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THE MINIMAL ENTROPY MARTINGALE MEASURE FOR
GENERAL BARNDORFF-NIELSEN/SHEPHARD MODELS'

BY THORSTEN RHEINLANDER AND GALLUS STEIGER
London School of Economics and ETH Ziirich

We determine the minimal entropy martingale measure for a general
class of stochastic volatility models where both price process and volatility
process contain jump terms which are correlated. This generalizes previous
studies which have treated either the geometric Lévy case or continuous price
processes with an orthogonal volatility process. We proceed by linking the
entropy measure to a certain semi-linear integro-PDE for which we prove the
existence of a classical solution.

1. Introduction. The main contribution of this paper is the calculation of the
minimal entropy martingale measure (MEMM) for a general class of stochastic
volatility models as explicitly as possible in terms of the parameters of the market
model. This idea of explicit description of optimal martingale measures started
with the minimal martingale measure of Follmer and Schweizer [12], followed
by the minimal Hellinger martingale measure of Grandits [15] and the minimal
entropy-Hellinger martingale measure of Choulli and Stricker [8].

Our study of the MEMM encompasses the simpler cases where either the dy-
namics of the risky asset is modeled as a geometric Lévy process or the price
process is continuous with an orthogonal pure jump volatility process. These cases,
as will be discussed below, have been studied separately and with different meth-
ods. Our approach presents a unifying framework which moreover covers models
like the Barndorff-Nielsen and Shephard (BN—S) model where both price process
and volatility process contain jump terms which are correlated. It turns out that,
due to the correlation, this general case is much more difficult and can be consid-
ered a nontrivial mixture of the two cases studied previously.

Asset process models driven by nonnormal Lévy processes date back to the
work of Mandelbrot [22]. More recently, rather complex models like the stochas-
tic volatility model of Barndorff-Nielsen and Shephard [1] have been developed.
This model is constructed via a jump-diffusion price process together with a mean
reverting, stationary volatility process of Ornstein—Uhlenbeck type driven by a
subordinator (i.e., an increasing Lévy process). Moreover, the negative correlation
between price process and volatility process in this model allows us to deal with
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the so-called leverage problem, that is, for equities, a fall in price level is typically
associated with an increase in volatility.

One main reason for the use of Lévy-driven asset models is the flexibility they
allow when fitting a model to observed asset prices. However, the corresponding
financial market is then typically incomplete, resulting in the existence of multi-
ple equivalent martingale measures. A standard approach is to identify an optimal
martingale measure on the basis of the utility function of the investor; see [20].
In this paper, we consider the exponential utility function which corresponds via
an asymptotic utility indifference approach to taking the MEMM as pricing mea-
sure [3, 4, 9].

In case the price process is an exponential Lévy process, the MEMM has been
calculated by several authors in varying degrees of generality (e.g., [7, 11, 14,
23]). Grandits and Rheinlidnder [16] and Benth and Meyer-Brandis [6] determine
the MEMM in stochastic volatility models where the price process is driven by
a Brownian motion B, and the volatility process may contain jump terms and is
orthogonal to B. Still assuming a continuous price process, Becherer [3] considers
a model with interacting It6 and point processes.

With respect to the BN-S model with leverage effect, Nicolato and Venardos
[24] analyze the class of all equivalent martingale measures, with a focus on
the subclass of structure-preserving martingale measures (i.e., the price process
is also of BN-S-type under those martingale measures). In the case of exponen-
tial Lévy processes, the asset process under the MEMM is again an exponential
Lévy process (see in particular [11]), but one major implication of the results in
this paper is that the volatility process in the BN—S model in general no longer has
independent increments under the MEMM. Therefore, only considering the class
of structure-preserving martingale measures seems to be too narrow an approach,
especially in the context of exponential utility maximization.

The paper is structured as follows. Section 2 introduces our setup and the mar-
tingale approach for determining the MEMM in case of a general Lévy process-
driven asset model. In Section 3 we consider a general class of stochastic volatility
models. We derive the structure of the MEMM by linking it to the solution of
a certain semi-linear integro-PDE, a unique classical solution of which is shown
to exist. We conclude this paper in Section 4 by applying this result to the two
extreme cases—(1) price process is a Lévy process and (2) price process is con-
tinuous with an orthogonal stochastic volatility process—as well as to the BN-S
model. The latter case presents an additional technical difficulty since the volatility
process is unbounded. This issue has been resolved in [27].

The present approach has been influenced by the martingale duality approach in
Rheinlénder [26] where the MEMM was linked to the solution of a certain equation
in the case of a filtration where all martingales are continuous. This has been ap-
plied in [18] and [26] to stochastic volatility models driven by Brownian motions.
The presence of jumps, however, calls for more general techniques. Our method
was inspired by Becherer’s [2] approach which considers interacting systems of
semi-linear PDEs.
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2. Preliminaries and general results. We start with some general assump-
tions which hold throughout the paper. Let (2, #, F, P) be a filtered probability
space and T some fixed finite time horizon. We assume that # is trivial and that
F = F r. The filtration F = (F;)o<;<r fulfills the usual conditions and is gener-
ated by a Lévy process Y where Y¢ (Y%, Wy, and vy (dx, dt) = v(dx)dt denote
its continuous (discontinuous) martingale part, the jump measure and its compen-
sator, respectively. For simplicity, we assume that (Y¢); = ¢. We refer to [19] with
respect to the notation used in this paper. In particular, Gioc((y) is defined in [19],
Definition II.1.27.

REMARK 2.1. By Jacod and Shiryaev [19], Theorem 1I1.4.34, we have the
following representation property: every (P, [F)-local martingale M can be written
as

M=M()+/HdYC+W>k(,bby—Vy)
for some H € LIZOC(YC), W e Gioc(uy).

We denote by S an F-adapted, locally bounded semimartingale (modeling the
price process of a risky asset), which has the following canonical decomposition:

S=So+M+ A,
where M is a locally bounded local martingale with My =0 and A is a process of
locally finite variation. By the representation property, we write M as

M=MC+Md=/aMdYC+WM(x)*(,uy—Vy),

where M€ and M? are the continuous and the discontinuous parts of the local
martingale M, respectively, o™ is predictable and W™ € Goc(iy). Moreover, we
assume that the asset price process S satisfies the following:

ASSUMPTION 2.2 (Structure condition). There exists a predictable process A
satisfying

A =/Ad(M),
with

T
Kr ::/ A2d(M)s; <oo,  P-as.
0

DEFINITION 2.3. Let 'V be the linear subspace of L°°(2, &, P) spanned by
the elementary stochastic integrals of the form f = h(St, — S7,), where 0 < T} <
T, < T are stopping times such that the stopped process S is bounded and  is a
bounded #7,-measurable random variable. A martingale measure is a probability

measure Q < P with E[%f] =O0forall feV.
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We denote by M the set of all martingale measures for S and by M€ the subset
of M consisting of probability measures which are equivalent to P. Here and in
the sequel, we identify measures with their densities. Note that, as S is locally
bounded, a probability measure Q absolutely continuous to P is in M if and only
if S is a local Q-martingale.

DEFINITION 2.4. The relative entropy / (Q, R) of the probability measure Q
with respect to the probability measure R is defined as

ER|:dQ dQ

+00, otherwise.

