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Abstract

In this paper, we provide uniform design and analysis framework for iterative learning
control of a class of impulsive first-order distributed parameter systems in the time
domain. In particular, P-type and D-type iterative learning controls with initial state
learning are considered. We present convergence results for open-loop iterative
learning schemes in the sense of the LP-norm and A-norm, respectively. Finally, an
example is given to illustrate our theoretical results.

Keywords: iterative learning control; impulsive; first-order distributed parameter
systems; initial state learning

1 Introduction

In 1984, Arimoto et al. [1] propose basic theories and algorithms on iterative learning con-
trol (ILC) and point out that ILC is a useful practical control approach for systems which
perform tasks repetitively over a finite time interval. The performance improvement can
be made step by step, and the output trajectory can be realized to track the desired one,
through updating the input signal by the error data. Through three decades of study and
development, one has achieved significant progress in both theories and applications, and
become one of the most active fields in intelligent control. For more details on the contri-
butions for linear and nonlinear ordinary differential equations, the reader is referred to
the monographs [2-6], and [7-16].

The issue on designing and analyzing an ILC for impulsive differential equations, dis-
continuous systems [17, 18], distributed parameter systems or PDEs has not been fully
investigated, and only a limited number of results [19-22] are available so far. In [19], Liu
et al. explore P-type iterative learning control law with initial state learning for impulsive
ordinary differential equations to tracking the discontinuous output desired trajectory. In
[20], Xu et al. study P-type and D-type ILC for linear first-order distributed parameter sys-
tems in the sense of the sup-norm. In [21], Huang and Xu apply a P-type steady-state ILC
scheme to the boundary control of PDEs. In [22], Huang et al. construct a uniform design
and analysis framework for iterative learning control of linear inhomogeneous distributed
parameter systems.

When dealing with impulsive distributed parameter systems, the ILC design and prop-
erty analysis become far more challenging. The existing ILC design and analysis should be
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improved. The main objective of this paper is extended [20] to a study of the ILC for im-
pulsive nonlinear first-order distributed parameter systems with initial error in the sense
of the A-norm (the symbol of A-norm is introduced by Arimoto et al. [1]; ¢f. [23] and [24])
via semigroup theory.

This paper is a continuation of our recent related papers [19, 20]. The main contributions
of the paper are summarized as follows.

(i) A uniform design and analysis framework is presented for ILC of a class of impulsive
first-order distributed parameter systems in the time domain. Nevertheless, [19] consider
the ILC of impulsive ordinary differential equations in finite dimensional spaces.

(ii) Instead of considering ILC of linear first-order distributed parameter systems with-
out initial error as in [20], we consider a class of impulsive nonlinear first-order distributed
parameter systems with initial error and more general discontinuous output tracking
problem.

(iii) Instead of simplifying ILC updating law without initial state learning as in [20], we
consider ILC updating law with initial state learning.

(iv) Instead of choosing the sup-norm as in [20], we use the L”-norm and A-norm, re-

spectively.
2 System description and problem statement
Denote/ := [0,a] and let X, U and Y be three Hilbert spaces. We study ILC of the following

impulsive nonlinear first-order distributed parameter systems:

Xi(8) = Axr(2) + f(t, %1 () + Bux(2), te]\D,keN,

1
() =2 (t7) + @ik (&), e M, o
and output equation
Vi(8) = Cxie(t) + Du (1), te€], ()

where k denotes the iterative times, xy is the state variable at the kth iteration, u is the con-
trolinput at the kth iteration, y is the system output at the kth iteration, D := {#1, £, ..., tim},
M:={1,2,...,m}, xx : [0,a] = X, uy : [0,a] - U, yi: [0,a] — Y. The linear unbounded
operator A is the infinitesimal generator of a Cy-semigroup 7'(¢), £ > 0 in X, B is abounded
linear operator from U to X, i.e., B € L(U,X), C is a bounded linear operator from X to Y,
ie., CeL(X,Y), and D is a bounded linear operator from U to Y, i.e., D € L(U,Y). The
nonlinear terms f : ] X X — X and g; : X — X will be specified later. We have the im-
pulsive time sequences {¢;};cn satisfying 0 =ty <ty <t < -+ < by < byy1 = a. The jumps
K (87) := im0~ x4 (% + €) and () := lim,_, o+ 2 (¢; + ) represent the left and right limits
of xx(t) at t = t;, respectively.

