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Abstract

In this paper, we study a class of second-order neutral impulsive stochastic evolution
equations with infinite delay (SNISEEIs in short), in which the initial value belongs to
the abstract space By,. Sufficient conditions for the existence of the mild solutions for
SNISEEIs are derived by means of the Krasnoselskii-Schaefer fixed point theorem. Two
examples are given to illustrate the obtained results.
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1 Introduction
In this paper, we consider the second-order neutral impulsive stochastic evolution equa-
tions with infinite delay (SNISEEIs in short) of the following form:

d[x'(2) - g(t,%,) ] = [Ax(0) + f(t,5)] de + o (6,%,) dw(t), te]:=[0,T]), (1)
%0 =¢ € By, )
%(0)=y €H, 3)
Ax(te) = e(xy), A () = Ie(xy), k=1,2,...,m. (4)

Here, the state x(-) takes values in a separable real Hilbert space H with inner product
(+,-) and norm || - ||, where A : D(A) C H — H is the infinitesimal generator of a strongly
continuous cosine family C(¢) on H. The history x; : (—00,0] — H, x,(0) = x(t + ), for
t > 0, belongs to the phase space 3,. Now, we present the abstract phase space Bj,. Assume
that /1 : (00, 0] — (0, 00) is a continuous function with / = ff)oo h(t)dt < co. For any a > 0,
define

21/2 .
) is a bounded and measurable

_ {w;(_oo,o] —H: (E”l//(@)”

0
function on [-a, 0] and / h(s) sup (E”W(@)Hz)l/2 ds < oo}.
$s<6<0

We endow B;, with the norm

11, = / o) sup (E[WO))" &, forally & B,
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then (By, || - | 5,) is a Banach space [1]. Let K be another separable Hilbert space with inner
product (-, -)x and norm || - ||x. Suppose {w(¢) : £ > 0} is a given K-valued Wiener process
with a finite trace nuclear covariance operator Q > 0 defined on a complete probability
space (€2, F, P) equipped with a normal filtration {F,};>0, which is generated by the Wiener
process w. We are also employing the same notation || - || for the operator norm L(K; H),
where L(K; H) denotes the space of all bounded linear operators from K into H. Assume
thatg,f:J x B, — H (i=1,2)and o : ] x B, — Lo(K, H) are appropriate mappings spec-
ified later. Here, Lo(K, H) denotes the space of all Q-Hilbert-Schmidt operators from K
into H, which will be defined in the next section. The initial data ¢ = {¢(£) : —o0 < £ < 0} is
an Fo-adapted, Bj-valued stochastic process independent of the Wiener process w with
finite second moment. ¥ is an Fj-adapted, H-valued random variable independent of the
Wiener process w with finite second moment. I; and I : B, — H are appropriate func-
tions. Moreover, let 0 = £y <t < --- <t < ts1 = T, be given time points and the symbol
A& (t) represents the jump of the function & at £, which is defined by A&(¢) = £(¢*) - £(¢7).

Stochastic partial differential equations (SPDEs in short) with delay have attracted great
interest due to their applications in describing many sophisticated dynamical systems in
physical, biological, medical and social sciences. One can see [2-5] and the references
therein for details. Moreover, to describe the systems involving derivatives with delay,
Hale and Lunel [6] introduced the deterministic neutral functional differential equations,
which are of great interest in theoretical and practical applications. Taking the environ-
mental disturbances into account, Kolmanovskii and Myshkis [7] introduced the neutral
stochastic functional differential equations (NSFDEs in short) and gave its applications in
chemical engineering and aero elasticity. The investigation of qualitative properties such
as existence, uniqueness and stability for NSFDEs has received much attention. One can
see [2, 5, 8—12] and the references therein. In addition, impulsive effects exist in many evo-
lution processes in which states are changed abruptly at certain moments of time, involved
in such fields as medicine and biology, economics, bioengineering, chemical technology
etc. (see [13, 14] and the references therein).

On the other hand, the study of abstract deterministic second-order evolutions equa-
tions governed by the generator of a strongly continuous cosine family was initiated by
[15] and subsequently studied by [16, 17]. The second-order stochastic differential equa-
tions are the right model in continuous time to account for integrated processes that can
be made stationary. For instance, it is useful for engineers to model mechanical vibra-
tions or charge on a capacitor or condenser subjected to white noise excitation through a
second-order stochastic differential equations. There are some interesting works that have
been done on the second-order stochastic differential equations. For example, McKibben
[18] investigated the second-order damped functional stochastic evolution equations.
For further work on this topic, one can see Mahmudov and McKibben [19]. Moreover,
McKibben [20] established the existence and uniqueness of mild solutions for a class of
second-order neutral stochastic evolution equations with finite delay. Balasubramaniam
and Muthukumar [21] gave the sufficient conditions for the approximate controllability
of the second-order neutral stochastic evolution equations with infinite delay. For more
details of second-order stochastic differential equations, we refer the reader to Da Prato
[22] and the references therein.

