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Abstract

This article presents a new approach of implementing signal direction-of-arrival estimation, in which subarray
beamforming is applied prior to estimation of signal parameters via rotational invariance techniques (ESPRIT).
Different from the previous approaches, the beam-domain data from multiple adjacent pointing angles are
combined in a way that the displacement invariance structure required by ESPRIT is maintained. It is intended to
further obtain a sub-beamwidth resolution for a conventional multi-beam system already having small beamwidths.
Computer simulations show that for typical multi-beam system applications the new approach provides improved
estimation mean-square errors over the original ESPRIT, on top of reduced requirements for signal-to-noise ratio,
number of snapshots, and computational time.
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Introduction
Multi-beam systems are commonly used in various
sonar and radar applications. For example, multi-beam
echo sounder has been a major instrument for mapping
the seafloor. It uses a so-called Mills Cross array config-
uration, installed underneath a survey ship, transmitting
a beam wide perpendicular to the ship’s moving direc-
tion (across-track) and narrow parallel to the ship’s
moving direction (along-track) and forming multiple
receiving beams narrow across-track and relatively wide
along-track [1]. Hence, a strip of bottom points’ across-
track is obtained from one transmission. One major
problem with such a system is that the footprint spreads
wider as the beam is steered away from the broadside
direction; this, added with weakened bottom scattering
strength at small grazing angles, causes serious degrad-
ation in resolution.
In this article, we develop a new approach to obtain

sub-beamwidth resolution by applying high-resolution
signal direction-of-arrival (DOA) estimation in beam do-
main. For the purpose of practical implementation, we
choose estimation of signal parameters via rotational
invariance techniques (ESPRIT) [2] as the method to
be applied. ESPRIT is well known for its high resolu-
tion, computational efficiency, and robustness to array
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imperfections. However, direct application of the ESPRIT
to a multi-beam system can still be quite challenging if
the number of array elements involved is large. Besides,
the estimation performance is often limited by the avail-
able signal-to-noise ratio (SNR) and number of inde-
pendent snapshots.
To achieve a reduction of computation, a so-called

beamspace approach has been developed, which first
projects the original data into a subspace of lower di-
mension (i.e., the beamspace) via non-adaptive beam-
forming and then processes the subspace data using
high-resolution algorithms [3-6]. Because, the dimension
of the beamspace is usually much smaller than that of
the element-space, the computational load is reduced
and the statistical stability in DOA estimation is
improved. Besides, the beamspace approach can sup-
press interfering signals and noises outside the selected
beams, thus increasing the effective SNR for high-
resolution processing.
One of the disadvantages with beamspace processing

is that the performance can be degraded if the beam
transformation is not properly done [4]. In the context
of multi-beam applications previously mentioned, since
the beamwidth is already small, the DOA estimation
performance can be poorer when the source direction is
around the edge of an effective beam. Our method in
this article forms multiple adjacent beams closelyspaced
and combines them in a way that the displacement
invariance structure required by ESPRIT is maintained,
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thus improving robustness to scalloping loss in beam-
forming. Moreover, for the same number of subarrays
implementing beamforming, the number of resolvable
source directions can be more.
The approach here is similar to several later gener-

alizations of the original ESPRIT [7-12], but some ob-
vious differences exist. For example, the multi-
invariance ESPRIT, which applies the original ESPRIT
in parallel to each multiple pair of translated subar-
rays of different displacements, is mostly done on the
element space [7-9]; the new algorithm presented in
Section “Case 2: L>2”, on the other hand, applies the
original ESPRIT to each multiple pair of translated
beam outputs of different pointing angles. The same
concept can also be seen in circular uniform beam
arrays (CUBA)–ESPRIT [10] and reactance-domain
(RD)–ESPRIT [11,12]. CUBA–ESPRIT employs a vir-
tual transformation in beam pattern to apply the
original ESPRIT to a CUBA antenna. RD–ESPRIT
forms a correlation matrix from electronically steer-
able parasitic array radiators antenna’s single output,
by oversampling the output or transmitting the same
signal in sequence, to allow the use of ESPRIT
technique. Both methods employ beamforming on the
entire array, while our approach is used on subarray
and more flexible with varied combinations of differ-
ent subarray configurations and different beampoint-
ing angles.
The rest of the article is organized as follows. In the