I(Q,R)={

It is well known that 1 (Q, R) > 0 and that / (Q, R) =0 if and only if O = R.

DEFINITION 2.5. The minimal entropy martingale measure QF, also abbre-
viated MEMM in what follows, is the solution of

in 1(Q, P).
ggg{(Q)

Theorems 1, 2 and Remark 1 of [13], as well as the fact that 'V C L°°(P), yield
the following:

THEOREM 2.6 ([13]). [fthere exists Q € M€ suchthat 1(Q, P) < 00, then the
minimal entropy martingale measure exists, is unique and moreover is equivalent
to P.

Let us restate the following criterion for a martingale measure to coincide with
the MEMM:

THEOREM 2.7 ([16]). Assume there exists a Q € M® with 1(Q, P) < oc.
Then Q* is the minimal entropy martingale measure if and only if there exists
a constant ¢ and an S-integrable predictable process ¢

do* _ r
2.1 1P _exp<c+f0 ¢tdSt>

such that E gl fOT ¢;dS;] =0 for all Q € M€ with finite relative entropy.

REMARK 2.8. Based on the above results, we will pursue the following strat-
egy to determine the MEMM. We first find some candidate measure Q* which can
be represented as in (2.1). To verify that O* is indeed the entropy minimizer, we
then proceed in three steps, showing that:

1. Q* is an equivalent martingale measure;
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2. I(Q*, P) < o0;
3. [¢dS is atrue Q-martingale for all Q € M with finite relative entropy.

This martingale approach yields a necessary equation for ¢ and c:

THEOREM 2.9. Assume that the MEMM Q¥ exists. The strategy ¢ and the
constant c in (2.1) satisfy the equation

T
e [ 3t =10 4 @M+ g [ W 0P |ar

T
_ / (o — (s + r)oM)dY?
2.2) 0
+ (WE@) = (@ + WM () * (uy —vy))y

+ ((log(1 = AWM (x) + WE(x)) + AWM (x) — WE(x)) * y)

with predictable processes ol eL? (YY) and Wt € Gioc(uy) such that

loc

(2.3) a,Mo,L+fRWtM(x)WtL(x)u(dx):0 Vi el0,T].

PROOF. By Girsanov’s theorem together with the structure condition, the den-
sity process Z = (Z;) of Q™ is a stochastic exponential of the form

Z=8(—]AdM+L),

where L and [M, L] are local P-martingales. Using the representation property,
let us write the local martingale L in the following way:

(2.4) L= [ohaye+ Wh) s oy = vp),
for some oL € LIZOC(YC), WL € Gioc(iy). We therefore get
M, L]= /O'osMosL ds + WM )WL (x) %y
Furthermore, we know from [10], VII.39, that the predictable bracket process
(M, L) = /O'quof ds + WM ()WL (x) % vy

exists, since M is locally bounded. However, (M, L) is equal to zero since [M, L]
is a local martingale. Therefore, condition (2.3) holds. We now apply It6’s formula
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to log Z to get, for ¢ € [0, T], that

t
loZ=f f—ZC
gLt OZs_ s 2

1
+ E (logZS —logZ,_ — 7 s)
s<t S—=

! 1 ! 2 c ! c c 1 c
—/AMMfuq—E/xmw4n+/xmeLn—5@»
0

X, )

St
1 t
:/(; (O‘SL — )LSGSM)dYSC — 5/0 (ASGSM — GSL)zds

+(WE@) = 2aWM (@) * (ny —vy)),
+ ((log(1 = AWM (x) + WE ) + AWM (x) = WE(x)) * py),.

Moreover, due to Theorem 2.7, at the time horizon we have

T
logZT=c+/ ¢ dS;
_c+/ o Maye + (WM (x) * (uy —vy))p

+/0 ((btkt(otM)z+¢t)\t%;£(W,M(x))2v(dx)> dr.

We arrive at equation (2.2) by combining the two equations above. [

COROLLARY 2.10. Eguation (2.2) in Theorem 2.9 is fulfilled once the follow-
ing conditions are satisfied:

() [WE@) = (@ + W)WM ()| % py € AL
(i1) It holds that

c+/ (Ut A,a 2+ (o, )]

+ /0 fR(WtL(x) — (@ + AWM () + e ds (WM (x)P)v(dx) dt

T
:/0 (oL — (¢ + r)oM)dye

(2.5)

+ ((log(1 = AWM (x) + WE(x)) — WM (x)) % py) .
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PROOF. By Jacod and Shiryaev [19], Proposition I1.1.28, condition (i) implies
that we can write

(WE@) — (@ + 2 WM ) * (uy —vy) = (WE@) — (@ + WY (x) * ny
— (WE@) — (@ + WM (x)) % vy.

Taking this into account, equation (2.2) reduces to the simpler equation (2.5).
O

Once we have, by solving (2.2) and (2.3), found a candidate martingale mea-
sure, we still have to carry out the verification procedure outlined above. We will
need the following lemma, which is a generalization of the Novikov condition to
discontinuous processes:

LEMMA 2.11 ([21]). Let N be a locally bounded local P-martingale. Let
QO be a measure defined by

d—Q =Z;=E&(N),,
dP |z,
where AN > —1. If the process
(2.6) U= 3(N) + D>_{(1+ ANy)log(1 + ANy) — AN,}

§<t
belongs to Aioc, and therefore has a predictable compensator B; and, in addition,
2.7) Elexp Br] < o0,

then Q is an equivalent probability measure.

Finally, to cope with item 3 of our approach described in Remark 2.8, we men-
tion the following result:

LEMMA 2.12 ([26]). Let Q be an equivalent martingale measure with fi-
nite relative entropy, and let [y dS be a local Q-martingale. Then [ dS is
a true Q-martingale if, for some B > 0 small enough, exp{p fOT wtzd[S],} is
P-integrable.

3. A general jump-diffusion model. Let us consider a class of stochastic
volatility models with asset prices of the following type:

ds, .
G =", Vydi+ oM, Vydys +d(W (Vo x) %y =),

t_
(B2 aVi=n"@, Vdt+d(W" (-, V_,x)*puy),,
where V is defined on some interval £ C R. In the notation we will often sup-

press the dependence on V of the various processes. Our basic assumptions are as
follows:
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ASSUMPTION 3.1.

1. The coefficient " is differentiable in y (corresponding to the “V-coordinate”)
with bounded continuous partial derivative and is locally Lipschitz-continuous
in . WY is differentiable in y with bounded derivative and continuous in ¢.

2. The coefficients ™, oM and WM are locally Lipschitz-continuous in ¢ and
differentiable in y with bounded derivative. Furthermore, n™ is positive,
oM is positive and uniformly bounded away from zero on [0, 7] x E and
WM (y,-):supp(v) — (=1, 00) € [*®(supp(v)) N 1! (supp(v)), uniformly in ¢.

3. The functions WM and WV are in Gioc(10).

~ nM

= M WM () u(dx)

is uniformly bounded on [0, T'] x E.
5. We have [ |WY (x)|v(dx) < cc.

REMARK 3.2. By Protter [25], Theorem V.38 and the remark following it,
Assumptions 3.1.1-3.1.3 ensure that there exists a unique solution (S, V) to equa-
tions (3.1) and (3.2) which does not explode in [0, T'].

