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We prove that if A is a C-algebra, then for each a € A, A, = {x € A/x < a} is itself a
C-algebra and is isomorphic to the quotient algebra A/8, of A where 0, = {(x,y) €
AXA/anx=aAy} If Ais C-algebra with T, we prove that for every a € B(A), the
centre of A, A is isomorphic to A, X A, and that if A is isomorphic A; X A,, then there
exists a € B(A) such that A; is isomorphic A, and A; is isomorphic to A, . Using this de-
composition theorem, we prove that if a,b € B(A) with a A b = F, then A, is isomorphic
to Ay if and only if there exists an isomorphism ¢ on A such that ¢ (a) = b.
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Introduction

In [1], Guzman and Squier introduced the variety of C-algebras as a class of algebras
of type (2, 2, 1) satisfying certain identities and proved that this variety is generated by
the 3-element algebra C = {T,F, U} which is the algebraic semantic of the three valued
conditional logic. In [3] Swamy et al. introduced the concept of the centre B(A) = {x €
A/x v x" =T} of a C-algebra A with T and proved that B(A) is a Boolean algebra with
induced operations and is equivalent to the Boolean Centre of A. In [2], Rao and Sun-
darayya defined a partial ordering on a C-algebra A and the properties of A as a poset are
studied.

In this paper, we prove that if A is a C-algebra, then for eachx € A, A, = {s € A/s < x}
is itself a C-algebra and is isomorphic to the quotient algebra A/6,, where 0, = {(s,t) €
AXA/x Ans=xAt}. If Aisa C-algebra with T then, for every a € B(A), A is isomorphic
to A, X Ay and conversely if A is isomorphic to A; X A,, then there exists an element
a € B(A) such that A, is isomorphic to A, and A; is isomorphic to A, . Using the above
decomposition theorem we prove that for any a,b € B(A) witha A b =F, A, is isomor-
phic to A, if and only if there exists an isomorphism on A which sends a to b.

1. Preliminaries

First, we recall the definition of a C-algebra and some results, which will be used in the
later text.
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2 Decompositions of a C-algebra

By a C-algebra we mean an algebra of type (2,2,1) with operations A, V, and ’ satisfy-

ing the following properties:

(a) x" =x;

(b) (xAy) =x"Vvys

(o) xAy)Anz=xA(yAZ);

(d)xA(yvz)=xAy)V(xAz);
(&) xvy)rnz=(xAzZ) V(X' AyAz);
f)xvxny)=x;

(g xAy)V(yAx)=(yAx)V(XAY).
Clearly, every Boolean algebra is a C-algebra. The set {T,F, U} is a C-algebra with oper-
ations A, Vv, and ’ given by

c ™ A<
a =

We denote this three-element C-algebra by C and the two-element C-algebra (Boolean
algebra) {T,F} by B. It can be observed that the identities (a), (b) imply that the variety
of all C-algebras satisfies the dual statements of (b) to (g). In general A and Vv are not
commutative in C and the ordinary right distributive law of A over V fails in C.

The following properties of a C-algebra can be verified directly [1, 3]:

(1) xAx=x;
(i) xAy=xAX'"Vy)=(x Vy)Ax;
(i) xV(x' Ax)= (" Ax)Vx=ux
(iv) (xvX)Ay=(xAYy) V(X AY);
v)xvx =x"Vvx;
(Vi) xVyVvx=xVy;
(vii) x AX' Ay =xAX.

If a C-algebra A has an identity for A, then it is unique and we denote it by T. In this
case, we say that A is a C-algebra with T. If we write F for T”, then F is the identity for v.
In a C-algebra, we have the following [1, 3]:

(viii) x vV y = Fifand only ifx = y = F;

(ix) ifxvy="T,thenxvx =T;
x)xvT=xVx;
(xi) Tvx=Tand F Ax =F;
(xii) fora € A, a’ = aif and only if a is left zero of both A and V.

