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1 Introduction
In this paper, we will analysis the convergence of iterative learning control initial state
error of the following fractional system:

‘D¢x(t) = Ax(t) + Bu(t), te]=][0,b],
%(0) = xo, 1)

where D¢ denotes the Caputo fractional derivative of order o, 0 < @ < 1. A,B,C € R,
u(t) is a control vector.

Iterative learning control (ILC) was shown by Uchiyama in 1978 (in Japanese), but only
few people noticed it, Arimoto et al. developed the ILC idea and studied the effective
algorithm until 1984, they made it to be the iterative learning control theory, more and
more people paid attention to it.

The fractional calculus and fractional difference equations have attracted lots of authors
during in the past years, they published some outstanding work [1-12], because they de-
scribed many phenomena in engineering, physics, science, and controllability. The work
of fractional order systems in iterative learning control appeared in 2001, and extensive
attention has been paid to this field and great progress has been made in the following 15
years [13—19], many fractional nonlinear systems were researched [20—23]. To our knowl-
edge, it has not been studied very extensively. In the study of iterative control theory, as-
sume that the initial state of each run is on the desired trajectory, however, the actual
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operation often causes some error from the iterative initial state to the desired trajectory,
so we consider the system (1) and study the convergence of the learning law.

Motivated by the above mentioned works, the rest of this paper is organized as follows:
In Section 2, we will show some definitions and preliminaries which will be used in the
following parts. In Sections 3 and 4, we give some results for P-type ILC for some fractional
system. In Section 5, some simulation examples are given to illustrate our main results.

In this paper, the norm for the n-dimensional vector w = (wy, wy,...,w,) is defined as
[lw|l = max;<;<, |[w;|, and the A-norm is defined as |x||, = supte[O,T]{e’”|x(t)|}, A>0.

2 Some preliminaries for some fractional system
In this section, we will give some definitions and preliminaries which will be used in the

paper, for more information, one can see [1-4].
Definition 2.1 The integral

1

IO =1

/t(t —8)* 7 f(s)ds, a>0,
0

is called the Riemann-Liouville fractional integral of order o, where I' is the gamma func-
tion.

For a function f(¢) given in the interval [0, 00), the expression
1 a\" [*
LDot H=—— (= / t— n—a-1 dt,
0= roma ) | e

where n = [a] +1, [«] denotes the integer part of number «, is called the Riemann-Liouville
fractional derivative of order « > 0.

Definition 2.2 Caputo’s derivative for a function f : [0,00) — R can be written as

n-1 i
“Dif () ="Df [f(t) -3 ,t(—f“(m}, n=la]+1,
k=0

where [«] denotes the integer part of real number .

Definition 2.3 The definition of the two-parameter function of the Mittag-Leffler type is
described by

[o¢] k

z
E, = _, 0, 0, C,
£(2) ;F(ak+ﬁ) a>0,8>0,z¢€

if B =1, we get the Mittag-Leftler function of one parameter,

B9 = 2 ek

Now, according to [24-29], we shall give the following lemma.
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Lemma 2.4 The general solution of equation (1) is given by

x(t) = Sy 1(A, t)xo + /tSa,a (A, t —s)Bu(s) ds, (2)
0

o Aktak+ﬁ—1

SapAt) =) NPT

k=0
Lemma 2.5 From Definition 2.4 in [30], we know that the operators Sy 1(¢), Su,o(£), Su.a-1(£)
are exponentially bounded, there is a constant Cy = é, C = $||A|| ITT‘X, C = é IIAl ZTT‘X, ey (t) =

SAIFE A = e (B),
”Sa,l(A’ t) H E COeoz(t)’ ||Sa,oz(A! t) || 5 Clea(t)' (3)

3 Open and closed-loop case
In this section, we consider the following fractional equation: k = 0,1,2,3,...,

(4)

DY xi(t) = Axi(2) + Bug(t), te]=1[0,b],
Yr(t) = Cxp(2).

For equation (4), we apply the following open and closed-loop P-type ILC algorithm,
t€0,b]:

i (t) = ur(£) + Lieg(t) + Loega(2), (5)

where L;, L, are the parameters which will be determined, ex = y,(t) — y«(t), ya(t) are the
given functions. The initial state of each iterative learning is

%k+1(0) = x4 (0) + BLyex(2). (6)

We make the following assumptions:

(H1): 1-A"'CM| C||IL2B] > 0,
. H=CSq(A8)BLyI+A~LCIMIICILILL B
(H2): 15 IO MICTIL2BI <l

Theorem 3.1 Assume that the open and closed-loop P-type ILC algorithm (5) is used, (H1)
and (H2) hold, let yi(-) be the output of equation (4), if the initial state of each iterative
learning satisfy (6), limy_, |lexll, =0, €.