Denote PC(J,X) := {x:J] — X : x, continuous at ¢ € J\D), and x is continuous from the
left and has right hand limits at ¢ € D} endowed with the A-norm |||, = sup,; e M |lx(t) |l x
for some A > 0. Define L?(J, X) := {x : ] — X is strongly measurable : foﬂ ll(s) |15 ds < o0},
endowed with the norm ||x||;» = (f(f () 15 dt)i,p € (1, 00). Obviously, (PC(J,X), |l - II.)
and (L?(J, X), || - lzr), p € (1, 00) are Banach spaces.
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By a PC-mild solution of (1) with initial value x(0) = xo € X, we mean the function x; €
PC(J,X) can be rewritten as the following expression [25]:

xi(t) = T(E)xo + / T(t- s)[f(s,xk(s)) + Buk(s)] ds
0

+ Y T(t-t)g(mly), tel. 3)

O<tj<t

By adopting the same methods as in [25], Theorem 2.1, one can obtain the existence
and uniqueness of a mild solution of (1) with x(0) = xy when f and g; satisfy the standard
Lipschitz conditions.

Submitting (3) into (2), we have

k() = CT(t)xo + /0 CT(t- s)[f(s,xk(s)) + Buk(s)] ds

+ Y CT(t-t)g(x(t)) + Dux(t), te].

O<tj<t

Let y,4(-) be the desired trajectory. Denote Auy := up1(t) — ur(t), Axx := xpia (t) — x4(2),
and ex(t) := y,4(¢) — yr(t) where k represents the iteration index. Consider the open-loop
P-type ILC updating law with initial state learning:

%k41(0) = x4(0) + Ly ex(0), @)
i (£) = wi(£) + yrex(o),

and the open-loop D-type ILC updating law with initial state learning:
xk+1(0) =xk(0) +L26k(0)7 (5)
ka1 (£) = ur(t) + y2ex(t),

where Ly,L, € L(Y,X) and 1, y» € L(Y, U) are unknown parameters to be determined.
Concerning the system (1), we will design P-type and D-type iterative learning schemes
to generate the control input u(-) such that the system piecewise continuous output yx(-)
tracks the discontinuous desired output trajectory y,(-) as accurately as possible as k — oo
for ¢ € J in the sense of suitable norms. We shall give two convergence results for open-
loop iterative learning schemes in the sense of the L”-norm and A-norm, respectively, in

the next sections.

3 Convergence results for P-type ILC updating law
We need the following assumptions:

(Ho) A: D(A) € X — X is the generator of a Cy-semigroup T'(¢), t > 0 on X. Denote M :=

sup,e; | T x)-
(Hy) f:J x X — X is strongly measurable for the first variable and continuous for the
second variable. Moreover, there exists a Ly > 0 such that

Hf(t’u)_f(t’v)”XSLf”u_V”X’ M,VEX,tG].
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(Hy) There exists a L, > 0 such that
lgiw) —gW) |y <Lellu—vix, wveX,te],ieM.
(Hs) Let Iy be an identity operator in Y and Iy — Dy; — CL; € L(Y, Y) satisfy
p:=IIy =Dy — CLa|lnryy < 1. (6)
Now we are ready to give the first convergence result in the sense of the L”-norm.
Theorem 3.1 Assume that (Hy)-(Hs) hold. If
Iy = Dyillirn ¥a + I C MBIl Va2 (L + MLY"e™* <1, (7)

then for arbitrary initial input uo, (4) guarantees that yy tends to y; € LP(J,Y) as k — oo
in the sense of the LP-norm where 1 < p,q < 00 and }7 + % =1