Let us turn to our basic equation (2.5). The functions oM and WM (x) of Sec-
tion 2 correspond now, with a slight abuse of notation, to oMS_ and WM (x)S_,
respectively. Moreover, we set A := AS_ and ¢ := ¢S_. We denote

AM[ = Aut(y,X) ::M(t9y + Wv(t’ y’x)) - M(tv )’),

and work with the ansatz that there exists a sufficiently smooth function u such
that

(3.3) (log(1 = AWM + WE) —dWM)(1, V,—, x) = Au,(V,—, x),

that is, the jumps of the right-hand side of (2.5) correspond to the jumps of some
function u along the paths of process V. In addition, we set

(3.4) u(T,)=0 on E.
With this ansatz we can write, using [td’s formula,
([log(1 = AWM (x) + WE(x)) — dWM ()] % 1y,
= 3 (@, Vi) —u(, Vo))

O<t<T

rra ]
=—u(0, Vo) — ,/0 (Eu(t, Vi) + n,‘/wu(t, V,)) dt.



THE MINIMAL ENTROPY MARTINGALE MEASURE 1327

We may therefore rewrite equation (2.5) as

c~+u(0, Vp)
_ _/T[l(aL —XGM)2+$X (O_M)Z
o |2 t 1Y% 1A \Yy
5 9
3.5 + au(t, Vi) +n, Wu(t, Vi)
+ [ W@ = @+ 70w 0+ G <x>>2)v<dx>] 1

T
+ [ 1o = @ +ToMayy.
A solution to this problem might be to require that

1 —~ — 0 0
—(oF =2y 4+ pr(e™)* + SV + n' —u(-, V)

(3.6) 2 A%

- / (WE@) = @ + MW () + pa(WM (x))*)v(dx) =0,
together with (3.4) and
(3.7) c=-u0,Vy), ol=@+rdaM.

Let us introduce u; :=u(t,-): E — R and

&t up) = Lot ) =2 MM M) + ¢ () () (M (1))
(3.8) + / (WE (. x) — @i(y) + 3 () WM (3, x)

+H AWM (3, )) ) v(dx).

Provided that g/b\,, atL and WIL (x) are functions of u;, (3.6) is an integro-PDE for u
of the form

d v 0 y
(3.9) —u(t,y)+n/ —u(t,y)+g ( u)=0,
ot dy

(3.10) u(T,y)=0 forall y € E.
By equation (3.7) together with condition (2.3), we get

~  ~ [WYM)WEx)v(dx)
(3.11) d=—x— oI ,

which, by equation (3.3), leads to (suppressing the ¢ and y variables)

SWMQWE@v(dD) T,y
(o) ]W (x)}

=1—aWMx)+ wlw).

exp{Au(x) — [3: +
(3.12)
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To make this intuitive approach rigorous, we shall proceed as follows. We
show in Corollary 3.4 below that each u € G, ([0, T] x E) gives via Au a unique
bounded function Wt solving (3.12). We then define ¢A> asin (3.11), oL asin (3.7)
and g” as in (3.8). In Theorem 3.8 below it is then shown that there exists a clas-
sical solution to the integro-PDE (3.9), (3.10). Finally, we provide the verification
results in Theorem 3.9.

For the discussion of equation (3.12) we first provide a preparatory result:

LEMMA 3.3. Let 8 >0, f €l*®(supp(v)) N ll(supp(v)), the set of bounded
and integrable functions from supp(v) into R, and k be a function on supp(v)
which is bounded from above. Then, the function ¢ :supp(v) — R, given as

o(x) = exp{k(x) 1 [ f(z)cp(z)v(dz)},
is well defined and bounded.

For the proof see the Appendix.

COROLLARY 3.4. Let Assumption 3.1 hold and let u be defined on ([0, T] x
E) such that Au is uniformly bounded from above. Then, u uniquely defines a
function

Wl =wlw):[0,T]x ExR—>R

which fulfills equation (3.12). WL and, therefore, also é and o’ is uni-
formly bounded in (t,y) € [0, T] x E and, moreover, WtL (y,-) €®(supp(v)) N
ll(supp(v))for all (t,y) € [0, T] x E.

PROOF. Introducing
(3.13) o(x) = (W ) ) = AWM () + 1,
we may write equation (3.12) pointwise in ¢ € [0, T'] in the form
o) =explk(v) — B () [ f@wa]
with
f)=wMw),

JWM @)\ [ WM (2)v(dz)
+ M)2 o M)2 ’

k(x) == Au,(x) — W,M(x)[i,<1
(o (o

1
b= e
Since Au; is bounded from above, we have that k£ is bounded from above,
by Assumption 3.1, and we may apply Lemma 3.3. By the definition of ¢
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in (3.13), it follows directly that WL fulfills equation (3.12). WL is even uni-
formly bounded in (7, y) since Au is uniformly bounded from above. Finally, we

get WIL (y,-) € ' (supp(v)) from a Taylor expansion together with our assumption
that [ WY (x)|v(dx). O

The function WtL (v, -), seen as a function of u,,
Ch(E) — ' (supp(v),
ur > (W), ),

is not uniformly Lipschitz-continuous. However, we can ensure this property by
restricting the space G, (E) to the set

CL(E) = (v e Cy(E). [vllo < O},
with a constant Q > 0. In fact, we obtain the following:
LEMMA 3.5. For(t,y) €[0,T] x E fixed,
WE(y,): €L (E) — I' (supp(v))

is Lipschitz-continuous, uniformly with respect to t € [0, T], and with a Lipschitz
constant independent of y.

For the proof see the Appendix.
We turn now to the existence of a solution for the integro-PDE (3.9)—(3.10). The
following two theorems provide some general existence results:

THEOREM 3.6. Let E C R be some interval. For (t,z) € [0, T] x E, consider
(3.14) Zi =z +f b(u, Z;*)du,
t

for a continuous process b:[0, T] x E — R, such that Z"* stays in E.
Let us consider the partial differential equation with boundary condition:
a a
(3.15)  —u(t,2) +b(t, 2)—u(t,z) + g°(t,u;) =0,
ot 0z
(3.16) u(T,z) =h(z) VzeE,
for which we shall assume:

(a-1) b is locally Lipschitz-continuous.
(a-2) g:10,T] x Cp(E) — Cp(E) is a Lipschitz-continuous function in v €
Cp(E), uniformly in t. That is, there exists a constant L < 0o such that

lg(r,v1) — gt v2)lloo = Lllvi —02llec V2 €[0,T], 01,02 € Cp(E).
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(a-3) h:E — R e Cy(E).

Then, there exists a unique solution u € Cp ([0, T] X E) which solves the bound-
ary problem (3.15)—(3.16) in the sense of distributions. It can be written as

T z
i(t.2) = h(ZW) + / o % (s, 1y) ds.
t

For the proof see the Appendix.
Existence of a strong solution can be ensured in the following special case:

THEOREM 3.7. Let us assume that all conditions of Theorem 3.6 are fulfilled.
Let us further assume that E C R is compact and that the following hold true:
(b-1) b has a uniformly bounded, continuous derivative a‘rj—zb.
(b-2) For any v € C{’(E), g*(t,v) is differentiable in z with a%gz (t,v) =
g(t, %v) for some suitable continuous function g, such that:
o there exist some constants L, K such that we may write
(3.17) 18(s, vs)lloo < Lllvslloo + K,
e forany R > 0, g is uniformly continuous on [0, T] x M x E with M = Cf(E),
(b-3) h e CL(E).

