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By using the concept of exceptional family, we propose a sufficient condition of a solution to general order complementarity
problems (denoted by GOCP) in Banach space, which is weaker than that in Németh, 2010 (Theorem 3.1). Then we study some
sufficient conditions for the nonexistence of exceptional family for GOCP in Hilbert space. Moreover, we prove that without
exceptional family is a sufficient and necessary condition for the solvability of pseudomonotone general order complementarity

problems.

1. Introduction

There are several types of order complementarity problems
in real world applications. Among them, the linear order
complementarity problem was systematically studied (see
[1]). The problem was extended to the general linear order
complementarity problem and some interesting results have
been presented (see [2-4]). In [4], Sznajder extended the
linear order complementarity problem to the nonlinear order
complementarity problem. The notion of the general order
complementarity problem considered in this paper is taken
from [3, 5, 6].

There are many problems in engineering, management
science, and other fields which can be reformulated as general
order complementarity problems. But we are interested in
the solvability of the problem. The concept of exceptional
family is a powerful tool to study existence theorems of the
solution to nonlinear complementarity problems and varia-
tional inequality problems (see [7-15]). Smith first introduced
in [16] the notion of exceptional sequence of elements for
continuous functions in order to investigate the solution exis-
tence of nonlinear complementarity problems. In 1997, Zhao
first extended the concept of exceptional family for varia-
tional inequalities (see [17]). Several years later, Isac and Zhao
extended the concept of exceptional family to variational
inequalities in R” to general Hilbert space (see [18]). Using

the more general notion of exceptional family of elements
introduced by Isac et al. (see [19]) and Kalashnikov (see [20]),
some existence theorems for complementarity problems are
presented (see [19, 21]). In 2008, Zhang proposed an existence
theorem for semidefinite complementarity problem (denoted
by SDCP). He introduced generalizations of Isac-Carbone’s
condition and proved that Isac-Carbone’s condition is the
sufficient conditions for the solvability of SDCP (see [22]). In
2012, Hu et al. proposed an existence theorem for copositive
complementarity problem (denoted by CCP) and extended
the property of coercivity, p-order coercivity, monotone,
and (strictly) weakly proper to CCP (see [23]). In 2010,
Németh first introduced the notion of exceptional family for
general order complementarity problems in Banach space
and used the notion to study the solvability of general order
complementarity problems (see [6]).

Motivated and inspired by the works mentioned above,
in this paper, by using the concept of exceptional family in
[6], we propose a sufficient condition of a solution to general
order complementarity problems (denoted by GOCP) in
Banach space, which is weaker than that in [6, Theorem 3.1].
Then we study some sufficient conditions for the nonexis-
tence of exceptional family for GOCP in Hilbert space. More-
over, we prove that the nonexistence of exceptional family
is a sufficient and necessary condition for the solvability of
pseudomonotone general order complementarity problems.
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The remainder of this paper is organized as follows. The
preliminary results which will be used in this paper are
stated in Section 2. In Section 3, we recall the definition of
general order complementarity problems (see [3, 5, 6]) and
introduced the concept of exceptional family for the general
order complementarity problems (see [6]), then we prove an
essential result. In Section 4, we discuss the conditions for the
nonexistence of exceptional family. Conclusions are drawn in
Section 5.

2. Preliminaries

In this section, we recall some background materials and
preliminary results used in the subsequent sections. Firstly,
we give some concepts from [6].

Let X be a Banach space whose norm is denoted by | - |I.
Let K ¢ H beaclosed set. K is called a wedge, if forany A > 0
and x,y € K, Ax € Kand x + y € K. A wedge K is called a
cone if K n (-K) = {0}.

Definition I (see [6]). A relation < on X is called an order if
it meets

(1) reflexivity; that is, x < x for all x € X;
(2) antisymmetry; thatis, if x < yand y < x, then x = y;

(3) transitivity; thatis,if x < yand y < z, then x < z.

We say a relation < on X is induced by a cone K ¢ X; that
is,x < yifandonlyif y—x € K.Hence K = {x € X : 0 <
x} by using the relation < on X. Then we denote an ordered
Banach space by (X, || - [|, K).