Proof Linking (4) and (2), we have
exs1(f) = ya(t) = yra () = Iy — Dyr)ex(t) — CAxi(2). (8)
In what follows, we prove ||ex;1(lz — 0 as k — oo.
Step 1. We prove that ||ex,1(0)|ly — 0 as k — oo.
In fact, for ¢ = 0, by using (8) we have
ek41(0) = (I — Dy1)ex(0) — CL1 Aex(0). ©)
Substituting (4) into (9) and taking the Y-norm, we have
lex1(0)] = iy = Dy1 = CLilloiy.n | ex(0) | := o[ ex ()|
which implies that
lec1(0) ], < p*[er(0)], (10)
Linking (6) and (10), we conclude that
Jim e (0], =0. (11)

Step 2. Forany t € (¢;,t;,1],i=0,1,...,m, we have

|l

= | ora () = x(8)]

t
<] 5O+ 4ty [ T|An], 1Bluns |26 ]
0



Yu and Wang Advances in Difference Equations (2015) 2015:261 Page 5 of 10

+MLg Y | An®)]

O<tj<t

t
< ML v | ex(0)]], + MLy / | Ax(s)] , ds
0

t
+ MBIl Iy llier.u / lex(s)]| ds+ MLy > || Axe(t)] -
0

O<tj<t

Using the impulsive Gronwall inequality (see [26]) and the Holder inequality, we have

| ax(@)]
t
< (M||L1||L<Y,x> lex(0)], + MBIl L. 17 llev. f ||ek(s)||Yds) (1+MLy)"eMre
0

< (MIIL1 Ny | €c(0)]|y + MBI 1villuy,w Vallecllr) A + ML) e 4, (12)

where }7 + é =landp,q>1.
Taking the Y-norm for (8) and substituting (12) into it, we have

leca @],
< Iy = Dyilliy.n | ex(®) ||y + IClloe ) (MIILy v x| ex(0) |
+ M|l 1y ller,uy Vallexllr) (1 + ML) e
< iy = Drillur.n | ex® |y + ICToenMILillzerx (1 + ML) e e (0) |,

+ I Cllzee MBI L@ 1y v, Y allexll e (1 + MLg)™ M,

For the above inequality, one can take the L”-norm to derive that

llexellze
< I Cllex MLy ller 0@ + ML) ™" 1% Ya| e (0) |,
+ (Ily = Dyilley, v ¥a + I Clloory MBI Lo 1 ey, ¥ a> (1 + MLg)" e 4)

X |lexllze-

Finally, one can use (7) and (11) to derive that
lim [|exs1llzr = 0.
k— o0

The proof is completed. O

Remark 3.2 The condition (7) in Theorem 3.1 seems to be a bit strong since we choose
the L”-norm. However, one can choose another suitable norm, the A-norm, to weaken this

condition.

Next we give the second convergence result in the sense of the A-norm.
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Theorem 3.3 Assume that (Hy)-(H3) hold and
0= |lly = Dyllryy) < 1. (13)

For arbitrary initial input u, (4) guarantees that yy tends to y; € PC(J,Y) as k — oo in
the sense of the \-norm for a sufficiently large A > 0.