If there exists an element x in A such that x” = x, then it is unique and we denote it by
U (U is called the uncertain element of A). An element x € A is called a central element
of Aif x vx' = T. The set {x € A/x v x' = T} of all central elements of A is called the
centre of A and is denoted by B(A). The set B(A) of all central elements of A is a Boolean
algebra with respect to the operations v, A, and " (of A) restricted to B(A) [3].
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For x € A define the relation 6, on A by 0, = {(p,q) EAXA/x A p=xAq} then b, is
a congruence relation on A and 6, N Oy = 0,V [1].

The relation < defined on a C-algebra A by x < y if y A x = x is a partial ordering on A
in which, for every x € A, the supremum of {x,x"} = x v x’, and the infimum of {x,x"} =
x Ax" [2]. If A is a C-algebra with T, x € B(A) and y € A are such that x A y = y A x,
then x Vv y is the lub of {x, y} and in this case y v x need not be the lub of x and y. For
example, in the algebra C, T € B(C)and TAU = U AT but U v T = U is not the lub of
{U,T}. Ifx < y,then yAx=xand hencex A y =x A y Ax =x Ax = x. Therefore x < y
ifandonlyif yAx=x=xAy.

2. The C-algebra A,

Recall that for every Boolean algebra B and a € B the set (a] = {x € B/x < a}([a) = {x €
B/a < x}) is a Boolean algebra under the induced operations A and v where complemen-
tation is defined by x* = a A x'(x* =a v x’).

In this section, we prove that if A is a C-algebra and x € A, then A, = {s € A/s < x}
is a C-algebra with T'(= x) under the induced operations and that A, is isomorphic to a
quotient algebra of A.

THEOREM 2.1. Let A be a C-algebra, x € A, and A, = {s € A/s < x}. Then (Ax, A\, V, %) is
a C-algebra with T where A and Vv are the operations in A restricted to Ay, s* is defined by

« »

x NS, and “x” is the identity for A.

Proof. Clearly A, is closed under A and V. If s€ Ay, then x As* =x A (x AS") = (x A
xX)AS =xAs =s* Sothat s* € Ay and s** = (s*)* = (x As ) * =xA(xAS) =xA
(x' Vvs) =xAs=s(sinces < x).
Now, fors,t € Ay, sSAD*=xA(SAL) =xA(VE)=(xAs)V(xAL)=s*VI*
Finally, for s,t,u € Ay,

(svtAu=xA((svt)Aau)=xA((sAu) V(s AtAau))
=((xAs)A(xAu)V(xAS AtAu) (2.1)

=(Au)V (s*AtAu).

The remaining identities hold in A, since they hold in A.

« »

Hence (Ax, A, V, *) is a C-algebra with “x” as the identity for A. O

Observe that A, is itself a C-algebra but it is not a subalgebra of A because the unary
operation * is not the restriction of * to A,. Now, we give some properties of A,.

THEOREM 2.2. Let A be a C-algebra. Then the following hold:
(1) Ay ={xAs/seA};
(i) Ay = A, ifand only if x = y;
(iii) AxNAy, S Acnys
(iv) Ax N Ay = Axpws
(v) (Ax)x/\y = Ax/\y-
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Proof. (i), (ii), and (iii) can be verified routinely. We prove (iv) as follows. Let s € Ay,
then (x Ax’) As=sand hence x As=xA (x AXx" As) =x Ax" As=s. Also we have
X' As=x"A(xAx' As)=s,since x Ax' =x" A x. Now we prove (v),

(A, = Ay atite A (by ()
={xAyAxAs/sEA} (2.2)
={xAyAs/se A} = Ay,

O

Let A, A, be two C-algebras with T and T,. Then a mapping f : A} — A, that pre-
serves A, V, " and carries T} to T is called a T-preserving C-algebra homomorphism. In
future, we deal with C-algebras with T only and hence by a C-algebra homomorphism
we mean a T-preserving C-algebra homomorphism. The following lemma can be verified
routinely.

LEmMa 2.3. Let f: Ay — A, be a C-algebra homomorphism where A,, A, are C-algebras
with T and T,. Then

(1) if Ay has the uncertain element U, then f (U) is the uncertain element of Ay;

(ii) ifa € B(A1), then f(a) € B(Az). The converse holds if f is one-one.