Proof According to (2), (5), and (6), we know

xk+1(t) = Sat,l(Av t)xk+1(0) + /(; Sot,ot (A: t— S)Buk+l(s) ds
= a,l(Av t) (xk(o) + BLlek(t))
+ /t Saa(A - s)B(uk(s) + Lieg(s) + Lzek+1(s)) ds
0

t
— i (8) + Sua(A DBLiec(8) + / Suw(A, £ —5)BLex(s) ds
0

t
+ / Sea(A, t —8)BLyey,1(s) ds,
0
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so the (k + 1)th iterative error is
ers1(t) = ya(t) — Cxpia ()
t
=y4(t) - C<xk(t) +S8¢,1(A, £)BL1e () + f Sea(A,t —s)BLyex(s) ds
0
t
+ / Sea(A,t —s)BLyey1(s) dS)
0
t
=e(t)-C (Soz,l(A: £)BLyex(t) + / Sea(A,t —5)BLyex(s) ds
0
t
+ f Saa(A, t —8)BLyeg,1(s) ds)
0
t
= (I — CS41(A, )BLy )ex(t) - C/ Sea(A,t —5)BLyex(s) ds
0
t
~C [ Suuldt-BLacra(5)ds %
0
take the norm of (7),
lexa(®]| < || = CSa1(A, 6)BL: ||| ex(®) |
t
“icl [ |G @l 1EL o) ds
0
t
“1Cl [ [Cie 0 1Bl fera(9)] ds ®)
0
take the A-norm of (8),
lexlls < |1 - CSan(A, )BLy | llell:
t
+ sup e M||CCiBL| / |ea(9)]| | ex(s)]| ds
te[0,T] 0
t
+ sup e 1Cl [ [Crea(9)| 8L eca)] ds
te[0,T] 0
< |1 - CSan(A, )BLy | llell:
t
+ sup e *||CCBL|| / | ea(s)]| €™ dsllex].
te[0,T] 0
t
+ sup e 1cl [ |Cueu 0| IBLale” dslecal, ©)
te[0,T] 0
if 1-A7'CM||C|||IL2B]| > 0,
1 = CSy1(A, ©)BLy || + A CLM|| Cl | Ly B|
w1l = : ) 10
llexsalln < 1= A 1CMIClILBI llexll (10)
let ”I_CS‘”'ll(f)’f,){sg g;/;nlgiﬁgfucuusu <1, (10) is a contraction mapping, and it follows from the
contraction mapping that limy_,  [lex|l; = 0, ¢ € J. This completes the proof. O
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Theorem 3.1 implied that the tracking error ex(t) depends on C and x(2), it is also ob-
served for (9) that the boundedness of the parameters C, B, Ly, L; implies the bounded-

ness of the ||ex||,, so Theorem 3.1 indirectly indicated that the output error also depend
n /= CSa,1 (A £)BL1 || +A "L CLM || C||IL1B]|
-1 MICl (L2 Bl

. From the result, we can do a more in-depth discussion.

Corollary 3.2 Suppose that all conditions are the same with Theorem 3.1, limg_, « || exl;. =

0, then
I SMILL G ML |
0= Golll
. <t<b.
lA|«

1=CSq 1 (A£)BLy | +2~ L CI M| C|l|IL1 B <1
12 TCMICIIIL2BIl ’

Proof From Theorem 3.1, the important condition is
which implies that

1- Coea ()IICIILBI + A CMIICIIILBI < 1= 27 CMIIC L2 B,

we can get
In SMILLI+G ML |
ACollLll

- <t<b. 0
A=

4 P-type ILC for some fractional system with random disturbance
In this section, we consider the following fractional equation: k = 0,1,2,3,...,

Dxr(t) = Axr(t) + Buy(t) + wi(t), te]=1[0,b],

(11)
k() = Cxr () + vi(8),

where wy(t), vi () are the random disturbance.
Firstly, we will make some assumptions to be satisfied on the data of our problem:
(H3): |loxllx < e1, Ivklls < &2 for some positive constants &, &,
(H4): p1 = |l + CSu1(A,t)LoBIl = A" G CIIL2BIIM > 0,
P2 = Il = CSua (A, )LiBl + A LI CIH L1 B M.
For equation (11), we choose the following open and closed-loop P-type ILC algorithm,
t€[0,b]:

Ui (t) = ur(£) + Lieg(t) + Loega(2), (12)

where Ly, L, are the parameters which will be determined, e; = y,(¢) — y(t), y4(t) are the
given functions.