Then, the weak solution w € Cp([0, T] x E) is differentiable in the space

variable and, therefore, it is also the strong solution to the boundary prob-
lem (3.15)—(3.16).

For the proof see the Appendix.

Let us apply this result to g” (¢, u;) having the form (3.8). In this case, g’ (¢, u;)
does not have to be Lipschitz-continuous. However, using a truncation argument
we get the following result:

THEOREM 3.8. Let Assumption 3.1 hold and let g” (t, u;) be of the form (3.8).
Let E be a compact interval such that o™ is uniformly bounded on [0, T] x E.

Then there is a classical solution i € @;’1([0, T] x E) to the integro-PDE

a v 0

(3.18) —u(t,y)+n —u(t,y)+g @t u)=0
ot ay

with boundary condition

(3.19) u(T,y)=0.

u satisfies

T i v
(3.20) ., y) = f ¢ (5. d5) ds
t
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with
(3.21) dViy =nY (s, VI) ds
and ‘zt’y =y.

PROOF. Let us rewrite (3.8) using (3.7) and (3.11) as
1{(/ WM(x)WL(x)v(dx))2 —XZ(GM)Z}
2 oM

TWMx)v(dx) — 2 [(WM (x))2v(dx)
i ()2

g('v U) =

(3.22)
x / WM )WL (x)v(dx)

+/WL(x)v(dx) —XZ/(WM(x))Zv(dx),

which is in general not Lipschitz-continuous. We circumvent this problem by in-
troducing a truncating, auxiliary function g. We will show that the weak solution
u € Cp([0, T] x R) to the integro-PDE

0 a -
(3.23) —u(t, ) +n) o—ut, y) + & (t,u) =0,
ot dy
(3-24) u(T,y) =0,
fulfills the equation
g u)=¢g"t,u) V@ y)el0,TIxE.

We then conclude that & is a weak solution to the partial differential equation (3.18)
with boundary condition (3.19). In a final step, we will show that the solution is
also a classical solution.

Step 1. Definition of the auxiliary function g:[0, T] x Cp(E) — Cp(E). We
introduce the function

g(t,v):=g(t,k(v, 1)),

defined on [0, T'] x C,(E), with the function « truncating v € Cp(E) in the fol-
lowing way. Letting C be some positive constant,

K (v, 1)(x) := max(min(C(T — 1), v(x)), —C(T —1)).
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Step 2. Condition (a-2) of Theorem 3.6 is fulfilled. 'We have to prove that g is
a Lipschitz-continuous function on Cp(E), uniformly in ¢. This follows if we can
show that there exists a constant L, independent of (¢, y) € [0, T'] x E, such that

187 (t,v1) — g7 (t, v2)| < Lllvi — v2lleo

for all vy, vy € GbQ(E), where Q = CT. In what follows, we fix a pair (¢, y) €
[0, T] x E and drop the indices (¢, y) in the notation. We may write

1 2
18C.v1) — g v2)] < W‘(/ WM(x)<WL<v1))(x>v<dx>)

2
- ( / WM(xxWL(vz))(x)v(dx)) ‘

[ WM (w(dx) — 3 [WM (0)2u(d)|
* ()2

X

/ (WE 1) — WE W))W () (dox)

* ’/(WL(vl) — WE(v2)) (x)v(dx)

By Assumption 3.1, 1/(c™)2 and | f WM (x)v(dx) — & [(WM (x))?v(dx)| are
uniformly bounded on [0, T] x E. Moreover, WEL(v) is uniformly bounded in
vE GbQ (E) by some constant K, and we may write, using the elementary inequal-
ity a> — b* < 2max(|al, |b|)|a — b|,

WMl
(oM)?

8Cov1) — g v2)| 5( [<K+1>‘/WM<x)v(dx>

(3.25) +’):/(WM(x))2v(dx)} + 1)

x |[WE@p) — WE@)ll;.

Due to Lemma 3.5 (Lipschitz-continuity of W%), we conclude that g:[0, T] x
Cp(E) — Cp(E) is Lipschitz-continuous on Cp(E), uniformly in ¢.

Now Theorem 3.6 can be applied to the problem (3.23)—(3.24) which gives us a
unique bounded weak solution & € C, ([0, T] X E).

Step 3. There exists a constant C such that for all (t,y) € [0, T] x E.
(3.26) [u(t, )| < (T —1)C.

Letus fix7 € [0, T], y € E as well as a positive constant C (to be specified below)
and define [with V from (3.21)] the deterministic time 7, as

Ty :=inf{s € [¢, T] [u(s, \A/St’y) < (T —s)C}AT.
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Then, (s, V; ") > (T — s)C, for all 5 € [t, Ty), and i(zy, V") < (T — 1,)C.
Since u(s, Vst’y ) > (T —s)C for all s € [t, Ty), we get (with the truncation func-
tion x« from step 1) (AK(ﬁs,s))(Vsz’y) < 0. It follows that, for s € [z, Ty), the
process

WSL’VA{J (K (i, 5), x)

WM WE(z)vd

:exp{(AK(MS,S))(Vt ,y X) [ f (Z()O—M)§Z)U( Z)]WM(X)}
— 14+ WM (x)

is bounded by some constant independent of level C. By our assumptions, we then

can conclude from (3.22) that there exists a constant Cy, independent of 7, and

hence also of C, such that |§‘7St'y (s,uy)| < Cy forall s € [t, Ty). It results that

T oy
aey = [ &7 s m)ds
Ty v
:/ v (s uv)ds+/ (s Uus)ds

_/ (s us)ds—i-u(Ty,V Y)
<(ty —)C; +(T —1y)C.

The lower bound can be shown directly. We know that WL is bounded from
below by —1 + s WM (x). As a direct consequence of this, together with o be-
ing bounded from above (this is the only place where we need this additional as-
sumption), it follows that g(s, uy) is bounded from below. Therefore, there exists
a constant C» > 0 such that

u; > —(T —1)Cs.
If we now choose C > C1 Vv C3, (3.26) follows directly.

Step 4. U is continuously differentiable in the space variable. We use here
an auxiliary function g, slightly different from g. A truncation function £ is now
introduced in such a way that we do not bound u, but rather the difference Au [i.e.,
we consider K (Au;, t) instead of Ak (u;, t)]. In terms of the function g, this means
that we work with the function

WL :CH(E) — ' (supp(v))
defined as

fWM(Z)WL(Z)V(dZ)}WM(x)}

WE(x) —exp{K(Au )(x) — [ (M2

— 14+ AWM (x).
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In addition, to ensure that g(z, u;) is differentiable, we assume that ¥ has the fol-
lowing form, with w € [°°(supp(v)):
v(w), if [lwx)| <(T —nC,
o(w, 1)(x), if (T —1)C <|wx)| <K+ (T-1C,
sign(w(x))(K + C(T — 1)),

if lwx)| > K+ (T —1)C
for some fixed constants C, K and a suitable ¢(w,t) € [°°(supp(v)) with
lp(w,1)(x)| < K 4+ (T — t)C, such that k : [*°(supp(v)) x [0, T] — [°°(supp(v))
is differentiable in w with uniformly bounded partial derivative.

