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Abstract
In this paper, we are concerned with a nonlinear coupled viscoelastic wave equations
with initial-boundary value conditions and nonlinear damping and source terms.
Under suitable assumptions on relaxation functions, damping terms, and source
terms, by using the energy method we proved a global nonexistence result for
certain solutions with negative initial energy.
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1 Introduction
In this paper, we study the following initial-boundary value coupled viscoelastic problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|ut|jutt –�utt – div(|∇u|α–∇u) –�u +
∫ t
 g(t – s)�uds

+ |ut|m–ut = f(u, v), (x, t) ∈ � × (,T),
|vt|jvtt –�vtt – div(|∇v|β–∇v) –�v +

∫ t
 h(t – s)�vds

+ |vt|r–vt = f(u, v), (x, t) ∈ � × (,T),
u(x, t) = v(x, t) = , (x, t) ∈ ∂� × (,T),
u(x, ) = u(x), ut(x, ) = u(x), x ∈ �,
v(x, ) = v(x), vt(x, ) = v(x), x ∈ �,

(.)

where � is a bounded domain in Rn with smooth boundary ∂�, the constants j > , α ≥ ,
β ≥ ,m ≥ , r ≥ , the nonlinear functions f(u, v) and f(u, v) are

f(u, v) = a|u + v|(p+)(u + v) + b|u|pu|v|p+,
f(u, v) = a|u + v|(p+)(u + v) + b|u|p+|v|pv,

in which the constants a > , b > , and p satisfies
{
p > –, n = , ,
– < p≤ –n

n– , n≥ .

The pioneering work of Dafermos [] studied a one-dimensional viscoelastic problem,
established some existence and asymptotic stability results for smoothmonotone decreas-
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ing relaxation functions. Hrusa [] established several global existence and asymptotic sta-
bility results for a semilinear hyperbolic Volterra equation which allows the initial data to
be large. Muñoz Rivera [] considered equations for linear isotropic viscoelastic solids of
integral type, and established exponential decay and polynomial decay in a bounded do-
main and in the whole space, respectively. After that, many results of existence and long-
term behavior have been established. Messaoudi [] considered a nonlinear viscoelastic
wave equation with source and damping terms of the form

utt –�u +
∫ t


g(t – s)�u(s)ds + ut|ut|m– = u|u|p–. (.)

He established blow-up result for solutions with negative initial energy and m < p, and
gave a global existence result for arbitrary initial (in the appropriate space) if m ≥ p. This
work was later improved by Messaoudi [].
Cavalcanti and Oquendo [] discussed the equation

utt – k�u +
∫ t


div

[
a(x)g(t – τ )∇u(τ )

]
dτ + b(x)h(ut) + f (u) = , (.)

under some conditions on the relaxation function g and a(x) + b(x) ≥ δ > . They proved
an exponential stability result when the relaxation function g is decaying exponentially
and the function h is linear and a polynomial stability when g is decaying polynomially
and h is nonlinear.
Cavalcanti et al. [] discussed the wave equation

utt –�u +
∫ t


g(t – τ )div

[
a(x)∇u(τ )

]
dτ + b(x)f (ut) =  (.)

on a compact Riemannian manifold (M,g) subject to a combination of locally distributed
viscoelastic and frictional dissipations. It is shown that the solutions decay according to
the law dictated by the decay rates corresponding to the slowest damping.
Muñoz Rivera and Naso [] studied a viscoelastic systems with nondissipative kernels

and showed that if the kernel function decays exponentially to zero, then the solution
decays exponentially to zero.On the other hand, if the kernel function decays polynomially
as t–p, then the corresponding solution also decays polynomially to zerowith the same rate
of decay.
Wang andWang [] studied a one-dimensional wave equationwith viscoelastic damping

under the Dirichlet boundary condition, where the kernel was taken for the finite sum of
exponential polynomials. Using the asymptotic analysis technique, the authors proved an
exponential stability result. Zhao and Wang [] considered a coupled system of an ODE
and a wave equation with Kelvin-Voigt damping, where the velocity of the wave equation
entered the ODE and the output was fed into the boundary of the wave equation. They
presented the asymptotic expressions of eigenvalues and eigenfunctions and established
the exponential stability result.
Cavalcanti et al. [] discussed a quasilinear initial-boundary value problem:

|ut|ρutt –�u –�utt +
∫ t


g(t – s)�u(τ )dτ – γ�ut = bu|u|p–, (.)