Now we prove the following.

THEOREM 2.4. Let A be a C-algebra with T and x € A, then the mapping ay: A — Ay
defined by a,(s) = x A s for all s € A is a homomorphism of A onto A, with kernel 0, and
hence A/0, = A,.

Proof. Forse€ A, x As <xand hence x As € Ay. Let s, t € A, then

A(SAE)=XASAE=XASAXAL=0y(s) A ay(t),

a(s)=xAs =xA(x"vs) (by(ii) in the preliminaries) (2.3)
=xA(xAs) =(xAs)* = (ax(s)™.

Clearly, ax(s vV 1) = ax(s) V ax(t) and a,(T) = a. Hence a, is a C-algebra homomorphism.
Now, for s € Ay, we have a,(s) = s. Therefore a, is onto homomorphism. Hence by the
fundamental theorem of homomorphism A/kera = Ay and Ker ot = {(s,1) € A X A/ax(s)
=a,(t)} ={(s,t) EAXA/x As=xAt} =0, Thus A/O, = A,. O

3. Decompositions of A

If B is a Boolean algebra and a € B, then we know that B is isomorphic to (a] X [a). In this
section we prove similar decompositions for a C-algebra. If A is a C-algebra with T and
a € B(A), then we prove that A is isomorphic to A;xA, and conversely. We also prove
that if a,b € B(A) and a A b = F, then A, is isomorphic to A, if and only if there is an
automorphism on A that carries a to b. First we prove the following.



G. C.Rao and P. Sundarayya 5

LEmMa 3.1. Let A be a C-algebra with T, a € B(A) and x,y € A. Then

avx=avy, avx=dVvysx=y. (3.1)

Proof. Leta € B(A) and x,y € A. Assume thatavx=aV yanda’ vx=a'Vv y. Then

x=Fvx=(anad)vx=(avx)A(a Vx)
=(avy)A(@Vvy)=(and)vy=FVy=y. (3.2)

The converse is trivial O

Note that Lemma 3.1 fails if a ¢ B(A). For example, in the C-algebra C, we have U ¢
B(C),UvT=UVF=U,andU vT=U VvF=U,butT +F.
Now we prove the following decomposition theorem.

TaeoreM 3.2. If A isa C-algebra with T and a € B(A), then A= A, X Ay
Proof. Definea:A — A; X Ay by

a(x) = (ag(x),a0 (x)) Vx€A. (3.3)

Then, by Theorem 2.4, « is well defined and « is a homomorphism.

Now, a(x) = a(y) > arx=aAnyand a’ Ax=a Ay. Hence x = y (by the dual
of Lemma 3.1). Finally, we prove « is onto. Let (x,y) € A; X Ay. Thenx <aand y <a’.
Sothatanx=xanda’ Ay =y.

Thus,a’ Ax=a'Aanx=Fandany=aAa Ay=F.

Now,
xVy€eA, alxVy) = (a(xVy)ay(xVy))
(xVy),a AlxVy)
=(an(xvy ) , (3.4)
=((anx)Vv(any),(@ rx)v(a Ay))
=(xVFEFVy)=(xy).
Hence « is an isomorphism. (]

Now we prove the converse of the above theorem in the following sense.

THEOREM 3.3. Let A, Ay, Ay be C-algebras with T such that A = A, X A,. Then there exists
an element a € B(A) such that

A=A, A=A, (3.5)
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Proof. Let ¢: A — A; X A; be an isomorphism and a = ¢ !(T},F,) (when T, T, denote

the A-identities of A, A,, resp.)
Now (T}, F,) € B(A1) X B(A;) = B(A; X A,) and hence a € B(A).
Define f: A} — A, by f(x1) = ¢~ 1(x1,F,) forall x; € A;.
Now

an¢ ' (x,F) T, F) A ¢~ (x1,Fr)

= (/)7
=¢ '(x;,F,) (since ¢! isa homomorphism).