Reasoning as in Step 2, it follows that g is Lipschitz-continuous and, therefore,
we may apply Theorem 3.6, which provides a solution i. Let us consider # intro-
duced above, which is bounded due to Step 3. That is, there exists a pair (C, K)
such that ¥ (Auy,t) = Au; and, therefore, g(r, u;) = g(¢,u,;). By uniqueness of
solution, we conclude that it = 7.

Let us now assume that u; € @é(E ). By direct calculation,

K(w,1)(x)=

3 ., J - .
5gy(t, ;) = /(EK(AM,’),)(X)) WE ()v(dx) + k(t, y, W, (Auy )

with WL(x) = WL(x) + 1 — ’):WM(x) and a uniformly bounded k(z,y,
W,%y(Aut’y)). Let us now write

0 0
Y — ~
ayg (t,ut)—/—aw/c(w,z)(x)

d ~
(5Au,,y(x))ny(x)v(dx)

w=Au; y
+k(t, y, WE (Auy )

V
wY,
w=/fy "

=/3%wnm
Jw ’

0 /0yult.y+2) dz

9 y 9 _,
X <5u(z‘, y+ W) - 5u(r, y)> W, (x)v(dx)
—I—k(t, v, W,Ly</ y —u(t,y—l—z)dz))
s 0 dy

0
=9V, —u; .
g( ByMt)

Let us set v;(y) = %ut(y), which belongs to G, (E). We already know that Wl is
uniformly continuous and bounded in (z, y, v;) € [0, T] x E x Cp(E) and, there-
fore, k is uniformly continuous and bounded on this set. On the other hand, taking
into account the definition of &, it follows directly that condition (3.17) is fulfilled
and that

J .
—K(w,l)(X) tV )
ow w=fy " v (y+2)dz
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is uniformly continuous in (¢, y, v;) € [0, T] x E x M. Therefore, all conditions
of Theorem 3.7 are fulfilled and, hence, the solution u to the PDE (3.18) with
boundary condition (3.19) is continuously differentiable in the space variable. []

Having proved the existence of a solution to the partial differential equa-
tion (3.9) with boundary condition (3.10), we are in a position to determine the
triplet (5 , WL, o) which solves equation (2.5). Since # is uniformly bounded, we
directly see that this also holds for ¢. The extra assumption that o™ is bounded
from above is not fulfilled in some examples. We shall indicate later, using the
result of Theorem 3.8, how to proceed in the standard BN-S model without this
assumption and still get a uniformly bounded a .

THEOREM 3.9. Let Assumption 3.1 hold, and further assume that o™ is
uniformly bounded from above on [0,T] x E. Let us assume that the triplet
(¢, WL o) solves equation (2.5) as well as (2.3), with (¢, WX, o%) uniformly
bounded. Then the process Z = (Z;) defined by
_40
~ dP
is the density process of the MEMM.

t

= 8(—[/@0’” —obydy  + (AWM (x) — WE(x)) % (uy — I)y)])
Fi

t

PROOF. To show that Q* is the MEMM, we show that, according to our
approach outlined in Remark 2.8, Q* is an equivalent martingale measure,

I1(0*, P) < o0 and fsi_dS is a true Q-martingale for all Q € M¢ with finite
relative entropy.

1. Q* is an equivalent martingale measure: Let us first show that it is an equiva-
lent probability measure by checking the conditions of Lemma 2.11. We consider
the local martingale N defined by

N = —/AdM + L
(3.27)
— /(GL ~ReMydye + (WE(x) — AWM () * (y — vy).
Since WL, *and WM are bounded, N is locally bounded and due to
WEx) —awM(x) > —1,
we have AN > —1. Moreover, we set
U= %f(oL — oMy ds
+{(1 =2WM(x) + WE(x)) log(1 = AWM (x) + Wl (x))
AWM () — WL(x)} s py.
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Since XWM, Wt e 1°°(supp(v)) N ll(supp(v)) and X, oM and ¢! are all uni-
formly bounded, U has locally integrable variation and its compensator B is also
bounded. Hence, condition (2.7) is naturally fulfilled and, therefore, Q* is an
equivalent probability measure. Finally, Q* is a martingale measure since its den-
sity process can be written as

Z=8<—/de+L>,

where L and [M, L] are locally bounded local P-martingales.
2. 1(Q*, P) < oo: The density Z* = dP may be written as

—exp{c+/ S—dSr},
ti

where c is the normalizing constant. We get

1(Q*, P)=Egp- |:c + ;idst]

i
T _~ o~
= Eo- |:c +f0 oM dt + oM dye) + (WM (x) * (uy — uY))T]

We must therefore show that
P }
3.8 Eg- / P as,| =0,
(3.28) 0 [ ) 5,95
since that implies I (Q*, P) = ¢, which is finite by the previous step. Introducing

(3.29) v = (1 =AWM(x) + WE(x)) * vy,

it follows from Girsanov’s theorem that W™ (x) % (uy — vY ) and [ oMqye

i (oM — oLyaM gt are local Q*- -martingales. In fact, they are true Q*- martlnga—
les since their quadratic variations are Q*-integrable. This follows for the first
term since 1 — AWM (x) + WL (x) is bounded, and W is uniformly bounded and
integrable w.r.t. v. For the second term, it follows from the boundedness of o™
Equation (3.28) follows since the dynamics of S can be written as

dsS;

St—_zathYer(Xtot —olyoMdr +d(WY (x) % (uy —v2)),.

3. f % dS is a true Q-martingale for all Q € M¢ with finite relative entropy. In
preparation for this, let us observe that for any positive constant @ we have

(3.30) E[exp{(a(W" (x))* % uy) ;1] < o0,

T
(3.31) E[exp{a/o (U,M)za’t” < o0.
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The first inequality follows from our assumption concerning W since then

Elexp{(a(WM (x))* % uy) ;)] = exp{((eo‘(WfM(x))2 —1)xvy);} <o0

(see, e.g., [17], Lemma 14.39.1). Inequality (3.31) follows since o
bounded. ~

We have that [ % dS is alocal Q-martingale. It will be a true Q-martingale by

Lemma 2.12 if we can show that, for some ,3 >0,

el [ & asf] -~

We denote k = sup, (9,79 ||¢||oo. Let us take 8 =
inequality and (3.30), (3.31) we get

E[exp{ﬁfOT(g—’_)zd[S]t”
< E[exp{%/oT(atM)zdt - %((WM(X))Z * uy)T}}

< 00. OJ

is uniformly

2k2 By the Cauchy—Schwarz

4. Computing the MEMM in special cases.

4.1. The deterministic volatility case. The purpose of this section is to show
how we can recover some well-known results in our setup. We consider an asset
process

dsS;
Si—

dv, =n"(, Vy)dt,

=M@, Vydt + oM, Vi)dyS +d(WM (-, V_,x) % (uy —vy)),,

fulfilling Assumptions 3.1.

COROLLARY 4.1. Let the bounded function a: [0, T] — R be such that
@.1) (WM () (expl@W™ (x)} — 1)] % vy) . < o0,
and that, for any t € [0, T, the following equation is fulfilled:
“2) !+ h+ fR WM () (exp{d WM ()} = 1) vy (dx) =0.