following section, we describe the DOA estimation prob-
lem and the original ESPRIT algorithm. We then intro-
duce in Section “ESPRIT applied to multiple-angle
subarray beams” the approach of combining subarray
beams of multiple adjacent point angles prior to ESPRIT
processing; a proof of invariance structure is also pro-
vided. Section “Simulations” presents some simulation
results in comparison with the conventional ESPRIT as
well as the Cramer-Rao bound, and finally the conclusio-
nis given at the end of the article.

Problem statement
Assume that there are K uncorrelated far-field narrow-
band sources impinging on a linear array of M equally
spaced sensors with sensor spacing d less than or equal
to half wavelength. The M � 1 received signal vector can
be expressed as

x tð Þ ¼ As tð Þ þ n tð Þ ð1Þ

where s tð Þ ¼ s1 tð Þ ⋯ sK tð Þ½ �T , sk tð Þ is the incident

signal from the k th source, �ð ÞT denotes the transpose,
A ¼ a θ1ð Þ ⋯ a θKð Þ½ � , a θkð Þ is the array manifold
vector, θk denotes the signal arriving direction of the
k th source, and n tð Þ denotes the noise vector. For plane
wave propagation, we have

a θkð Þ ¼ 1; ej2πd sinθk=λ;⋯; ej2π M�1ð Þd sinθk=λ
h iT

ð2Þ

where λ is the wavelength. Suppose that the noise is
zero-mean white Gaussian with variance σ2n and uncor-
related with the source signals; the covariance of x tð Þ
is then

Rxx ¼ ARssA
H þ σ2nIM ð3Þ

where IM denotes an M �M identity matrix, �ð ÞH denotes
the complex conjugate transpose, and Rss is the source
covariance matrix of rank K .
The problem is to estimate source directions from x tð Þ.

Using ESPRIT, the first step is to form two identical
subarrays separated by a common displacement ds . De-
note the number of sensors in the subarray by Ms (we
require Ms≥K þ 1). The first subarray contains sensor 1
to Ms , while the second subarray contains sensor M �
Ms þ 1 to M . Obviously, the array manifold matrices
associated with these two subarrays are related by
A1Φ ¼ A2, where Φ is a K � K diagonal matrix with its
diagonal element defined by ϕk ¼ ej2πds sinθk=λ . Outputs
from these two subarrays can then be written as

x1 tð Þ ¼ A1s tð Þ þ n1 tð Þ ð4Þ
x2 tð Þ ¼ A1Φs tð Þ þ n2 tð Þ ð5Þ

This re-structuring warrants that the signal sub-spaces
associated with these two subarrays are related by a
matrix solely determined by θk , k ¼ 1; . . . ;K , which
is then exploited to find the estimates of θk , k ¼
1; . . . ;K . A commonly used version is the so-called
TLS-ESPRIT, whose implementation can be summarized
as follows [5]:

1. Obtain the sample covariance R̂xx , an estimate of Rxx.
2. Compute the eigendecomposition of R̂xx

R̂xx¼ ÊΛ̂Ê
H ð6Þ
3. If necessary, estimate the number of sources, K.
4. Partition Ê¼ Ês

� ��Ên�, where Ês are the principal
eigenvectors corresponding to the K largest
eigenvalues.

5. Compute the eigendecomposition of the 2K � 2K
matrix

Ê
H
x

Ê
H
y

" #
Êx Êy
� � ¼ EΛEH ð7Þ

where Êx and Êy , respectively, pick the first and the last
Ms rows of Ês.
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6. Partition E into K � K submatrices

E ¼ E11 E12

E21 E22

� �
ð8Þ
7. Calculate the eigenvalues γk of �E12E�1
22 , and then

θ̂k ¼ sin�1 � λ

2πds
� argγk

� �
ð9Þ

where arg �ð Þ retrieves the angle information.
Estimation of the covariance requires sufficient statis-

tical samples of both signals and noises, which is par-
ticularly demanding when the number of sensors is
large. Besides, the computational complexity is in con-
nection with the number of sensors as well.