Therefore ¢~ 1(x1,F>) € A,. Thus f is well defined.
It can be routinely verified that f preserves A, v and that f is one-one.
Now we prove that f preserves the unary operation '.
Let x; € Ay, then

fx)

¢~ (%, F2) = ¢~ (Ty Ax,Fa A Ta)
=¢ 1 (T1,F) A¢ ' (x],T2) (since ¢! is homomorphism)
a

A (xLB)) =an fx) = (f(a)™

Finally, we prove f is onto.
Let x € A,. Then ¢(x) = (x1,x2) for some x; € A, x, € As.
Now

(x1,%2) = P(x) = pla A x) = ¢p(a) A P(x)
= (Tl,Fz) A (xl,xz) = (xl,Fz).

Thus x; = F, and f(x1) = ¢7(x1, F2) = ¢~ H(x1,%2) = x.
Hence f is onto. Thus A} = A,. Similarly A, = A,

(3.6)

(3.7)

(3.8)

O

Finally, for a,b € B(A) with a A b = F, we derive a necessary and sufficient condition

for A, to be isomorphic to Ay. First we prove the following lemmas.

LemMa 3.4. IfAisa C-algebrawith T, a € B(A), x € Ay, and y € Ay, thenxV y = y V x.

Proof. Letx € Ay, y€ Ay. Thenx <aand y <a’.HenceaA y =F =a’ Ax. Now

ANxvy)=(arx)v(any)=xVF=x,
Ayvx)=(aAy)V(arx)=FVvx=x.

(3.9)
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Therefore,a A (xV y) =a A (yVvx). Similarlya’ A (x vV y) =a" A(y V).
By the dual of Lemma 3.1,

xVy=yVx (3.10)

LEMMA 3.5. Let A be a C-algebra with T. Then, for a,b € B(A), anb € B(A,).
Proof. Clearly a A b < a. Now

(anb)v(anb)*=(anb)v(an(anb))
=(anb)vian(@vb)]=(@rb)v(arb) (3.11)
=an(bvb)=arT=a.

Hence, a A b € B(A,). (I
Now, we prove the theorem.

THEOREM 3.6. Let A be a C-algebra with T and a,b € B(A) such that a Ab = F. Then A,
is isomorphic to Ay, if and only if there exists an isomorphism o : A — A such that a(a) = b.

Proof. Leta,b € B(A) withaAnb=F.Let¢:A, — Ap be an isomorphism.

Now a Ab= (@ Ab)vVF=(a Ab)v(anb)=(a"Vva)Ab=Db because B(A) is a
Boolean algebra. So that b € A, and b* = a’ A b'. Similarly, b’ A a = a. Now by Theorems
2.2, 3.2, and Lemma 3.5, we have

(1) A= Ag XAy 2 A XAgnb XA abyr = Aa X Ap X Ag apy
under the isomorphism x 4 (anx, bax, (a AD) Ax);
(1) A=Ay X Apy = Ap X Ap na XA na)r = Ap X Ag X Aar apy
under the isomorphism x 2 (bAax,anx, (A Ab") Ax);
(iii) Ag X Ap X Agppy EAp XAy X Apap
under the isomorphism (x, y,2) A (¢(x),¢’l(y),z).
Now defineaw: A — Abya=y'odop.Then ais an isomorphism of A onto A and

ala)=(y'odop)(a)=y ' (8(a,F,F)) (sincebra=F=ana)
=y Y(b,F,F) (since ¢ (a) =b, ¢(F) =F) (3.12)
=b (since y(b) = (b,F,F)).

Hence « is an isomorphism of A such that a(a) = b.

Conversely, suppose that a : A — A is an isomorphism such that a(a) = b.

Let A be the restriction of « to A,. Now we prove that A is an isomorphism of A, onto
Ap. Forx € A,,

bAAMx)=bAalx)=ala) Aa(x) =alanx)=alx) =A(x). (3.13)
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So that A(x) € Ap. Hence A is well defined. Clearly A is a homomorphism and one-one.
Let x € Ay. Since «a is onto, there exists y € A such that a(y) = x. Nowa A y € A, and
Many)=alany)=ala) Na(y) =bArx=x(sincex <b).

Hence A is an isomorphism of A, onto Ay. O
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