To the best of our knowledge, there is no work reported in the literature about SNISEEIs
and the aim of this paper is to close this gap. We aim to establish the existence of the mild
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solutions for SNISEEIs by means of the Krasnoselskii-Schaefer fixed point theorem. Two
types of stochastic nonlinear wave equations with infinite delay and impulsive effects are
provided to illustrate the obtained results.

The paper is organized as follows. In Section 2, we introduce some preliminaries. In
Section 3, we prove the existence of the mild solutions for SNISEEIs by means of the
Krasnoselskii-Schaefer fixed point theorem. In Section 4, we study the continuous de-
pendence of solutions on the initial values. Two examples are provided in the last section

to illustrate the theory.

2 Preliminaries

In this section, we mention some preliminaries needed to establish our results. For details
as regards this section, the reader may refer to Da Prato and Zabczyk [3], Fattorini [16]
and the references therein.

Let (2, F, P;F) (F = {F;};>0) be a complete filtered probability space satisfying that F
contains all P-null sets of F. An H-valued random variable is an F-measurable function
x(t) : @ — H and the collection of random variables S = {x(¢,w) : @ — H|t € J} is called a
stochastic process. Generally, we just write x(¢) instead of x(f, w) and x(¢) : ] — H in the
space of S. Let {e;}?°, be a complete orthonormal basis of K. Suppose that {w(¢) : t > 0} is a
cylindrical K-valued Wiener process with a finite trace nuclear covariance operator Q > 0,
denote Tr(Q) = Zfl Ai = A < 00, which satisfies Qe; = A;e;, with e; being a CONS of eigen-
vectors, and then, w.r.t. this spectral representation of Q the driving Q-Wiener process can
be represented as w(£) = Y o) v/Awi(t)e;, where {w;(¢)}?°, are mutually independent one-
dimensional standard Wiener processes. We assume that F; = o {w(s) : 0 < s < ¢}, which
is a o -algebra generated by w and Fr = F. Let ¢ € L(K, H) and define

¥y =Tr(¥Qy™) = > IV Anveal™.
n=1

If | |l < 0o, then v is called a Q-Hilbert-Schmidt operator. Let Lo (K, H) denote the space
of all Q-Hilbert-Schmidt operators v : K — H. The completion Ly (K, H) of L(K, H) with
respect to the topology induced by the norm | - || with [y ||%2 = (¢, ) is a Hilbert space
with the above norm topology.

The collection of all strongly measurable, square-integrable, H-valued random vari-
ables, denoted by L,(2, F,P;H) = L,(2,H), is a Banach space equipped with norm
lx()llz, = (Ellx(-, w)|I7)"?, where the expectation E is defined by Ex = [, x(w)dP. Let
C(J,L,(2, H)) be the Banach space of all continuous maps from J into L,(2, H) satisfy-
ing the condition sup,; E||x(¢) |2 < 0o. An important subspace is given by L)(Q, H) = {f €
Ly (2, H) : f is Fp-measurable}.

We say that a function x: [v, 7] — H is a normalized piecewise continuous function on
[v, ] if x is piecewise continuous and left continuous on (v, 7]. We denote by PC([v, t]; H)
the space formed by the normalized piecewise continuous stochastic processes from {x(¢) :
t € [v,7]}. In particular, we introduce the space PC formed by all H-valued stochastic
processes {x(¢) : ¢t € [0, T} such that x is continuous at ¢ # &, x(¢;) = x(¢) and x(£;) exists,
for all k =1,...,m. In the sequel, we always assume that PC is endowed with the norm

lxllpe = (supse; Ellx(s)l1*)2. It is clear that (PC, || - || p¢) is a Banach space.
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To simplify the notations, we put fy = 0, t,;3 = T. For x € PC, we denote x; €
C([tx tin]; Lo(2, H)), k = 0,1,..., n, given by

. x(t), fort e (tx, trsl,
Rlt) = ! ®)
x(ty), fort=t.

Moreover, for B C PC, we denote by Ek, k=0,1,...,n, the set Ek ={X;:x € B}.

Lemma 1 A set B C PC is relatively compact in PC, if and only if, the set By is relatively
compact in C([ty, txs1]; L2(2, H)), for every k = 0,1,...,m.

Now, we consider the space

By = {x: (~00, T] = H, %, € PC(Ji, H) and there exist x(£; ) and x(¢})

with x(t) = %(t; ), %0 = ¢ € By, k=0,1,2,...,m},
where xy is the restriction of x to Jx = (¢, tx+1]- Set || - || be a semi-norm in B, defined by
21/2
Il = l%olls, + sup (E|x(s)|7)", x€By.
0<s<T

Then we have the following useful lemma appearing in [23].

Lemma 2 Assume that x € By, then for t € ], x; € By,. Moreover, we have

E|x@)|*)" < lIxlls, < losup (E[|x) )" + 1ol 5,
<s<t

where | = [°_h(s)ds < co.

Now, let us recall some facts about cosine families of operators C(¢) and S(¢) appeared
in [15, 16].