ESPRIT applied to multiple-angle subarray beams
In this section, we present the algorithm of ESPRIT
with subarray beamforming. The approach is similar to
that in [4]; however, instead of using one output beam
from each subarray, multiple output beams pointing
to a group of closelyspaced angles are combined for
ESPRIT processing.
We first divide the entire array into N identical subar-

rays, each with P sensors and equally separated by Δ ,a

which is an integer multiple of sensor spacing. The
above parameters are related by N ¼ M � Pð Þ=Δþ 1.
The received signal at each subarray can be expressed as

x1 tð Þ ¼ A1s tð Þ þ n1 tð Þ
x2 tð Þ ¼ A1Ψ1s tð Þ þ n2 tð Þ

..

.

xN tð Þ ¼ A1ΨN�1s tð Þ þ nN tð Þ
ð10Þ

where A1 again denotes the array manifold for sub-
array 1, Ψ1 is a K � K diagonal matrix with its
diagonal element defined by ψk ¼ ej2πΔ sinθk=λ , and Ψn ¼
Ψ1ð Þn; n ¼ 1; . . . ;N � 1.
Denote the set of L beam pointing angles as θ

�
l; l ¼

1; . . . ; L . The conventional beamforming weight matrix
for each subarray is then

Wb ¼ ab θ
�
1

	 

ab θ

�
2

	 

⋯ab θ

�
L

	 
� � ð11Þ

where

ab θ
�
l

	 
 ¼ 1; e
j2πd sinθ

�
l

λ ; . . . ; ej2π P�1ð Þd sinθ�l=λ

� �T
ð12Þ

Note that the above weight matrix can be adjusted to
control the mainlobe width and sidelobe levels, and in
practical applications it should be calibrated for each
beam pointing angles.
Case 1: L= 1
We first look at the case with L ¼ 1, which was studied
in [4]. In this case, Wb ¼ ab θ

�
1

	 

, and the beamformer

output at each subarray is

y1 tð Þ ¼ aHb θ
�
1

	 

A1s tð Þ þ n

0
1 tð Þ

y2 tð Þ ¼ aHb θ
�
1

	 

A1Ψ 1s tð Þ þ n

0
2 tð Þ

..

.

yN tð Þ ¼ aHb θ
�
1

	 

A1ΨN�1s tð Þ þ n

0
N tð Þ

ð13Þ

where n
0
i tð Þ ¼ aHb θ

�
1

	 

ni tð Þ; i ¼ 1; . . . ;N .

Treating each beam output as a virtual sensor, we now
have a virtual array with N equally spaced sensors. We
further divide it into two subarrays of size N-1, whose
data can be expressed as

z1 tð Þ ¼

aHb θ
�
1

	 

A1

aHb θ
�
1

	 

A1Ψ1

..

.

aHb θ
�
1

	 

A1ΨN�2

2
6664

3
7775s tð Þ þ n

00
1 tð Þ ð14Þ

z2 tð Þ ¼

aHb θ
�
1

	 

A1

aHb θ
�
1

	 

A1Ψ1

..

.

aHb θ
�
1

	 

A1ΨN�2

2
6664

3
7775Ψ1s tð Þ þ n

00
2 tð Þ ð15Þ

where n
00
1 tð Þ ¼ n

0
1 tð Þ; n0

2 tð Þ; . . . ; n0
N�1 tð Þ� �T

, and

n
00
2 tð Þ ¼ n

0
2
T tð Þ; n0

3
T tð Þ; . . . ; n0

N
T tð Þ� �T

.
Clearly, the pair of Equations (14) and (15) has a

similar form to that of (4) and (5) and an invariance
structure exists between two subarrays. Thus, ESPRIT
can be applied to find the estimates of the source
DOAs. Note that the noise terms in (14) and (15) is no
longer white; the covariance is now σ2na

H
b θ

�
1

	 

ab θ

�
1

	 

.

