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ABSTRACT. The object of the present paper is to prove an interesting result for
certain analytic and p-valent functions in the unit disc U:{z:|z |< 1} .
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1. INTRODUCTION.
Let A(p) denote the class of functions of the form

f(z)=2P+ > apzX (peN={12,.}) (L.1)
k=p+1
which are analytic and p-valent in the umt disc U:{z:|z|<l}. For functions
f;(2) (j=1,2) defined by

2 k
fj(Z):Zp-i- = a2z, (1.2)
k=p+1
we define the convolution product f, *f,(z) of functions f,(z) and £, (z) by,
f*6(2)=2P+ T ay g3 22", (13)
k=p+1 ? ?
Using the above convolution product, we define
4 p \
D™ lf(z)=| — 2 1*f(z) (f(z) cA(p)), 14
@ L(l—z)“*p/ (2) ((2) eA(p)) (14)

where n is any integer greater than - p. We note that

p;,n-1 (n+p-1)

P (2" f(2)) ' (L5)
(n+p-1)

The symbol D**P~! when p=1 was introduced by Ruscheweyh [8], and the

symbol D**P~! was introduced by Goel and Sohi [5] . This symbol was named the
Ruscheweyh derivative of (n+p -1) - th order by Chen and Owa [4].
1t follows from (1.5) that

D Plf(z) =

2(D"P7lf(z)y = (n+ p)D"*Pf(z)- nD"*P1f(z) (cf.[4]and [5)). (1.6)

Recently, Chen and Lan ([1], [2]), Chen, Lee and Owa[3], Chen and Owa [4]
and Snvastava, Owaand Pashkouleva [9] have been proved some interesting results
of analytic functions involving Ruscheweyh derivatives. In the present paper, we
prove an interesting result for functions f(z) € A(p) satisfying
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n+p+l
Re Jul,,a O<a<land neNg=NC {0}
! zP J 0

N

2. MAIN RESULT.
In order to prove our main result . we recall here the following lemma:

LEMMA (Miller {6]; Miller and Mocanu [7]).
Let o¢(u, v) be a complex - valued function ,

¢:D->C,D=C-C (C isthe complex plane),
and let u=u,+1m,. v=v,+1v, . Suppose that the function ¢(u. v) satisfies the
following conditions:
(1) @(u . v)is continuous in D;
(u) (1, 0) € Dand Re{op(1,0)} >0,
(d+uf)
5
Let q(z)=1+qz+ q212 +--+ be regular in the umit disc U such that (q(z) , zq'(z))
eDforallz €U If
Re { ¢(q(z). 2q(z)) } >0 (z€U),

(il Re {¢(iu,,v;)} = 0 for all (iu,,v,) €D and such that vy <—

then
Re{q(z)}>0 (z eU).

Applying the above Lemma, we denve the following:

THEOREM. Let the function f(z) be in the class A(p) satisfy

+p+1
Iw}> a, (zelU) (2.1)
z

for0<a<1 and neNg. Then

Re {VJDM:f(Z) }> B, (zeU), (2.2)

Re

where

B:I-F\ﬁ+4.ov.(n+p+1)(n+p+2) ‘ 23)
2(n+p+2)
PROOF. For f(z) in A(p) , we define the function q(z) by

n+p
2 e a-pa 24)

where B is given by (2.3). Then q(z) is regular in U and q(z) =1+ q,z+ quz%+......
Taking the derivatives of both sidesin (2.4), we have

2T HE) pOTHED _y1pyipe (1-praioleg(a).  (29)
A
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Stnce the wdentaty (1 5) imphes

Z(D"PE(z) = (n+ p+ DD™ P iz - (n+ DD PE(2). (2.6
(2 5) becomes
DY) g . ORI -pa@let)
zP (n4p+1) '
or
nepel 1 - s
R—P——i-(:)-alr Rt‘“ﬁ -(1-Bla@) + # 2LZPAB - (- Plalz)]za(z) "fl)zv-*o‘ (28)
L 2f J (n+p+1) ;

Taking q(z)=u=u;+1, and zq'(z)=v=v,+1v,, we define the function @(u, v)
by

o(u vy =+ (1-Bupt + S P+ A-Pulv - 2.9)
(n+p+1)

Then it follows from (2.9) that
(1) @(u,v) is continnous inD=C x C,
) (1,0) e Dand Re{@p(l,0)}j=1-c -0,

N (1+ul)
(1) for all (iuy,vy) =D such that vy - =,
a2z, 2BU-BV
Re(pliug v1)) =B - (1 -7 + ST
1 1+
B2 (1 p1ul - BB +uy)
(n+p+ 1D
<0

for 0=a<1l.n<Ny ,n>-pand Bis given by (2.3). Therefore, the function @(u,v)
satisfies the conditions in the lemma. Thus we have Re{q(z)} > 0 (z <U) ,thatis,

D"”’f(z) 1+ 1+4an+p+1)(n+p+2) N
R{\} z° $B 2(n+p+2) (2.10)

J
which completes the proof of the Theorem.

Letting o= 0, the theorem gives:

COROLLARY 1. Let the function f(z) be in the class A(p) satisfy
n+p+lyp
Re j D"*P*1f(7)

S
for neN, and n>-p. Then

JD"”’f(z)L 1

Vo Twie

1- p in the above theorem, we have

}>0 (z €U) 211

P

Re (zelU). (2.12)

" —~

Taking n
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COROLLARY 2. Let the function f(z) be 1n the class A(p) satisty

R{D f‘”'r a (22U (2.13)
2’

forO0=a<1 and p=N. Then

Red [T+ PIE)] 1+ 1+ 240 @14

R z [T

REMARK 1. Puting p = 11in the above results , we get the results obtained by
Chen . Lee and Owa [3].

'()

REMARK 2. Using the same technique as in the theorem (or putting ———" instead

of f(z) in the theorem), we have the following result :

COROLLARY 3. Let the function f(z) be in the class A(p) satisfy

[(Dn+p+1ﬂz))f
pz°”!

for0<a<1 and neN,. Then

D ey v |
e (O
)

where B is given by (2.3)

})(1 (z el)

pzP1
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