Proof By our assumptions and Theorem 3.1, we know (11) holds. Next, we only need to

prove |exs1llx — 0 as k — oo.
Note that

t
1
e‘“/ lex)l, ds < —llexls.
0

Then (12) turns to

e MIIB|| w0 I lev,w
) llexllx

| A, < <M||L1||L<y,x) e[, +

x (1+ML,)" M, (14)
Substituting (14) into (8) again, we have

leca®], < My - Dl @], + 1 Cllucey (MuLlnL(y,X) lec)],

N MBI I lleu
A

) ||ek||x)(1 + MLg)" M,
For the above inequality, one can take the A-norm to derive that

lewallx < ICILx MLl Liy.x) 1 + MLy)" e 7%) | ex(0) |,

MI|Bll w0 I llzcr,n (L + MLg)MeMLf“> el
7418

+ <||1Y -Dyllry,y + -

Then for some A > 0 large enough and linking (13), we obtain
lexsallx < Pl
which gives
lim [legll =0.
k— o0
The proof is completed. O

Remark 3.4 One can use the same method in Theorem 3.3 to weaken assumption (7) in
Theorem 3.1 if one replaces the standard L”-norm with an exponentially weighted term
e~ for some sufficiently large A.
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4 Convergence results for D-type ILC updating law
In this section we assume that f(¢,xx) = %k, gi(xx) = x¢ in (1), and D = 0 in (2). Moreover,
we need the assumption below.

4 T(t) = AT(¢) is a bounded

(Hs) T(2) is differentiable for £ > 0. Then by [27], Lemma 4.2, 7

linear operator, i.e., AT (t) € L(X, X).
Theorem 4.1 Assume that (Hy)-(Hg) hold and

8:=|Iy - CT(0)By> <L

vy

For arbitrary initial input uo, (5) guarantees that y tends to y; € PC(J,Y) as k — oo in
the sense of the A-norm for a sufficiently large X > 0.

Proof In order to prove ||ex1]l;, — 0 as k — 0o, we divide our proof into two steps.
Step 1. We first compute the time derivative of the tracking error at each iteration. In
fact, linking (5) and (2), we have

exn(t) = ya(t) — i ()

= jult) - c% [T(f)xo + /0 T(¢t — ) {11 () + Busen (5)] s

Y T(t—tj)xk+l(t;)]

0<t,'<t
. d td
= 5a(t) — C 2 T(tyeg — CTO )i (8) - C / 2 Tt - Sepn(s)ds
dt o dt

t
d
— CT(0)Buys1 — C/ P T(t —s)Buy,1(s)ds
0

d
_ CE Z T(t - t)xea(t)

O<tj<t

d
= ya(t) - CE T(t)xo — CT(0)x(t) — CT(0) Axsa (£)

‘d td
- C/O p T(t — s)xi(s) ds — C/o p T(t —8)Axp,1(s)ds
— CT(0)Bu(t) — CT(0)By,éx(t)

t t
- C/o %T(t — 8)Buy(s) ds — C/O %T(t — 8)Byséx(s)ds

d d
- CE Z T(t - tj)Axk+l(tj) - C% Z T(t - tj)xk(tj)

O<tj<t O<tj<t

d td
= y4(t) - CE T(t)xo — CT(0)xx(2) - C/O 7 T(t — s)xx(s) ds

td d
— CT(0)Buy(t) - C/O T T (¢t — s)Buy(s) ds — C% Z T(t - t)xx(t))

O<tj<t

'd
— CT(0)By,er(t) — C/O pr T(t - s)Byser(s)ds
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d
~C 3 Tt =) Axia ()

0<tj<t

td
— CT(0)Axp,(t) — C/o T T(t —8)Axp,1(s)ds
= (Iy - CT(O)Byz)ék(t) - C/ AT (t — s)Byyex(s) ds
0

- CT(0)Axps1(2) - C /OtAT(t — 8)Axyy1(s) ds

—C Y ATt - 1) Axia(t).