To get the signal subspace estimate, step 2 in TLS-
ESPRIT needs to be replaced with a generalized eigen-
decomposition [4].
For conventional ESPRIT processing, to resolve K

sources, it is required N � 1≥K . However, beamforming
attenuates those sources outside the beam (i.e., the vir-
tual sensor has certain directivity), and usually only
source directions within the beam can be estimated.
This relaxes the requirement for the size of the virtual
array, and Ψ1 can be reduced to a small size. On the
other hand, beamforming could degrade the perform-
ance of the ESPRIT if the beam axis is not enough
aligned with the sources. One solution to this problem is
to form multiple adjacent beams closelyspaced as dis-
cussed in the next section.
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25.6° and 26.5°, respectively.
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Case 2: L> 1
For L > 1, the beamformer output at each subarray is an
L× 1 vector:

y1 tð Þ ¼ WH
b A1s tð Þ þ n

0
1 tð Þ

y2 tð Þ ¼ WH
b A1Ψ1s tð Þ þ n

0
2 tð Þ

..

.

yN tð Þ ¼ WH
b A1ΨN�1s tð Þ þ n

0
N tð Þ

ð16Þ

where n
0
i tð Þ ¼ WH

b ni tð Þ; i ¼ 1; . . . ;N . Denote y tð Þ ¼
yT1 tð Þ ⋯ yTN tð Þ� �T

; then a virtual array of L×N sen-
sors is formed. We divide it into two subarrays of size
L N � 1ð Þ denoted by

z1 tð Þ ¼
WH

b A1

WH
b A1Ψ1

..

.

WH
b A1ΨN�2

2
6664

3
7775s tð Þ þ n

00
1 tð Þ ð17Þ

z2 tð Þ ¼
WH

b A1

WH
b A1Ψ1

..

.

WH
b A1ΨN�2

2
6664

3
7775Ψ1s tð Þ þ n

00
2 tð Þ ð18Þ

where n
00
1 tð Þ ¼ n

0
1
T tð Þ; n0

2
T tð Þ; . . . ; n0

N�1
T tð Þ� �T

, and

n
00
2 tð Þ ¼ n

0
2
T tð Þ; n0

3
T tð Þ; . . . ; n0

N
T tð Þ� �T

. Again, the pair
of Equations (17) and (18) has a similar form to that of
(4) and (5), and the invariance structure stays, based on
which ESPRIT can be applied.b

Note that a simple choice of L= 2 or 3 is often enough
to improve the beam-domain DOA estimation perform-
ance. Hence, the dimension in the beam-domain can still
be far less than that in the element space, reducing the
computational complexity and the number of snapshots
needed for statistically robust covariance estimation.
Specifically, for the same number of subarrays N and the
same number of snapshots Q, the computation time of
the original ESPRIT is on the order of the maximum
of P3 and QP2, while that of ESPRIT with subarray
beamforming is on the order of the maximum of QLP,
QL2, and L3. The extra computation of the subarray
beamforming is minor, especially when L≪P . More-
over, forming L different beam pointing angles can
be realized in parallel, and Q can be much smaller for
the subarray-beamforming approach. Hence, for L≪P ,
ESPRIT with subarray beamforming exhibits significant
computational advantages as compared to the original
ESPRIT method.
In practical multi-beam system applications, the above

method can be applied to the selected beams following
conventional beamforming generating beams at a set of
pre-selected angles and the subsequent source signal de-
tection at each beam.