http://www.boundaryvalueproblems.com/content/2014/1/250
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with Dirichlet boundary condition, where ρ > , γ ≥ , p ≥ , b = . An exponential decay
result for γ >  and b =  has been obtained. For γ =  and b > , Messaoudi and Tatar
[, ] showed that there exists an appropriate set, called stable set, such that if the initial
data are in stable set, the solution continues to live there forever, and the solution goes
to zero with an exponential or polynomial rate depending on the decay rate of relaxation
function.
Pata [] studied the abstract integrodifferential equations

utt + αAu + βut –
∫ t


g(τ )Au(t – τ )dτ = , (.)

for α > , β ≥ , g is a positive summable kernel,H be a real Hilbert space and the operator
A : D(A) → H be a self-adjoint linear positive definite operator with domain D(A) ⊂ H
such that the embedding is dense and compact. He introduced some new concepts such
as the flatness of a kernel and gave the asymptotic result.
Lasiecka et al. [] discussed (.) with α = , β =  with memory kernel satisfying the

inequality g ′ + H(g) ≤ , s ≥  where H(s) is a given continuous positive increasing and
convex function such that H() = . They developed an intrinsic method for determining
decay rates of the energy given in terms of the function H(s).
Han and Wang [] studied the following initial-boundary value problem for a coupled

system of nonlinear viscoelastic equations:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

utt –�u +
∫ t
 g(t – τ )�u(τ )dτ + |ut|m–ut = f(u, v), (x, t) ∈ � × (,T),

vtt –�v +
∫ t
 g(t – τ )�v(τ )dτ + |vt|m–vt = f(u, v), (x, t) ∈ � × (,T),

u = v = , (x, t) ∈ ∂� × (,T),
u(x, ) = u(x), ut(x, ) = u(x), x ∈ �,
v(x, ) = v(x), vt(x, ) = v(x), x ∈ �.

(.)

Local existence, global existence, uniqueness, and blow-up in finite time were obtained
when f, f, g, g, and the initial values satisfy some conditions.
Messaoudi and Said-Houari [] dealt with the problem (.) and proved a global nonex-

istence of solutions for a large class of initial data for which the initial energy takes positive
values. Also, Said-Houari et al. [] discussed (.) and proved a general decay result.
Liu [] considered the following initial-boundary value problem for a coupled system

of quasilinear viscoelastic equations:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

|ut|ρutt –�u – c�utt +
∫ t
 g(t – τ )�u(τ )dτ + f (u, v) = , (x, t) ∈ � × (,∞),

|vt|ρvtt –�v – c�vtt +
∫ t
 g(t – τ )�v(τ )dτ + k(u, v) = , (x, t) ∈ � × (,∞),

u = v = , (x, t) ∈ ∂� × (,∞),
u(x, ) = u(x), ut(x, ) = u(x), x ∈ �,
v(x, ) = v(x), vt(x, ) = v(x), x ∈ �.

(.)

The author used perturbed energy method to show that dissipations given by the vis-
coelastic terms are strong enough to ensure the decay of the corresponding energy func-
tion.
Our purpose in this paper is to give the global nonexistence of solutions for coupled

viscoelastic equations with damping and source terms by using the energy method.
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The present work is organized as follows. In Section , we give some notations and ma-
terial needed for this work. Section  contains the main result and the proof of the global
nonexistence result.

2 Preliminary
In this section, we give some notations and material needed for the proof of our result.
We shall write ‖ · ‖p to denote the usual Lp(�) norm ‖ · ‖Lp(�) and ‖ · ‖ to denote the

usual L(�) norm ‖ · ‖L(�).
First, we make the following assumptions on the C-nonnegative and nonincreasing re-

laxation functions g and h:

 –
∫ ∞


g(s)ds = l > ,  –

∫ ∞


h(s)ds = k > . (.)

One can easily verify for (ξ ,η) ∈ R,

ξ f(ξ ,η) + ηf(ξ ,η) = (p + )F(ξ ,η),

F(ξ ,η) =


(p + )
[
a|ξ + η|(p+)(ξ + η) + b|ξη|p+]

and

f(ξ ,η) =
∂F(ξ ,η)

∂ξ
, f(ξ ,η) =

∂F(ξ ,η)
∂η

.

Define

(φ ◦ ψ)(t) :=
∫ t


φ(t – τ )

∫

�

∣
∣ψ(t) –ψ(τ )

∣
∣ dxdτ

and

E(t) :=


j + 
(‖ut‖j+j+ + ‖vt‖j+j+

)
+


(‖∇ut‖ + ‖∇vt‖

)

+



(

 –
∫ t


g(s)ds

)

‖∇u‖ + 


(

 –
∫ t


h(s)ds

)

‖∇v‖

–
∫

�

F(u, v)dx +


(g ◦ ∇u + h ◦ ∇v) +


α

‖∇u‖α
α +


β

‖∇v‖β

β . (.)