Property I (see [6]). A relation < on X is induced by a cone
K ¢ X ifand only if it is

(1) translation invariant; thatis, if x < y,then x+z < y+z
forall z € X;

(2) scale invariant; that is, if x < y, then Ax < Ay for any
A>0;

(3) continuous; that is, if for any two convergent
sequences {x,},., and {y,},5, in X with x,, < y, for
alln > 0,then x* < y*, where x* and y* are the limits
of {x,},.50 and {y,},5> respectively.

The ordered Banach space (X, || - ||, K) is called a vector
lattice if for every x, y € X there exists x A y := inf{x, y}
with respect to the order induced by K. In this case we say
that the cone K is latticial. By the above concepts, we give the
following property from [6].

Property 2. Let (X, | - ||) be a Banach space ordered by the
latticial cone K ¢ X. For each x € X we denote x, = -0 A
(—x); then the following two equalities hold forall x, y, z € X:

D x+2)A(y+2)=xNy+z;

Q)xNy=y-(y—x),.
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A continuous mapping F : Q@ ¢ X — X is called
completely continuous mapping if for every bounded set A €
Q the set F(A) is relatively compact. The notation deg(F, Q, y)
is the topological degree associated with F, Q, and y (see
[24, 25]). Now we recall briefly the notation and some key
properties of topological degree that will be used below.

Theorem 2 (see [8, Theorem 1.1]). Let Q < X be an open
bounded subset, and let I : X — X be an identity mapping
that is, I(x) = x, Vx € X. Then deg(I,Q, p) = 1, Vp € Q.

Theorem 3 (Poincaré-Bohl theorem, see [26]). Let QO € X
be an open bounded subset, and let H : [0,1] x Q@ — X
be a completely continuous mapping. If y ¢ h,(0Q)), then
deg(h,, Q, y) is a constant for 0 < t < 1, where h(x) =
x — H(t, x).

Theorem 4 (Kronecker theorem, see [27]). Let QO € X be
an open bounded subset, I : X — X an identity mapping,
andf: Q — X a completely continuous mapping. If deg(I —
£Q, y)#0, then equation x — f(x) = y has at least one
solution in Q.

3. Exceptional Family for GOCP

First we recall the definition of general order complementar-
ity problems (see [3, 5, 6]) and next we recall the concept
of exceptional family for general order complementarity
problems (GOCPs) (see [6]).

Definition 5. Let (X, || - ||) be a Banach space ordered by the
latticial cone K ¢ X and D ¢ X a nonempty closed convex
set. Consider m mappings fi, f5,..., f,, : X — X. The
general order complementarity problem defined by the family
of mappings {f;}1, and the set D is

find x* € D such that

GOCP({fi}::l’D) : { fi (x*) A A fon (x*) =0. M

Definition 6. Let (X, || - ||) be a Banach space ordered by the
latticial cone K ¢ X and D ¢ X a nonempty closed convex
set. Consider m mappings f, f,....f, + X — X A
sequence {x'},., € D is said to be an exceptional family for

GOCP({f;}12,, D) if the following conditions are satisfied:
@ lx, Il = +ocoasr — +oo,

(2) for every real number » > 0, there exists a real number
g, > Osuch that ul A~ Aul = 0, with vl = p,x, +
filx,), fori=1,2,...,m.

The following lemma comes from the property proved in
[6, Theorem 3.1]. Here we recall the property and the proof
which are the same as the proof in [6, Theorem 3.1].

Lemma7. Let¢(x) = x—f1(x)\-- A f,(x). If f;and S; = I-f;
are completely continuous for all i = 1,2,...,m, so is ¢(x).

Proof. Let

G (x) =x—fL ()N A fi(x), (2)
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forallx € Hand k = 1,2,...,m. We will prove by induction
that ¢ are completely continuous mappings for all k =
1,2,...,m.Ifk =1, then ¢, (x) = x— f1(x) = S;(x). From the
condition we see that ¢, is a completely continuous mapping
immediately. Suppose that ¢, is a completely continuous
mapping where k € {1,2,...,m — 1}. By (2), the definition
of 8., (x), and Property 2(2), we have

Grir () =x = LX) A A () A Sy (%)
= x = (% = ¢ () A fiear (%)
= x = (x = ¢ () A (x = Spy (%))
= x = [(% = Sy () = (% = Sy () = x + § (), ]

= Sprt () + (¢ (%) = Sy (%)),
3)

Hence, ¢, are completely continuous mappings, for all k =
1,2,...,m. In particular, ¢(x) = ¢,,(x) is a completely
continuous mapping. O

In what follows, we will establish an important theorem
for GOCP({f;}!",, D).