Assume that the initial state of each iterative learning is (13), where L;, L, are the pa-
rameters which will be determined. We have

%x41(0) = x(0) + BL1ex(t) + BLyey1(£). (13)
Theorem 4.1 Assume that the hypotheses (H3), (H4) are satisfied, let yi(-) be the output

of equation (2), if 1 — 0 and &y — 0, p1 > pa, the open and closed-loop P-type ILC (12)
guarantees that limy_, |lex|, =0, €.
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Proof According to (2) and assumptions (H2), (H3), we know
t
%1 (£) = Sa1(A, D)xx,1(0) + / Saa(A,t = ) (Butg1(s) + w1 (s)) ds
0
= Su,1(A, 1) (xx(0) + BLiex(t) + BLyeria (t))

+ /t Saa(At— s)B(uk(s) + Lieg(s) + Lzek+1(s)) ds
0

t
+ / Sa,a (A; t— S)a)k+1 (S) ds
0

= x5 (t) + Sy (A, t)BL1eg(t) + Su1 (A, t)BLoer, 1 (t)
¢ ¢
+ / Saa(A,t —s)BLyex(s) ds + / Suu(A,t —s)BLoey,1(s) ds
0 0
t
+ / SO(,O( (A: t— S)wk+l (S) dS;
0
the (k + 1)th iterative error is

ex1(t) = ya(t) — Cxpa (t) — visa (1)
= ya(t) - C<xk(t) + So,1(A, £)BL1ex(t) + Su,1(A, £)BLyey,1(2)
t t
+ / Saa(A, t —s)BLex(s)ds + / Saa(A, t —s)BLyeg,1(s) ds
0 0
t
o [ Seadt=s0a(9) ds) ()
0
= ek(t) - C(Sa,l(Ax t)BLlek(t) + Sa,l(A: t)BL26k+1(t)

t t
+ f Saa(A, t —s)BLex(s)ds + / Saa(A, t —8)BLyei,1(s) ds
0 0

L
+ / Sa,a (A’ t— S)a)k+1(8) ds) - vk+1(t)
0
= (I - CSq1(A, ©)BLy)ex(t) — CSu1(A, t)BLaesa (t)
t t
- C/ Sua(A,t —s)BLiex(s) ds — C/ Saa(A, t —8)BLyey,1(s) ds
0 0
t
c / Sl — S)eopan(s) ds — v (1), (14)
0
Taking the norm of (14), it is easy to obtain
|7+ CSun(A, )L B [[exn (8)

<||I - CSu1(A, )L1B|| | ex(®) | + IIC] /0 [ Crea(s) | IL1BIl || ex(s) || ds

t t
LIl /O |Crew® [ I1L2B1 [ en(s)] ds + 1€ fo |Crea)| [ 0xn ()] ds

+uea®), (15)
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once more using the A-norm, we have

|1 + CSun(A,t)LoB| el

t
< |- CSe1(A, t)L1B| llexll + sup e‘“C1||CIIIIBL1||/ |ea(s)| e dsllexll.
te[0,T] 0

t
+ sup e'“QIICIIIILzBIIf |ea(s) | €™ dsliexllx
te[0,T] 0

’

t
+ sup e Cy|C|| / lea(s)||€™ dsllwrsalls + sup e ||vrsa(2)
te0,T] 0 te[0,T]

invoking (H3) and (H4), if ¢ = A1Ce1M||C|| + &2,
prllersalls < p2llexlls + &, (16)

which implies that

3
llexlls < ,
P1— P2
ife; > 0and ey — 0, ¢ — 0, thus lim_,  |lex|[» = 0, £ € J, and this completes the proof.
O

From Theorem 4.1, on the one hand, the random disturbance makes some impact on the
system (11), & — 0 and &, — 0 imply the impact is very small; on the other hand, p; > p,
for this condition, we illustrate the following corollary.

Corollary 4.2 Suppose that all conditions are the same as Theorem 4.1, limy_, « |lex(£)|; =
0, then t satisfies

am 1-atGICll Lo BIM

In|5&1 In | = —ae |
T < < 1
|IA]l= lA]«

Proof According to (H4), ||I + CS,1(A,t)LyB|| — A72Cy||C||||L2B||IM > 0, then

n |12 GLCILILLBIM
B ICIIZ2B]

1
A=

t

From Theorem 4.1, we know that &, — 0 and ¢, — 0, and the condition is

P2 I = CSe(A, LBl + A GIC I Ly BIM

o M+ CSe1(A,O)LaB) = A1CLIC I L2BIM

)

oM
S I3 | . .
which yields —-2- < ¢, At last, we obtain the estimate
Al
-1
In | SiM In | =2 GLCULBIM

1Co ICIIL2BIl

1 < 1
LAl A=
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5 Simulations
In this section, we will give two simulation examples to demonstrate the validity of the
algorithms.