Then, the MEMM Q% is given by

do* T
d% =exp{c+/ ;)—t_dSt}
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(with normalizing constant c). Its density process can be written as
dQ*

Z;=
dP

= g(/ daM dye + (exp{oWM (x)} — 1) * (uy — uy)> .

Fi t

PROOF. In the deterministic case we have Au = 0, since WV = 0. Hence, we
obtain Wt immediately from (3.3) as
W) =AW (x) — 1+ exp(@W (x)).
Equation (4.2) then follows from equation (3.11) and the definition of a0

REMARK 4.2. Equation (4.2) corresponds to a condition well known in the
literature. For example, equation (3.20) in [7], condition (C) in [14], condition (4.4)
in Theorem B in [11], or equation (4.30) in Theorem 4.3 of [8]. For more references
containing this condition (or an equivalent form of it) we refer to [11].

4.2. The orthogonal volatility case. Let us consider the asset process

ds
o=@ Vodi+ oM@ V) ayy,
l_
dVy=n" (@, Vydt +d(WY (., Vo, x) % py),
fulfilling Assumptions 3.1 so that, in particular,

77M

S

is bounded. Assume that E is compact so that 0¥ is bounded as well. We then get
the following result:
COROLLARY 4.3. The optimal strategy is
(4.3) $=—n.
and the density process of the MEMM is given via
v, Vi + W)
v (t$ Vl‘—)

Wht, V,_,x) = 1,

GL(ts Vf—) = O’

where v is the classical solution of the partial differential equation

0 0 1~
—v(t,y) +n/ —v(t,y) — =x2 @) (. y)
dt dy 2
4.4)

+ /R(v(t, y+ WY (x)) —v(t, y))v(dx) =0,

4.5 v(T,y)=1.
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PRrROOF. Equation (4.3) and ol =0 are direct consequences of WM(x)=0
and equation (3.11). Further, (3.12) leads to

(4.6) Wht, Vi, x) =explu(t, Vi- + WY (x)) —u(t, V,-)} — 1.

We know from Theorem 3.8 that

9 9 1, 5
Eu(r,y)—l—n,‘/@u(t,y)— Ekf (M) +/WL(t,y,x)v(dx)=0,

4.7
u(T,y)=0

has a classical bounded solution %, from which we can determine ($ , WL oL)and
hence the MEMM by Theorem 3.9. Using the transformation v(z, y) = expu(t, y),
we get the linear boundary problem (4.4), (4.5). U

REMARK 4.4. 1. The optimal strategy in this specific case had already been
identified by Grandits and Rheinldnder [16] by a conditioning argument. How-
ever, while the density of the MEMM at a fixed time 7" has a very simple form,
the corresponding density process turns out to have a more complicated structure.
Becherer [2] determines the density process in a model where the volatility process
switches between a finite number of states.

2. The transformation v(¢, y) = expu(t, y) is very useful here since it linearizes
the partial differential equation to (4.4). However, this does not apply to the gen-
eral case when the jump process directly influences the asset process. As can be
seen already in the deterministic volatility case, the exponential element cannot be
linearized in this way.

3. Benth and Meyer-Brandis [6] determined the MEMM for the specific case of
a simplified BN-S model where no jumps occur in the price process, but with o™
possibly unbounded. We need the boundedness of o™ only if we refer to Theo-
rem 3.8 for the existence of the IPDE (4.7). Alternatively, one could directly appeal
to an existence result for the linear IPDE (4.4) and then carry out the relevant ver-
ification steps, imposing analogous conditions as in [6].

4. It follows from (3.29) that the measure vg , where Q is the MEMM, is given
by v? = (WL (x)+ 1) % vy. Since W, is specified by (4.6), in general it is a non-
deterministic process and, in that case, ¥ cannot be an additive process under Q.
We conclude that the MEMM is not in general contained in the class of structure-
preserving martingale measures as considered in [24].

4.3. The Barndorff-Nielsen Shephard model with jumps. In [1] the price
process of a stock S = (S)s¢[0,7] is defined by the exponential exp{X;} with
X = (X;) satisfying

dX,; = (u+ Bo?)dt 4+ o, dYS +d(px * fiy):,
do? = —hopdt +d(x * fiy),,
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where the parameters i, 8, p, A are real constants with A > 0 and p < 0, and where
[ty has compensator Vy := Avy. In addition, Y4 is assumed to be a subordinator
(i.e., with positive increments only) so that we have supp(v) = R;.. It can be easily
shown that the process S may then be written as

ds, ~
S_’ = ( + f(epx — Di(dx) + o (B + %)) di
t_
+0,dYf +d((e” — 1) (iiy — Vy)),.
The process 0,2 is an Ornstein—Uhlenbeck process reverting toward zero and hav-
ing positive jumps given by the subordinator. An explicit representation of it is

given by

t
o? = of exp{—At} +/ exp{—A(t — u)}dYy,.
0

We apply the results of Section 3 and refer for one technical step (regarding the
unboundedness of ™) to [27]. One must pay attention to the fact Ehat we work in
this specific example with the Lévy process ¥ = Y€ + Y¥, where Y¢ =Y. f.

COROLLARY 4.5. In addition to the assumptions above, let us assume
% (A2 -
4.8) / (e T —1)D(dx) < oo.
0
Let ag > 0 be fixed and denote [noting that the integrals are well defined by (4.8)
and p < 0]

~ o~ p [ —1Didx) +ye M (B+1/2)
A=A (y) = e @ — 5D

which we assume to be strictly positive. The MEMM in the case of the BN-S model
is then determined as follows:
Let us denote

o~ _ 2 o~~~ _
gl (t,uy) = %(U,L — Ate l/zmﬁ) + Grrre My

+ f[W,L(y,x) @ T — 1)+ B — 1)),

where WE(y, x) is the solution to

[(ePr — HWE(y, Z)f)(dZ)}(epx _ 1)}

eXp{Aut(y, x) — I:/):t + ye—H

=1—2 " = 1)+ WE(y,x)
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and
Au(y, x) =ult,y +e"x) —u(t, y),
5 _ [ = DW (. 0idx)

(pl‘ - ye_)"t %)
ol — [ =Wy, x)P(dx)
t = Jye— 1/
Then, the classical solution u of the integro-PDE
0
4.9) gu(t,y)Jrgy(t,uz):O
(4.10) w(T,y)=0 VyeE:=[of,00)
determines the MEMM via W™ and o*:
d *
Zt = Q
dP |z

- 3([(—%0_; +olydye + (=xe”* = 1) + WEhx)) * (fiy — f)y)) :
t

As @ is in general not bounded, we may not directly apply Theorem 3.8 to prove

that there exists a classical solution # to the problem (4.9)—(4.10). Resolving this

issue has turned out to be surprisingly technical and has been carried out in [27],

Chapter 6.6. The existence of a solution is there constructed via an Arzela—Ascoli

argument from solutions which live on compact sets (their existence is therefore
guaranteed by Theorem 3.8). Let us summarize this analysis:

THEOREM 4.6 ([27]). Under the assumptions of Corollary 4.5, there exists a
classical solution w of the integro-PDE (4.9), (4.10) such that Au is bounded from
above on [0, T] x E.

