀𝑁=3

√𝑔 5∑
𝑛=1

(tr𝐹𝑛 − tr𝑅𝑛 + tr (𝐹𝑛𝑅5−𝑛))

+∫
𝑀10+𝑀𝑁=3

√𝑔( 5∑
𝑛=1

(tr(𝐹𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛)) + tr(𝐹𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛))

−∫
𝑀10+𝑀𝑁=3

√𝑔( 5∑
𝑛=1

(tr(𝑅𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛)) + tr(𝑅𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛)) + ⋅ ⋅ ⋅ .

(A.3)
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The first line of this equation removes the anomaly on the 11-
dimensional manifold of (4); however, the second and third
lines show that extra anomalies can emerge due to the Chern-
Simons fields.

At this stage, we can consider the process of obtaining
(24):

𝑆SUGRA-14 = 𝛿 (∫
𝑀14

𝐶𝐺𝐺 + ∫
𝑀14

𝐶𝐺𝐺 + ∫
𝑀14

𝐶𝐺𝐺
+ ∫
𝑀14

𝐶𝐺𝐺) = ∫
𝑀14

5∑
𝑛=1

(tr𝐹𝑛 − tr𝑅𝑛 + tr (𝐹𝑛𝑅5−𝑛))
+ ∫
𝑀14

5∑
𝑛=1

𝑛∑
𝐽=0

𝑛−𝐽∑
𝑚=0

(tr𝐹𝐽𝐹𝑚 − tr𝑅𝐽𝑅𝑚 + tr (𝐹𝐽𝑅5−𝐽𝐹𝑚𝑅5−𝑚))
+ ∫
𝑀14

5∑
𝑛=1

𝑛∑
𝐽=0

𝑛−𝐽∑
𝑚=0

(tr𝐹𝑚𝐹𝐽 − tr𝑅𝑚𝑅𝐽 + tr (𝐹𝑚𝑅5−𝑚𝐹𝐽𝑅5−𝐽))
+ ∫
𝑀14

5∑
𝑛=1

(tr𝐹𝑛 − tr𝑅𝑛 + tr (𝐹𝑛𝑅5−𝑛))
+ ∫
𝑀10+𝑀𝑁=3

( 5∑
𝑛=1

(tr(𝐹𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛))
+ tr(𝐹𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛))
+ ∫
𝑀10+𝑀𝑁=3

( 5∑
𝑛=1

(tr(𝐹𝑛 (𝜕𝐼𝑖𝜙𝜕𝐼𝑗𝜙)5−𝑛))
+ tr(𝐹𝑛 (𝜖𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝑅𝐼𝑖𝐼𝑗𝐼𝑘𝐼𝑚𝜙)5−𝑛)) + ⋅ ⋅ ⋅ ≈ ∫

𝑀14

5∑
𝑛=1

(𝐹 + 𝐹)𝑛

− ∫
𝑀14

5∑
𝑛=1

(𝑅 + 𝑅)𝑛 + ∫
𝑀14

5∑
𝑛=1

(𝑅𝐹 + 𝑅𝐹)𝑛 + ⋅ ⋅ ⋅
≈ ∫
𝑀14

5∑
𝑛=1

({𝑋𝐼𝑖 , 𝑋𝐼𝑗} + {𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛 = 0 →
{𝑋𝐼𝑖 , 𝑋𝐼𝑗} = − {𝑋𝐼𝑖 , 𝑋𝐼𝑗} →
𝑋𝐼𝑖 = 𝑖𝑋𝐼𝑖 →
𝑦𝐼𝑖 = 𝑖𝑦𝐼𝑖
𝐴𝐼𝑖 = 𝑖𝐴𝐼𝑖 ,
𝜙 = 𝑖𝜙.

(A.4)

On the other hand, the result of (25) can be obtained as

∫
𝑀11+𝑀𝑁=3

𝐶𝐺𝐺
= ∫
𝑀11+𝑀𝑁=3

𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6
⋅ 𝜕𝑋𝐼7𝜕𝑦𝐼7 )𝐺𝐼1𝐼2𝐼3𝐼4𝐺𝐼1𝐼2𝐼3𝐼4
= ∫
𝑀11+𝑀𝑁=3

𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼5𝐼6𝐼7 (𝜕𝑋𝐼5𝜕𝑦𝐼5 𝜕𝑋
𝐼6

𝜕𝑦𝐼6

⋅ 𝜕𝑋𝐼7𝜕𝑦𝐼7 ) × (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
⋅ (𝜖𝐼1𝐼2𝐼3𝐼4 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋

𝐼2

𝜕𝑦𝐼2 𝜕𝑋
𝐼3

𝜕𝑦𝐼3 𝜕𝑋
𝐼4

𝜕𝑦𝐼4 )
= ∫
𝑀11+𝑀𝑁=3

𝜖𝐼1𝐼2𝐼3𝐼4𝐼1𝐼2𝐼3𝐼4𝐼5𝐼6𝐼7𝜖𝐼7𝐼4 (𝜕𝑋𝐼7𝜕𝑦𝐼7 )
⋅ (𝜖𝐼4𝐼5 𝜕𝑋𝐼4𝜕𝑦𝐼4 𝜕𝑋

𝐼5

𝜕𝑦𝐼5 )(𝜖𝐼4𝐼6 𝜕𝑋𝐼4𝜕𝑦𝐼4 𝜕𝑋
𝐼6

𝜕𝑦𝐼6 )
× (𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋

𝐼2

𝜕𝑦𝐼2 )(𝜖𝐼1𝐼2 𝜕𝑋𝐼1𝜕𝑦𝐼1 𝜕𝑋
𝐼2

𝜕𝑦𝐼2 )
⋅ (𝜖𝐼3𝐼3 𝜕𝑋𝐼3𝜕𝑦𝐼3 𝜕𝑋

𝐼3

𝜕𝑦𝐼3 ) = 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)
+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 (𝐹𝑛 − 𝑅𝑛 + ⋅ ⋅ ⋅))

= 𝑘∫
𝑀𝑁=3

∫
𝑀11

(𝛿11 (𝑦)
+ 6∑
𝑛=1

(𝜕𝑋𝐼𝜕𝑦𝐼 )
6−𝑛 ({𝑋𝐼𝑖 , 𝑋𝐼𝑗})𝑛) .

(A.5)
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