Simulations
To assess the performance of ESPRIT with subarray
beamforming (we denote it as ESPRIT-SB), we look at a
number of examples of DOA estimation using the TLS
version of both ESPRIT and ESPRIT-SB. A 64-sensor
uniform linear array with sensor spacing equal to 7λ=16
is configured, thus the 3 dB beamwidth of the effective
aperture near broadside is about 1.83°. The number of
sources is assumed to be known, and individual source
processes are uncorrelated and corrupted by white
Gaussian noises. The result presented is the individual
or averaged root-mean-squared-errors (RMSE) in esti-
mation of all the source DOA’s, evaluated from 1500
MonteCarlo runs.
Consider first that two equal-power incident signals

come from θ1 ¼ 25:6∘ and θ2 ¼ 26:5∘ , respectively,
which are separated by less than one beamwidth. Using
conventional beamforming, 225 beams are formed uni-
formly spanning −90° to 90°, and the output result
is given in Figure 1. It is clearly shown that the beam
covering an angular range of [24.9°, 26.5°] embodies
those two sources. To implement ESPRIT-SB, the angles
of the subarray beams can arbitrarily be chosen as
long as they cover one or a few consecutive conven-
tional beams. In the following simulations, they are
determined from

θ
�
l ¼ 24:9

� þ 26:5
� � 24:9

�	 

l

Lþ 1
; l ¼ 1; . . . ; L ð19Þ

We divide the array into N¼4 subarrays, each with 49
sensors and equally separated by 5d . Figure 2 illustrates
the average DOA estimation performance as a function
of the number of selected beams at different SNR condi-
tions. The number of snapshots used is 20. Compared
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to the single-beam case, the performance improves dra-
matically when one additional beam is added, demon-
strating the effectiveness of the approach. On the other
hand the RMSE is almost a constant for L≥2, which is
highly desired as discussed in the last section.
Figure 3 displays the results of dividing the array into

different number of subarrays with different separations.
For Figure 3a, the subarray spacing is fixed at 5d ; for
Figure 3b, the subarray number is fixed at 4. RMSE of
the ESPRIT-SB with L ¼ 1 and L ¼ 2 (denoted by
ESPRIT-SB-1 and ESPRIT-SB-2, respectively) is evalu-
ated. The SNR is −5 dB and 50 snapshots are used to
match the maximum subarray number in this example.
Note that the way the subarrays are formed here causes
a tradeoff in SNR gain, i.e., increasing the subarray
number (thus the ESPRIT processing gain) means a
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Figure 3 Averaged ESPRIT-SB DOA RMSE versus (a) subarray
number and (b) subarray separation for two equal-power
signals from 25.6° and 26.5°, respectively. For (a), a fixed subarray
spacing of five elements is used; (b), a fixed subarray number of four
is used.
reduction of subarray length (thus the beamforming pro-
cessing gain). Besides, different subarray overlapping
introduces different respective signal and noise correla-
tions, which affects the SNR gain as well.
Behaviors in Figure 3 can be understood as a combined

effect of the above-mentioned factors. While perform-
ance of the ESPRIT-SB-1 improves as the number of
subarrays or subarray spacing increases (and thus a wider
beamwidth), ESPRIT-SB-2 performs uniformly better
and does not show much variation over the chosen vari-
able intervals. The results here along with that in Figure 2
show that ESPRIT-SB with only one formed beam is
quite sensitive to scalloping loss in beamforming. It is
interesting to also note that resolving two sources is rea-
lized by two subarrays (virtual sensors), thank to one
additional beam formed at each subarray.
To further demonstrate the above observations, two

more examples are considered. The first one assumes
that two equal-power incident signals arrive from θ1 ¼
55:6

�
and θ2 ¼ 56:1

�
, respectively. Figures 4 and 5

present the results similar to Figures 2 and 3, except the
SNR is 5 dB in Figure 5 while −5 dB in Figure 3. The
second example considers that three equal-power inci-
dent signals arrive from θ1 ¼ 25:6