PROOF OF COROLLARY 4.5. The IPDE (4.9) with boundary condition (4.10)
can be derived from the results in Section 3 by making the transformation
J2 _ eM Gtz

such that we obtain the dynamics

das PPN
= (e n [ = Dvtdn) + e M5B+ ) )

+ e WDMG ayE +d((e — 1) % (fiy — Dy)),
with

de? =d(e*x * fiy);.
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By Theorem 4.6, we have a classical solution u, with A bounded from above, so
it follows from Lemma 3.3.1 that W is uniformly bounded and integrable w.r.t. v.
Based on this result, we now show that the three conditions of Remark 2.8 are
fulfilled:
1. Q* is an equivalent martingale measure: here we proceed similarly as in
the proof of Theorem 3.9 and concentrate only on verifying the conditions of
Lemma 2.11. Let us consider

U=} [Fords + W)« iy
with
WY ) = (WE ) + 1 =0 = D) log(WH(x) +1 = %(e”* = 1)
+ A" — 1) — Whx).

Since ¢”* — 1 and W are uniformly bounded and integrable w.r.t. v, U has locally
integrable variation, and we get

E[exp[2A(WY (x) * D)1 }] < oo.
Hence (2.7) is fulfilled by the Cauchy—Schwarz inequality if we can show that

E[exp{/oT a,zcrtzdt” < 00.

X L ~
3 =7 — [ (e l)GV;/l (x)v(dx).
il

By definition, we have

Since A is positive and W is bounded, ér is negative for sufficiently large o;_.
Let us introduce o such that for all ¢ € [0, T'] (with the possible exception of a
Lebesgue-zero set)

¢ <0  forallo, >5.

On the other hand, since W,L (x) > —1 4 A (eP* — 1), q/b\; is bounded from below
with

3> — f(e”* —1)(—1 +)2»,(er —1))v(dx)

o;_
1 j
—‘(“z)‘at—z_

s _pA e = 1)bx) +ol (B+1/2)
a o2 + [(eP —1)25(dx) '

because of
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Let us now analyze

E[exp{/oT 6,2012 dt”
T T
=FE [exp{/o l{atgg}fﬁ,zatz dt} exp{/o l{gt>g}$,20t2 dt”.
We have that
exp{/oT 1{(,,5(7}{5,20,2 dt}
is uniformly bounded. Moreover,

T
E[exp{/o I{U,>g}$l20l2 dt ”

is finite due to (i) the fact that for almost all ¢
—~ 1 78
0> > — — ) - —
> ¢ > (,3 + 2) 012

on the set {o; > o} and (ii) condition (4.8), which, according to Benth, Karlsen
and Reikvam ([5], Lemma 3.1), ensures that

T
E[exp{(ﬂ + %)2/ atzdt” < 00.
0
2. I(Q*, P) < oo: We have to show that for 13}9* = (W) +1 = A(er* —
1) x vy,
e =1 *(iy — f)g*) and /adY“ + /(3:0 — oo dt

are true Q*-martingales, that is, their quadratic variations are Q*-integrable. This
follows for the first term from the boundedness of W’ and the integrability of
eP* — 1. For the second term, let us consider

T
EQ*[UMW} ] = EQ*U o}dr]
T 0
It is well known that we may write
T
f oldt=2"11—-e o + (A (1 =T Nx % fiy),.
0
Hence, EQ*[fOT O'tz dt] is finite if Eg«[(x * ﬁg*)T] is finite, which, since WE is

bounded, is equivalent to showing that [ xv(dx) < co. However, this follows from
condition (4.8).
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3.f bii_ dS is a true Q-martingale for all Q € M¢ with finite relative entropy: by

Lemma 2.12, [ 5&_ dS is a true Q-martingale if we can show that, for some y > 0,

ool &)
- E[exp{y /OT Gl dt + (yd* (P — 1) % ﬁy)T”
< 0.
We have
E[exp{(2y$*(e” — 1)* % jiy),}] < 00,

and, for y < Br12 H/ , it follows that

2max¢
T
E[exp{2y/ afalzdt” < 00
0

Therefore, an application of the Cauchy—Schwarz inequality yields

el [ & asnf] -~ :

APPENDIX

PROOF OF LEMMA 3.3. We consider the equation

o= / Jf (@) explk(x) — Bf (x)P}v(dx)

and will show that there exists a unique value ®; € R which solves it. For this
purpose, let us define

HE@) =z / £ explk(x) — BF ()2} v(dx).

Since
P _ _ |0, fx) =0,
lim —feexpl-pf e ={ 0 HZ0
we have lim;_, », H(z) = 0o and, for reasons of symmetry, lim;_, o, H(z) = —00.

Furthermore, H is continuously differentiable with

9
a—ZH(z) =1 +/ﬂf2(x)exp{k(x) — Bf (x)z}v(dx) > 0.
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Therefore, there exists a unique ®; € R such that H(®;) = 0. We can moreover
show that

@< max (expk() [ £,
xesupp(v)
Let us assume that &; > 0. Then, we get

O = f £ 00 explh(x) — B (1) De)v(dx)
< / F @) explh(x) — Bf () PrJv(dx)
{f (x)>0}
< / £ ) explk(o) v (dx)
{f (x)>0}

< max {expk(x)}/{f( )>O}f(x)v(dx)

xesupp(v)

< max (expk() / £ OO v (dx).

xesupp(v)

The lower bound can be shown in exactly the same way.
Let us now define the bounded function

@k (x) :=expfk(x) — Bf (x)Dr}.
As we have
/f(X)<pk(X)V(dx)=/f(X)eXP{k(x)—ﬂf(X)CDk}V(dX)=<I>k,

it follows that
o (x) = exp{k(x) ~preo [ f(Z)fﬂk(Z)V(dZ)},

and, therefore, we conclude that ¢ := ¢y is well defined and bounded. [J

PROOF OF LEMMA 3.5. Since W is bounded on (?bQ(E), we only have to
show local Lipschitz-continuity of W, that is, we have to show that for any ¢ > 0,
there exists a constant L. such that

IWE 1) — WE@) I < Lellvr — v2lloo

for all vy, vy € GbQ (E) with ||lv; — 12|leo < % For that purpose, consider vy + rh,
where vg € C2(E) and h € €2 (E) with [|h]|ec = &, and r € [0, 1].
Let k be bounded from above and define
WM (x)

o () :=exp{k(x) o / WM<z)sok(z)v<dz)}

Q) = / WM ()i (x)v(dx).
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By equation (3.12), we may write

oy = Whuo 4+ rh) —2wM 41

for
k*(r) = Avg+rAh — WM g
and
- A( f(WM(Z))ZV(dZ)> S WM (2)v(dz)
ni=Arll1+ — .
(oM)? (oM)?
The goal is to show that there is a constant C such that, for all r € [0, 1],
Circ
(A.1) lers iy — ek ||| < Cillrhlloo = >

Let us therefore analyze

|(@r* () — r*(0)) (X))
= exp{Avg(x) — WY (x))

w wH
(A.2) x exp{rAh(x) P M()xz)} eXP{ Pre0 Ty M(;)}‘

WM

= expf Avy () = WM ()~ @i - M(;)}
W (x)

X exp{rAh(x) (q)k*(r) q)k*(())) (o2 }— 1‘.

Since vg is uniformly bounded by Q, the first term on the right-hand side is uni-
formly bounded for all x € supp(v). The second term [to be labeled f,(r)] needs
further investigation. For this purpose, let us state the following property of ®:

CLAIM 1. Given two functions ki, ky € [°°(supp(v)) with
{kl(x) < ko(x) Y x e supp(v) s.t. WM (x) <0,
ki(x) > ky(x)  Vxesupp(v)s.t. WM (x) >0,
it follows that ®p, > Py,.