3 Global nonexistence result
In this section, we give the global nonexistence result and its proof.

Theorem . Assume that

max {j + ,m + , r + } < (p + ), E() < ,

and there exists constant γ such that

max{α,β} < γ < (p + )

http://www.boundaryvalueproblems.com/content/2014/1/250
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and

min{l,k} > /(γ )
(γ /) –  + /(γ )

.

Then any solution of (.) cannot exist for all time.

Proof By multiplying the first and second equation of (.) by ut and vt , respectively, inte-
grating over � and summing them up, we obtain

d
dt

E(t) = –
(‖ut‖m+

m+ + ‖vt‖r+r+
)
+


(
g ′ ◦ ∇u + h′ ◦ ∇v

)

–


(
g(t)‖∇u‖ + h(t)‖∇v‖).

Define

H(t) := –E(t),

then

 <H()≤ H(t) ≤
∫

�

F(u, v)dx≤ C

(p + )
(‖u‖(p+)(p+) + ‖v‖(p+)(p+)

)
. (.)

Throughout, C and Ci represent generic positive constants.
Define

�(t) :=H–δ(t) +
ε

j + 

∫

�

(|ut|jutu + |vt|jvtv
)
dx – ε

∫

�

(�uut +�vvt)dx,

where ε is a positive constant to be determined, and

 < δ

≤ min

{
(p + ) – (j + )
(j + )(p + )

,
(p + ) – (m + )

m(p + )
,
(p + ) – (r + )

r(p + )
,
α – 
α

,
β – 
β

}

. (.)

By differentiation, we obtain

�′(t) = ( – δ)H–δ(t)H ′(t) + ε

∫

�

[
(|ut|juttu + |vt|jvttv

)
+


j + 

(|ut|j+ + |vt|j+
)
]

dx

+ ε
(‖∇ut‖ + ‖∇vt‖

)
– ε

∫

�

(u�utt + v�vtt)dx

= ( – δ)H–δ(t)H ′(t) +
ε

j + 
(‖ut‖j+j+ + ‖vt‖j+j+

)

– ε

∫

�

(|ut|m–utu + |vt|r–vtv
)
dx + ε

(‖∇ut‖ + ‖∇vt‖
)

– ε
(‖∇u‖ + ‖∇v‖) – ε

(‖∇u‖α
α + ‖∇v‖β

β

)
+ ε(p + )

∫

�

F(u, v)dx

+ ε

(∫ t


g(s)ds

)

‖∇u‖ + ε

(∫ t


h(s)ds

)

‖∇v‖

http://www.boundaryvalueproblems.com/content/2014/1/250
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+ ε

∫ t


g(t – s)

∫

�

∇u(t)
[∇u(s) –∇u(t)

]
dxds

+ ε

∫ t


h(t – s)

∫

�

∇v(t)
[∇v(s) –∇v(t)

]
dxds.

Using Hölder’s inequality and Young’s inequality, we get

∫ t


g(t – s)

∫

�

∇u(t)
[∇u(s) –∇u(t)

]
dxds

≤
∫ t


g(t – s)

∥
∥∇u(t)

∥
∥
∥
∥∇u(s) –∇u(t)

∥
∥ds

≤ λ(g ◦ ∇u) +

λ

(∫ t


g(s)ds

)

‖∇u‖,
∫ t


h(t – s)

∫

�

∇v(t)
[∇v(s) –∇v(t)

]
dxds

≤
∫ t


h(t – s)

∥
∥∇v(t)

∥
∥
∥
∥∇v(s) –∇v(t)

∥
∥ds

≤ λ(h ◦ ∇v) +

λ

(∫ t


h(s)ds

)

‖∇v‖,

for  < λ < γ

 , thus

�′(t) ≥ ( – δ)H–δ(t)H ′(t) + ε

(


j + 
+

γ

j + 

)
(‖ut‖j+j+ + ‖vt‖j+j+

)

– ε

∫

�

(|ut|m–utu + |vt|r–vtv
)
dx + ε

(

 +
γ



)
(‖∇ut‖ + ‖∇vt‖

)

+ γ εH(t) + ε
(
(p + ) – γ

)
∫

�

F(u, v)dx

+ ε

[(
γ


– 

)

–
(

γ


–  +


λ

)∫ ∞


g(s)ds

]

‖∇u‖

+ ε

[(
γ


– 

)

–
(

γ


–  +


λ

)∫ ∞


h(s)ds

]

‖∇v‖

+ ε

(
γ


– λ

)

(g ◦ ∇u + h ◦ ∇v) + ε

(
γ

α
– 

)

‖∇u‖α
α + ε

(
γ

β
– 

)

‖∇v‖β

β . (.)