�
, θ2 ¼ 26:3

�
, and

θ3 ¼ 27:0∘, respectively. Figures 6 and 7 show the results
similar to Figures 2 and 3, except the SNR is 5 dB in Fig-
ure 7 also. Clearly, some similar behaviors mentioned
above can be seen in those figures, respectively.
As the last set of examples, we compare ESPRIT-SB to

the conventional ESPRIT implemented on the entire
(real) array, i.e., without subarray beamforming. For two
sources and ESPRIT-SB, N ¼ 4; Δ ¼ 5d, and P ¼ 49; for
the conventional ESPRIT, M ¼ 64 and Ms ¼ 63 . For
both algorithms, 200 snapshots are used. To further
compare with some theoretical performance analysis
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Figure 4 Averaged ESPRIT-SB DOA RMSE versus beam number
for two equal-power signals from 55.6° and 56.1°, respectively,
and at different SNRs.
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results, the Cramer-Rao bound for the same problem
setup is presented, which is evaluated from [13]:

CRB θð Þ ¼ σ2n
2Q

Re DHP?
AD

	 
� RssA
HR�1

xx ARss
	 
Th in o�1

ð20Þ

where D ¼ d1 ⋯ dK½ �;dk ¼ da θkð Þ=dθk , P?
A ¼

IM � PA;PA ¼ A AHA
	 
�1

AH , and � denotes the
Hadamard-Schur product.
The results of RMSE for each source are plotted as a

function of SNR in Figures 8 and 9, respectively. Note
that, the SNR approaches −30 dB, the RMSE approaches
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Figure 6 Averaged ESPRIT-SB DOA RMSE versus beam number
for three equal-power signals from 25.6°, 26.3°, and 27.0°,
respectively, and at different SNRs.
the variance of a random variable that is uniform [14].
As expected, the RMSE presents a threshold behavior,
that is, below some SNR, RMSE increases dramatically
due to ambiguity sidelobes [14]. An SNR gain on the
order of 10 logP can clearly be seen: the element-space
ESPRIT enters the threshold region earlier, and ESPRIT-
SB-1 performs the same with the element-space ESPRIT
in the high-SNR region, while ESPRIT-SB-2 always per-
forms better there.
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Figure 8 ESPRIT-SB DOA RMSE versus SNR for two equal-power
signals from 25.6° and 26.5°, respectively, with a fixed subarray
spacing of five elements and subarray number of four. The
element-space ESPRIT result and CRB are also shown.
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Figure 9 ESPRIT-SB DOA RMSE versus SNR for two equal-power
signals from 55.6° and 56.1°, respectively, with a fixed subarray
spacing of five elements and subarray number of four. The
element-space ESPRIT result and CRB are also shown
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It is interesting to note that above threshold, the CRB
is always lower than the simulated RMSE. Indeed when
the number of sensors gets down, say 10, the gap would
be much smaller, e.g., 1 dB. A similar observation can be
found in [14, p. 1193]. It could be that as the subarray
size increases, subarray overlapping ratio increases
resulted in increased respective signal and noise correla-
tions, which is not considered in the CRB.

Conclusion
An ESPRIT-based DOA estimation algorithm with
multi-angle subarray beamforming is presented. As a
beam-domain method, it works for relatively smaller
number of snapshots and lower SNR and may render
better numerical stability in computation, compared to
the conventional element-space ESPRIT. Simulations
show that with a few more closelyspaced beams formed,
capability of resolving closelyspaced sources within a
conventional beam is greatly enhanced. The developed
approach is particularly useful in multi-beam system
applications where a sub-beamwidth resolution is
desired with a limited number of data snapshots, for
example in bottom detection processing of a multi-beam
echo sounder.

Methods
All of the signals used in this article are produced by
Matlab software, and the algorithms in the simulation
section are based on the results proposed in Section
“Problem statement” and Section “ESPRIT applied to
multiple-angle subarray beams”.
Endnotes
aTo distinguish from subarray structuring in ESPRIT,

here we use a different set of notations.
bAn alternative derivation may be done in the context

of vector-sensor ESPRIT [15], treating each subarray-
beamformer output as a virtual vector sensor, which is
though beyond the scope of this article.
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