5.1 P-type ILC with initial state error

D5y (£) = k() + 0.2ux (), te€]=1[0,18],
x(0) = 0.5, 17)
yk(t) = xk(t)r

with the iterative learning control and initial state error

(18)
%r+1(0) = x1(0) + 0.1ex(2).

{ e () = we(8) + 0.5 (2) +0.5ex,1(8),
We set the initial control uy(-) = 0, y4(¢) = 3t>(1 - 5t), t € (0,1.8), and set @ = 0.5, A = 1,
B=02C=05xr=2L =L, =05and Co=2,C =2, A—||Alz =1>0, M~ 6 >0,

-1 ~ I=CSa 1 (AHBL1|+A L CLMICIILLBI . 0.5 s
1-A7CiM| C||||LB| = 0.7 > 0, A A-TCMICTILLBI ~ o3 <1, all conditions of

Theorem 3.1 are satisfied.

The simulation result can be seen from Figure 1 and Figure 2, for the open and closed-
loop P-type ILC system (17), with the increase of the number of iterations, it can track the
desired trajectory gradually by using the algorithm. We do not use the single iteration rate
to get the result, because in the late of the iteration, the output of the system may jump
around the desired trajectory, so we adopt a correction method, that is, when e(k) > 0,
u(k) = u(k) — 0.5 x e(k) or e(k) < 0, u(k) = u(k) + 0.5 x e(k), k is the number of iteration,
the result approaches the desired trajectory stably and quickly, from Figure 2, the tracking
error tends to zero at the 15th iteration, so the iterative learning control is feasible and the
efficiency is high.

10

The output of system

0.5 1 1.5 2

Figure 1 % denotes the desired trajectory, — denotes the output of the system.
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250 T T T

200 b

—_
a
o
T
L

—_
o
o
T
L

The tracking error of system

50 b

0 5 10 15 20
The number of iteration

Figure 2 Number of iterations and tracking error.

5.2 P-type ILC with random disturbance
Consider the following P-type ILC system:

D5y (£) = xx(£) + 0.2ux(2) + 1072, te]=10,1.8],
x(0) = 0.5, (19)
Yi(t) = 0.5x4(£) +10710£2,

with the iterative learning control and initial state error

wier1 (£) = i (2) + ex(t) + 0.5€p,1 (), (20)
%1+1(0) = x(0) + 0.2ex(£) + 0.1ex,1(2).

We set the initial control uo(-) = 0, y4(t) = 5¢t> — ¢, t € (0,1.8), and set @ = 0.5, A = 1,
B=02,C=1,A=2,L;=1,L,=05,and Cy =2, C; =2, p1 ~ 1.65, py ~ 0.65, &, = 107> —
0, &5 = 1071% — 0, all conditions of Theorem 4.1 are satisfied. We also use a correction
method, that is, when e(k) > 0, u(k) = u(k) — m x e(k) or e(k) < 0, u(k) = u(k) + m x e(k),
k is the number of iterations, m is the parameter, we set m = 0.5,0.7,1, and the out-
put of the system is shown in Figure 3, Figure 4, Figure 5. The symbol *xx denotes the
desired trajectory, — denotes the output of the system, the tracking error is shown in
Figure 6, Figure 7, Figure 8, which imply the number of iteration and the tracking er-
ror.

From Figures 3-8 and Table 1, we find the tracking error tends to zero within 7 iter-
ations, so the output of the system can track the desired trajectory almost perfectly. By
comparing three cases, when m = 1, the iteration number is only 2, and the tracking er-
ror is 0.0001, thus the tracking performance is best and improved over the iteration do-

main.
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18

The output of system

0 0.5 1 1.5 2

Figure 3 %% denotes the desired trajectory, — denotes the output of the system.

18

The output of system

—2 ! ! !

t/s

Figure 4 =% denotes the desired trajectory, — denotes the output of the system.
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18

The output of system

0 0.5 1 1.5 2

Figure 5 ##% denotes the desired trajectory, — denotes the output of the system.

The tracking error of system

The number of iteration

Figure 6 Number of iterations and tracking error.
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The tracking error of system

1 1.5 2 2.5 3 3.5 4 4.5 5
The number of iteration

Figure 7 Number of iterations and tracking error.

20

181 :

16} -

14} 1

12t -

10f 1

The tracking error of system

1 1.2 1.4 1.6 1.8 2
The number of iteration

Figure 8 Number of iterations and tracking error.

Table 1 The iteration number and the tracking error and the running time table

m The number of iterations  The tracking error  Run time (second)

05 7 0.002 58.207
07 5 0.0013 50.123
1 2 0.0001 24.844
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