Theorem 8. Let (X, | - ) be a Banach space ordered by the
latticial cone K ¢ X and D C X an unbounded closed convex
set. If f; and S; = I — f; are completely continuous for all i =
1,2,...,m, then GOCP({f;}1",, D) has either a solution or an
exceptional family.

Proof. From Definition 5 we know that the solvability of the
problem GOCP is equivalent to the problem of finding an x €
D such that ¢(x) = x. Let H(t,x) = (1 - t)p(x),0 <t < 1.
We get that H(t, x) is completely continuous mapping from
Lemma 7. Consider a family of spheres B, and open balls U,:

B, ={xeD:|x|=r}, U ={xeD:|x|<r}. (4
Since D is unbounded, we have B, # @ and U, # 0 for all r > 0.
We consider the mapping h,(x) = x — H(t,x), t € [0,1]. If
there exists an r > 0 such that

0¢{h(x):xeB,tel0,1]}. (5)

It follows from Theorem 3 that deg(h,(x),U,,0) is constant
for t € [0,1]. This together with Theorem 2 implies that
deg(x — ¢(x),U,,0) = deg(x,U,,0) = 1. Therefore, we know
that problem ¢(x) = x is solvable from Theorem 4; that is, the
problem GOCP is solvable.

On the other hand, for every r > 0, there exist a vector
x, € B, and ascalar t, € [0,1] such that h, (x,) = 0; that is,
x, — (1 -t)¢(x,) =0.

Ift, = 0, then x, — ¢(x,) = 0, which again implies
solvability of the problem GOCP. Ift, = 1, then x" = 0, which
contradict with the fact x, € B,. Hencet, #1.If0 < t, < 1,
then from the definition of ¢(x) we get

xr_(l_tr)(xr_fl(xr)/\"'/\fm(xr)):0; (6)

3
that is,
trxr+(l_tr)fl(xr)/\"'/\fm(xr):0' 7)
Dividing both parts by 1 — t,, we obtain
Aurxr+fl (xr)/\"'/\fm(xr)zo’ (8)

where p, =t,/(1 —t,). Let ui =ux, + fi(x,),i=12,...,m;
then
url“ /\_“/\u:" = ("lrxr+f1 (xr))/\'”/\(.urxr +fm(xr))
:”rxr+f1 (xr)/\'”/\fm('xr) =0,
)

where the second equality follows from Property 2(1). Thus,
{x,},50 is an exceptional family for GOCP. The proof is
complete. O

Remark 9. Notice that, in [6], they used the condition of
completely continuous field instead of f; and S; = I - f; being
completely continuous operators for alli = 1,2,...,m. More-
over, [6, Theorem 3.1] required that the condition S,,(D) +
K < D holds, which does not need this condition in
Theorem 8 in our paper. Hence, our condition in Theorem 8
is weaker than the condition of [6, Theorem 3.1].

4. Existence Conditions of a Solution to GOCP

In this section, we consider the general order complemen-
tarity problems in Hilbert space H whose inner product and
norm are denoted by (-,-) and || - ||, respectively. We propose
some sufficient conditions and prove that they guarantee
existence of solutions to the general order complementarity
problem. Firstly, we give the condition as follows.

Condition 1. Let (H,{(-,-)) be a Hilbert space ordered by
the latticial cone K ¢ H and D < H a nonempty set.
fi> faseves fn : H — H satisfy the following condition: there
exists p > 0 such that for all x € D with ||x|| > p, there exists
y € Hwith ||ly|l < ||l such that

(x=p L) AN [, (x)) 2 0. (10)

Theorem 10. Let (H, (:,-)) be a Hilbert space ordered by the
latticial cone K ¢ H, D C H an unbounded closed convex
set and f;,, S; = I — f; are completely continuous for all i =
1,2,...,m.If Condition 1 holds, then there exists no exceptional
family for GOCP({f;}:",, D) and hence, GOCP({f;}!",, D) is
solvable.

Proof. Suppose that GOCP({f;}!";, D) has an exceptional
family {x,},,, € D. By Definition 6, we have

wo=px, + fi(x,), gy >0, i=1,2,...,m (¥r >0),
u:/\'--/\u:":O (Vr > 0), (11)

||| — +co as r — +oo.