By Young’s inequality, we get

∫

�

|ut|m–utudx ≤ δm+


m + 
‖u‖m+

m+ +
mδ

–m+
m


m + 

‖ut‖m+
m+

≤ δm+


m + 
‖u‖m+

m+ +
mδ

–m+
m


m + 

H ′(t) (.)

and

∫

�

|vt|r–vtvdx≤ δr+
r + 

‖v‖r+r+ +
rδ–

r+
r


r + 

‖vt‖r+r+ ≤ δr+
r + 

‖v‖r+r+ +
rδ–

r+
r


r + 

H ′(t). (.)

http://www.boundaryvalueproblems.com/content/2014/1/250
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Set

δ
–m+

m
 =MH–δ , δ

– r+
r

 =MH–δ ,

in whichM andM will be specified later, and γ obeys

min

{
γ

α
– ,

γ

β
– 

}

> 

and

 +
γ


> .

Then due to (.), we get

δm+
 =M–m

 Hmδ ≤ M–m
 Cmδ


((p + ))mδ

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)mδ (.)

and

δr+ =M–r
 Hrδ ≤ M–r

 Crδ


((p + ))rδ
(‖u‖(p+)(p+) + ‖v‖(p+)(p+)

)rδ . (.)

Since L(p+)(�) ↪→ Lm+(�), L(p+)(�) ↪→ Lr+(�), we have

‖u‖m+
m+ ≤ C‖u‖m+

(p+), ‖v‖r+r+ ≤ C‖v‖r+(p+),

thus

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)mδ‖u‖m+

m+ ≤ C
(‖u‖(p+)(p+) + ‖v‖(p+)(p+)

)mδ+ m+
(p+) (.)

and

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)rδ‖v‖r+r+ ≤ C

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)rδ+ r+

(p+) . (.)

Using (.) and the following inequality:

zν ≤ z +  ≤
(

 +

a

)

(z + a), ∀z ≥ , < ν ≤ ,

we obtain, for t ≥ ,

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)mδ+ m+

(p+) ≤ d
(‖u‖(p+)(p+) + ‖v‖(p+)(p+) +H()

)

≤ d
(‖u‖(p+)(p+) + ‖v‖(p+)(p+) +H(t)

)
(.)

and

(‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)rδ+ r+

(p+) ≤ d
(‖u‖(p+)(p+) + ‖v‖(p+)(p+) +H(t)

)
, (.)

for d =  + 
H() .

http://www.boundaryvalueproblems.com/content/2014/1/250
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By (.)-(.) we have

�′(t) ≥ ( – δ –Mε)H–δ(t)H ′(t) + ε

(


j + 
+

γ

j + 

)
(‖ut‖j+j+ + ‖vt‖j+j+

)

+ (γ –K)εH(t) + εK
(‖∇u‖α

α + ‖∇v‖β

β

)
+ εK

(‖∇u‖ + ‖∇v‖)

+ ε

(
γ


– λ

)

(g ◦ ∇u + h ◦ ∇v) + ε

(

 +
γ



)
(‖∇ut‖ + ‖∇vt‖

)

+ ε

(
((p + ) – γ )C

(p + )
–K

)
(‖u‖(p+)(p+) + ‖v‖(p+)(p+)

)
,

where

M =
Mm
m + 

+
Mr
r + 

,

K =
M–m

 Cmδ
 Cd

(m + )((p + ))mδ
+

M–r
 Crδ

 Cd
(r + )((p + ))rδ

,

K = min

{
γ

α
– ,

γ

β
– 

}

and

K =
(

γ


– 

)

–
(

γ


–  +


λ

)

max

(∫ ∞


g(s)ds,

∫ ∞


h(s)ds

)

.

ChooseM,M large enough such that

γ –K > ,
((p + ) – γ )C

(p + )
–K > .

For fixedM andM, we choose ε >  small enough such that

 – δ –Mε ≥ .