PROOF. Let us assume that ®;, < ®y,. For any x € supp(v), it then follows
that

WM (x)

Pha (¥) = exp{kz(X) —ki(x) — W(q’kz - chl)}

(23] (X)

{ >1,  Vxesupp(v)st. WM(x) <0,
<1, Vxesupp)st. WM (x)>0.
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However, this leads to a contradiction, since then

O, — Dy, = / WM (3) (1, (X) — @t (1)) v(dx) = 0.

Therefore, we must have &y, > ¢y,. [

Let us now fix xo € supp(v) and analyze the term

WM
S0 eXp{rAh(x(’) = (Per) — q’k*(O))(aT())cg)} -1

Obviously, we have fy,(0) = 0. Let us now assess the upper and lower bounds
of fy, for r € [0, 1]. For this purpose, we introduce

kT (r, x) == Avo(x) — WM ()7 + re(Lywm =0y — Liw oy <0p) (X)),
ki(}’, X) = A'U()(X) — WM(X)ﬁ— rC(l{WM(x)>0} — l{WM(x)<0})(X).
We will use in the following the notation
1*()C) = I{WM(x)>0} — I{WM(X)<0}‘
It follows from the claim above that
(A.3) Qi) — P—(0) = Pir(r) — Phr(0) = Pi+(ry) — Prt0)-

Let us now consider in detail the upper bound,

)
qu*(r) - q>k+(0) :‘/0 a(bkwL(s) ds.

Here the existence of the derivative can be guaranteed by an application of the
Implicit Function Theorem for Banach spaces (see, e.g., [28], page 150) to the
equation

M + M( )
d>k+(,):/W (x)exp{k .0~ g d>k+(,)}v(dx)
We have
3 . WM (x) a
a—rq)k+(r) :/WM(X)[CI ()C)— Wa q)k (r)]

. WM (x)
x expik™ (r,x) — © M)Z D+ (v(dx),

: : _ + WM (x)
so we may write [recalling that g+ (x) = exp{k™ (r, x) — )2 D+l

Dy ( T WM )T () gyt ) () (dx) )
or O T T TV (0)2/ (0M)2) gy ()0 (dx)

<c / WM ()l o (X)W (d).
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Since k' (s) is bounded from above, it follows from the definition of P+ (s)
and Lemma 3.3 that ¢+ () is uniformly bounded by some constant K* for any
s € [0, r]. Therefore, it follows that

Dyt — Pr(0) < ch*/ (WM () |v(dx).
Applying the same steps to the lower bound, it follows that
Op-(ry) — Pr—(0) > —ch*/ IWM (x)|v(dx).
Taking into account the inequalities of (A.3), we obtain the following bounds:
exp{reK (x0)} — 1 = fry(r) = exp{—rcK (x0)} - 1
with
W (xo)
(o M)?

Therefore, for r € [0, 1], it follows that

| fx()] <reK ()

with K €1 1(supp(v)), and hence, via (A.1), the Lipschitz-continuity of WL is
shown. [

K(xo):=1+K* /lWM(x)lv(dx).

PROOF OF THEOREM 3.6. Let us fix some u € G, ([0, T] x E) and consider
the PDE

0 d
(A.4) —w(t,z) +b(t,2)—w(t,z) + g%, u;) =0,

ot 0z
(A.5) w(T,z)=h(z) VzeE.

It is straightforward to see that
T 1,2
wie, ) =h(Z) + [ ¢ ) ds
t

solves the boundary problem in the weak sense. Let us introduce the operator
F:Cu([0,T] x E) — Cp([0, T] x E) defined as follows:

T 1,2
(Fu)(t, 2) = h(Z5) + / % (5 uy) ds.
t

We have to prove that F is a contraction on the space C,([0, T] x E). Let us,
for some € R4, consider the norm

lulg:=  sup e PT D, 2)l,
(t,2)€[0,TIxE
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which is equivalent to the supremum-norm ||« ||s,. Due to condition (a-2), we ob-
tain for uy, up € Cp([0, T] x E)

e PT=D)(Fuy)(t, 2) — (Fua)(t, 2)|
1 r 71z Zh.2
/t (g Y (soury) — g% (s,uz,s>)ds

eB(T—1)
1 T Zt,z Z{,Z 7}3(7,7;) ﬂ(Tfs)
Seﬂ(T—t)/ |g s (Saul,S)_g s (S,u2’5)|e e b ds
t

1 T
— B(T—s)
= pa—n Ll 142”/6/[ e ds

< Ly —
= Slur —u
B B
forall t € [0, T] and z € E. Thus,
L
|(Fu)(t,z) — (Fu)(t,2)llg < E”MI_MZH/S,

and F is a contraction on the normed space (Cp([0, T] x E), || - ||g) with B > L.
Therefore, there exists a unique fixed point u € G, ([0, T] x E) which satisfies the
PDE (3.15)-(3.16) in the weak sense. [

PROOF OF THEOREM 3.7. Let us analyze the operator G: Cr(0, T x E) —>
Cp([0, T] x E), defined by

(Gu)(t,7) = —h(z”)+f( Z”)Az?z(s,vs)ds.

Let us first discuss 7 Z’ %, which is well defined by Protter [25], Theorem V.39.
Differentiating (3. 14) we get

_1—1—/( Z”)azmb(u Zl¥ du.

By Gronwall’s lemma, we can directly conclude that aa_zZ 2 is uniformly bounded,

the bound being denoted by L. Analogously, let us denote Ly, := ||A/ || 0o.
Let us now discuss, for v € C,([0, T] x E),

e PTD(Gu) (1, 2)

< e—ﬁ(T—t)(

0 1.z /71,2 T1a t,z])aZb*
2 W [z 87 sl ds

T
<M T0Ly (Lt [ Wluslos + Ky P T0eHT0 as )
t

L
||v||5 +LzKT+ LzLy,.
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Hence, for B =2LzL and N :={v € Cy([0,T] x E)| |[vllg <2Lz(KT + L)},
G maps N into N. Using the Arzela—Ascoli theorem, one can show that G isa
compact operator on N. By Schauder’s Fixed Point Theorem, we conclude that
G:N — N has at least one fixed point v. Let us assume that u € C»([0, T] X E)
is differentiable in the space variable. Hence,

0 0 tz T/9 tz 7l
8—Z(Fu)(t,z)=8—zh(ZT )+ t 8_ZZS g% (s,us)ds

(&2
= ( 8—ZM>(I,Z).

Let us now consider the primitive with respect to z € E of v, denoted z. We may
write

YA

i(Fﬁ)(t, z7)= (éﬁ)(t, 2)=0(t,27) = iﬁ(t, 2).
9z 0z

It therefore follows that the function & may be written as
u(t,z) = (Fu)(t,2) + C(t)

with function C:[0, T] — R. On the other hand, we know by Theorem 3.6 that
there exists a unique fixed point of operator F in G, ([0, T] x E). Hence, choosing
C =0, it follows that u is uniquely defined. We have therefore shown that there
exists a unique classical solution to the boundary problem (3.15)—(3.16). [
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