Take r > 0 such that ||x,|| > p. Since f}, f5, ..., f,, satisty
Condition 1, there exists y, € H with ||y,|| < [x,|| such that
(x, = ¥ f1(x,) A+ A f,(x,)) = 0. We have

0< <xr _yr’fl (xr)/\"'/\fm(xr))
= <xr = Ve WXy
= _‘l’tr“'xr"2 + A“r<yr’ xr>

< e + u el el = = e Qe = D) < 0,
(12)

which is impossible. Hence, there exists no exceptional family
for GOCP({f;}!",, D). Then the problem is solvable. O

Condition 2. Let (H,{(-,-)) be a Hilbert space ordered by
the latticial cone K ¢ H and D < H a nonempty set.
fi» for- s frn : H — H satisty the following condition: there
exists a nonempty bounded subset C ¢ D such that for every
x € D\ C, there exists y € C such that

=y i) A A f,(x)) =0. (13)

Corollary 11. Let (H, (:,-)) be a Hilbert space ordered by the
latticial cone K ¢ H and D < H an unbounded closed
convex set and f;, S; = I — f; are completely continuous
for all i = 1,2,...,m. If Condition 2 holds, then there
exists no exceptional family for GOCP({f;}",, D) and hence,
GOCP({f;}:%,, D) is solvable.

Proof. Let C C D be the set defined by Condition 2. Since C
is bounded, then there exists p > 0 such that C ¢ U, n D,
where U, = {x € H || x ||[< p}. For any x such that x| > p,
there exists y € C (|lyll < p < llx[) such that (x — y, f;(x) A
A f,,(x)) = 0. Hence Condition 1 is satisfied. This together
with Theorem 10 completes the proof. O

We extend the coercivity condition and p-order coerciv-
ity condition (see [15, 23]) to GOCP as follows.

Definition 12. Let (H, (-, -)) be a Hilbert space ordered by the
latticial cone K ¢ H and D ¢ H an unbounded set. Consider
m mappings f1, for.. > frn : H = H. fil(x) A+~ A f,,(x) is
said to be p-order coercive with respect to D, if there exists
p € (-o0o,1] and y € H such that

x=p ix)A-Af, (X))

x€D,||x]| = +o0 "x"p

Theorem 13. Let (H, (-,-)) be a Hilbert space ordered by the
latticial cone K ¢ H and D ¢ H an unbounded closed convex
set and f;, S; = I — f; are completely continuous for all i =
1,2,...,m. If there exists some p € (—00, 1] such that f,(x) A
~o A f,.(x) is p-order coercive with respect to D, then there
exists no exceptional family for GOCP({f;}",, D) and hence,
GOCP({f;}:%,, D) is solvable.

= +00. (14)

Proof. Since fi(x) A --- A f,(x) is p-order coercive with
respect to D for some p € (—00, 1], we get

(=3 A A A fy ()

x€D, x|l = +o0 ”x"p

+00. (15)
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This together with [|x[|” > 0 and the definition of an infinite
limit yields that

(x=y, L) A A f,, (%)) 20, (16)

for sufficiently large p and |lx| > p. Hence Condition 1
is satisfied. This together with Theorem 10 completes the
proof. O

The following results extend monotone property and
(strictly) weakly proper to GOCP.

Definition 14. Let (H, (-, -)) be a Hilbert space ordered by the
latticial cone K ¢ H and D ¢ H a nonempty set. Consider m

me]lfpingsfl,fz,...,fm :H — H. fi(x)A---A f,,(x) is said
to be

(a) pseudomonotone on D if, for every x, y € D, x + y,
one has

(=2 fL(xX)NAf,(x)
20=(y-xfi(A-Af,(¥) 20

17)

(b) quasiomonotone on D if, for every x, y € D, x+ y,
one has

=% fi(xX)A-Af,(x)

>0=(y-xfi(y) A Af(¥)) 20

(18)

Definition 15. Let (H, (-,-)) be a Hilbert space ordered by the
latticial cone K ¢ H and D ¢ H an unbounded set. Consider
m mappings f1, for.. o> frn : H — H. fi(x) A--- A f,,(x) is
said to be