O<tj<t
This yields

||ék+1(t) || Y

< |ty - CT(0)By, ”L(Y,Y) lex®],

t
+ ICllzoey) max IAT @] ) 1Bl 2l /0 |ex(s) |, ds

t
+ M| Cllzoen | Axen @ + IICley) max [AT@)] / | Axisa(s) | ds
te[0,a] ” 0

#Cloen  max  [ATO] iz 3 [ Axca(s)]-

O<tj<t

Taking the A-norm, we get

llexslln < Sllexllx

N I Cllx,v) maxeefo,a) MAT () Loxx0 1Bz | vl y,u

X llexlls. =11

+ MI|CllLoen | A%k lln

I Cllzex,y) maxsefo,q) IAT ()1, x)
+ = | A%l = I

A
m
I1Cllx,y) MaXsefa—tya—n] IAT (O]l Lexx)

+ Zl e)t(t_t/.) ”Akarl”A o= 13'

i

Obviously, the terms [, i = 1,2, 3, tend to zero if we choose A > 0 large enough.
Concerning (14) and changing k to k + 1, we take the A-norm,

| Akl < MLy ||y (1 + MLg)" €M | €1 (0)]|, := L

. MBIl v v, + MLg)" e

5 llexsilln = Is.

Using (11) and taking A > O large enough, we see that [, i = 4,5, tend to zero. This yields
[| Axgs1]l;, = O as k — oo.
Next, noting that § < 1, we obtain

lim ||éx1]lx = 0. (15)
k— 00
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Step 2. We compute the tracking error at each iteration,

||ek+1(t) || = H ek+1(0) || Y + A Hék’fl (S) || Y ds.

Taking the A-norm, we get

1.
||ek+1||k =< ||ek+1(0)|| Y + X ”ek+1||)w (16)
Linking (11) and (15) and (16) we derive the desired results. O
5 Example

In this section, we consider the following impulsive partial differential equation with Neu-

mann boundary conditions:

%x(t, z) = %x(t,z) + 1l costsinx(t, z) + Lu(t,z), ze€(0,1),t€]0, %) U (%,1],
2 x(t,0) = £x(t,1) =0, te€[0,3)U(3,1], (17)
x(%+,z)—x(%_,z)ZIBx(%,Z), lS ER’ZG(O’I)J

where /;,i=1,2,3 € R, and
y(t,z) = cx(t,2) + du(t,z), ceR',d>0,t€],z€(0,1). (18)

Let X=U=Y=1%0,1). SetJ=[0,1], m=1,and f; = % Define A : D(A) C X — X by
Ax = %x := %, where D(A) = {x € H*((0,1)) : #,(0) = x,(1) = 0}. Then A can be written as
Ax ==Y n*(x,x,), x € D(A) where x,(z) = \/gcos nwz,n=1,2,.... Next, A generates a
Co-semigroup T'(¢), t > 0 written as T(£)x:= Y o, e‘"2t<x, K)oy, With | T |l <e* <
1 =M. Thus, (Hg) holds. Moreover, T(t) is differentiable for ¢ > 0 and % T(t)x=AT(t)x =
=3 (%)%, and JAT(®)l1ocx) < 1. Thus, (Ha) holds.

Denotee x()(2) = x(-,2), f(,x)(z) = hcos-sinx(-,z), Bu(-)(z) = bu(-,z), ax())(z) =
Isx(t],z), then (17) can be abstracted to (1). Thus, (H;) and (H;) hold.

Denote y(-)(z) = ¥(-,z) and C = cly and D = dly, then (18) can be rewritten as (2). Thus,
(1-¢)ly € L(Y,Y), ie., (H3) holds.

We consider (4) and (5) where Ly = L, = Ix € L(Y,X) and y; = y» = I;; € L(Y, U). Then
we have the following conclusions:

+ Choosing d =1 and c satisfying ¢ < implies (7) holds. By Theorem 3.1, yj

tends to y; as k — oo in the sense of the L”-norm.

« Set1>d>0.Then1-d >0, which implies (13) holds. By Theorem 3.3, y; tends to y,;
as k — oo in the sense of the A-norm (A must be a sufficiently large).

+ Setd =0. Clearly, § =1 - cl, <1 since cly > 0. By Theorem 4.1, yi tends to y, as

k — oo in the sense of the A-norm (A must be a sufficiently large).
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