Then we can find positive constants a and a such that

�′(t) ≥ ( – δ –Mε)H–δ(t)H ′(t) + ε

(


j + 
+

γ

j + 

)
(‖ut‖j+j+ + ‖vt‖j+j+

)

+ εK
(‖∇u‖α

α + ‖∇v‖β

β

)
+ ε

(

 +
γ



)
(‖∇ut‖ + ‖∇vt‖

)

+ εaH(t) + εa
(‖u‖(p+)(p+) + ‖v‖(p+)(p+)

) ≥ .

Because of H ′(t) ≥ , there exists constant � >  such that

�′(t) ≥ �
(
H(t) + ‖ut‖j+j+ + ‖vt‖j+j+ + ‖∇u‖α

α + ‖∇v‖β

β

+ ‖∇ut‖ + ‖∇vt‖ + ‖u‖(p+)(p+) + ‖v‖(p+)(p+)
) ≥ . (.)

On the other hand, we can choose ε even smaller so that

�() =H–δ() + ε

∫

�

(uu + vv)dx > . (.)

http://www.boundaryvalueproblems.com/content/2014/1/250
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Furthermore, we have

�(t) ≥ �(), t ≥ . (.)

Next we estimate �


–δ (t).
We have

�


–δ (t)

=
(

H–δ(t) +
ε

j + 

∫

�

(|ut|jutu + |vt|jvtv
)
dx – ε

∫

�

(�uut +�vvt)dx
) 

–δ

≤ C
(

H(t) +
∣
∣
∣
∣

ε

j + 

∫

�

(|ut|jutu + |vt|jvtv
)
dx – ε

∫

�

(�uut +�vvt)dx
∣
∣
∣
∣


–δ

)

. (.)

By Hölder’s inequality, the Sobolev embedding theorem, and Young’s inequality, we get

∣
∣
∣
∣

ε

j + 

∫

�

(|ut|jutu + |vt|jvtv
)
dx – ε

∫

�

(�uut +�vvt)dx
∣
∣
∣
∣


–δ

≤ C
(‖u‖ 

–δ ‖ut‖
j+
–δ + ‖v‖ 

–δ ‖vt‖
j+
–δ + ‖∇u‖ 

–δ ‖∇ut‖ 
–δ + ‖∇v‖ 

–δ ‖∇vt‖ 
–δ

)

≤ C
(‖u‖ s

–δ

(p+) + ‖ut‖
(j+)τ
–δ

j+ + ‖v‖ s
–δ

(p+) + ‖vt‖
(j+)τ
–δ

j+ + ‖∇u‖ λ
–δ
α

+ ‖∇ut‖ μ
–δ + ‖∇v‖ λ

–δ
β + ‖∇vt‖ μ

–δ
)
,

where


s
+

τ
= ,


λ
+


μ

= .

Set

(j + )τ
 – δ

= j + , μ = ( – δ),

thus

s
 – δ

=
j + 

 – (j + )δ
,

λ

 – δ
=


 – δ

.

Furthermore, we have

‖u‖
j+

–(j+)δ
(p+) ≤ d

(‖u‖(p+)(p+) +H(t)
)
,

‖v‖
j+

–(j+)δ
(p+) ≤ d

(‖v‖(p+)(p+) +H(t)
)
,

‖∇u‖ 
–δ
α ≤ d

(‖∇u‖α
α +H(t)

)
,

‖∇v‖ 
–δ
β ≤ d

(‖∇v‖β

β +H(t)
)
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and

∣
∣
∣
∣

ε

j + 

∫

�

(|ut|jutu + |vt|jvtv
)
dx – ε

∫

�

(�uut +�vvt)dx
∣
∣
∣
∣


–δ

≤ C
(
H(t) + ‖ut‖j+j+ + ‖vt‖j+j+ + ‖∇u‖α

α + ‖∇v‖β

β + ‖∇ut‖ + ‖∇vt‖

+ ‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)
.

Thus we obtain

�


–δ (t) ≤ C
(
H(t) + ‖ut‖j+j+ + ‖vt‖j+j+ + ‖∇u‖α

α + ‖∇v‖β

β

+ ‖∇ut‖ + ‖∇vt‖ + ‖u‖(p+)(p+) + ‖v‖(p+)(p+)
)
. (.)

A combination of (.) and (.) yields

�′(t) ≥ ζ�


–δ (t),

where ζ is some positive constant. A simple integration gives

�δ/(–δ) ≥ 
�–δ/(–δ)() – ζδt

–δ

.

Thus H(t) blows up in a finite time, and the estimation of the blow-up time T∗ obeys

T∗ ≤  – δ

ζ δ�δ/(–δ)()
.

This completes the proof of Theorem .. �
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