(a) weakly proper on D, if for every sequence {x,} ¢ D
with lim, _, , ,[lx,|| = +00, there exists a y € H and
some 7 such that

=LA AL 20, x| >y 19

(b) strictly weakly proper on D, if for every sequence
{x,} < D with lim, _, , llx,|| = 400, there exists a
y € H and some r such that

= i) A AL >0, x| >yl (20)

Theorem 16. Let (H, (-,-)) be a Hilbert space ordered by the
latticial cone K ¢ H and D C H an unbounded closed convex
set and f;, S; = I — f; are completely continuous for all i =
L2,...,m If fi(x) A--- A f,(x) is pseudomonotone on D,
then the following conditions are equivalent:

(1) GOCP({f;}!",, D) has no exceptional family;
(2) GOCP({f;}",, D) has at least a solution;
3) f(x) A~ A f,,(x) is weakly proper on D.
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Proof. (1) = (2) follows from Theorem 13.

(2) = (3). Since GOCP({f;}!",, D) has at least a solution,
there exists x* € D such that f;(x") A+ A f,,(x™) = 0. Then
for every sequence {x,} ¢ D with lim lx, Il = +o0, we
have

7 — +00

(e, =2 fi () A A S (67)) = 0, (1)

which implies that f;(x) A--- A f,,(x) is weakly proper on D.

(3) = (1). Suppose that GOCP({f;}!",,D) has an
exceptional family. Then there exists {x'},., € D, |x,[| —
+00 (r — +00), and y, > 0 such that

uo=pux, + fi(x,), i=12...,m,

(22)
WA AU =0,

From Property 2(1), we obtain
ui /\.“/\u:ﬂ = (.“rxr+f1 (xr))/\"'/\(turxr +fm(xr))

:.urxr+f1 (xr)/\"'/\fm(xr) =05
(23)

namely,

fl (xr)/\'”/\fm (xr) = T Xy (24)

Since fi(x) A--- A f,.(x) is weakly proper on D, then there
exists a y € H and some r such that

= fiA AL N 20, Ix >y (25

This together with the fact that f(x) A --- A f,(x) is
pseudomonotone on D yields
=y frle) Ao A fu () 2 0. (26)
By (24) we get
0<(x, =3 fr (%) Ao A o (30))
=X, = ¥ =1, x;)

= _A”ir”xr"2 + Uy <yr’ xr)

< e + eyl el = = Bl (e = D) < 0,
(27)

which is impossible. Hence GOCP({f;}",, D) has no excep-
tional family. From the above, we complete the proof. O

Remark 17. The above theorem shows that if f,(x) A --- A
fm(x) is pseudomonotone on D, GOCP({f;}!",, D) has no
exceptional family & GOCP({f;}",, D) which has at least a
solution.

Theorem 18. Let (H, (-,-)) be a Hilbert space ordered by the
latticial cone K ¢ H and D < H an unbounded closed
convex set and f;, S; = I — f; are completely continuous for
alli=1,2,...,m. If fi(x) A--- A f,,(x) is quasimonotone on
D, then there exists no exceptional family for GOCP({f;}" |, D)
and hence, GOCP({ f;}" |, D) is solvable.

Proof. Suppose that GOCP({f;};*,, D) has an exceptional
family. Then from the proof of Theorem 16 we obtain (24).
Since f,(x) A--- A f,,(x) is strictly weakly proper on D, then
there exists a y € H and some r such that

= DA AN >0, x| >y 28)

This together with the fact that f;(x) A .-+ A f,(x) is
quasimonotone on D yields
O, =y fi () AN £, (x,)) 2 0. (29)
By (24) we get
0< (e =2 fi (k) Ao A fin (%))
= (%, =)oty x,)

= _Al’lr“xr"z + Uy <yr’xr>

< =+ e Dyl e = = el (e = D) <(0, )
30

which is impossible. Hence GOCP({f;}",, D) has no excep-
tional family. From the above, we complete the proof. O

5. Conclusion

In this paper, by using the concept of exceptional family in
[6], we propose an existence theorem of a solution to general
order complementarity problems in Banach space. Then we
study some sufficient conditions for the nonexistence of
exceptional family in Hilbert space. Moreover, we prove
that nonexistence of exceptional family is a sufficient and
necessary condition for the solvability of pseudomonotone
general order complementarity problems.
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