Definition 3 A one parameter family {C(¢) : t € R} C L(H, H) satisfying that
(i) Cc)=1,
(ii) C(t)x is continuous in t on R, for allx € H,
(i) C(t+s)+ C(t—s)=2C(t)C(s), forall t,s € R,
is called a strongly continuous cosine family.

The corresponding strongly continuous sine family {S(¢) : £ € R} C L(H, H) is defined by
S@®)x = f; C(s)xds, t € R, x € H.

The generator A : H — H of {C(t) : t € R} is given by Ax = (%C(t)xh:o forallx € D(A) =
{xe H:C()x e C3(R; H)}.

It is well known that the infinitesimal generator A is a closed, densely defined operator
on H. Such cosine and corresponding sine families and their generators satisfy the follow-
ing properties appearing in Fattorini [16]:

Proposition 4 Suppose that A is the infinitesimal generator of a cosine family of operators
{C(t) : t € R}. Then we have
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() there exist M* > 1 and o > 0 such that |C(¢t)|| < M*e*¥! and hence ||S(¢t)|| < M*e*!,
(i) A [ S(u)xdu = [CF) - C(s)lx forall 0 <s <7< o0,
(iii) there exists N* > 1 such that ||S(s) - S()|| < N* [ e ds, for all 0 <s <7 < 0.

The uniform boundedness principle, together with Proposition 4(i), implies that both
{C(t):t[0,T]} and {S(¢) : t € [0, T']} are uniformly bounded.
To prove our results, we need the following Krasnoselskii-Schaefer type fixed point the-

orem appearing in [24].

Theorem 5 Let ®; and ®, be two operators of H such that
(i) @y is a strict contraction, and
(i) @y is completely continuous.
Then either
(1) the operator equation ®1x + ®ox = x has a solution, or
(2) theset G ={x € H: A ®(5) + APyx = x} is unbounded for A € (0,1).

3 Existence result
In this section, we aim to give the existence of mild solutions for SNISEEIs (1)-(4). Firstly,
let us propose the definition of the mild solution of SNISEEIs (1)-(4).

Definition 6 An F;-adapted stochastic process x : (—0o, T] — H is called a mild solution
of SNISEEISs (1)-(4) if
(i) {x¢:te]}is By-valued and x(-)|; € PC;
(i) x(t) € H has cadlag paths on ¢ € a.s. and for each t € J, x(¢) satisfies the following
integral equation:

x(t) = CO$(0) + SO - 0,6)] + /0 Clt - 9)g(s,x) ds

+ /0 S(t—s)f(s,25)ds + /0 S(t - s)o (s,%5) dw(s)

+ Y Cle=t)lleg) + ) St = t)T(xy);

O<tg<t O<ty<t
(iii) x0 =, x'(0) =¥

In this paper, we need the following assumptions:

(H1) The cosine family of operators {C(t) : t € [0, T]} on H and the corresponding sine
family {S(¢) : ¢ € [0, T} satisfy |[C(t)||> <M, ||IS(t)||> < M, t > 0 for a positive
constant M.

(H2) The function f :J x B, — H satisfies the following properties:

1. f(-,¢):] — H is strongly measurable for every ¢ € By;

2. f(t,-) : B, — H is continuous for each ¢ € J;

3. there exist an integrable function m : ] — [0, 00) and a continuous
nondecreasing function W : [0, 00) — (0, 00) such that for every (t,¢) € ] x By,

we have

=A<

Elf o) < mw(igl,),  timint U

Page 5of 13
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(H3) The function o :J x By, — Lo(K, H) satisfies the following properties:
1. o(t,-): By — Lo(K, H) is continuous for almost all £ € J;
2. 0(-,%):J] = Lo(K,H) is strongly F;-measurable for each x € Bj;
3. there exists a positive constant L, such that

2 .
Elo(tx) —otx)|” < Lollx —xaly, (6x) €] x Byi=1,2;

Elot®]” <Lo(Ixl%, +1),  (&x) €] x By,

(H4) The function g:J x By, — H is continuous and there exists a positive constant Ly
such that

2 .
E”g(trxl) _g(t’xZ)” =< Lg”xl _x2||26h7 (trxi) 6] X Bhrl = 17 2;

E|g(t,x) ”2 §Lg(||x||%h +1), (6x) €] x By

(H5) The functions I; and I, : B, — H are continuous and there are positive constants
Ly, Ly, k=1,2,...,m such that

2
E|L@) - L) <Lylx-yllE, *y€Buk=12,...,m,
- - 2
E|lkx) - L) <L llx =yl xyeBunk=12,...,m.
The main result of this section is the following theorem.

Theorem 7 Assume the conditions (H1)-(H5) hold and assume that S(t) is compact. Then
there exists a mild solution of SNISEEIs (1)-(4) provided that

T m
12M/? |:TA/ m(s)ds + 2 Z(L’k + L;k) + 2T(TLg + Tr(Q)LU):| <1 (6)
0 k=1
and
Lo = 8MP [T(TLg +Tr(Q)Ly ) + ) (Ly + L;k)} <1 @)
k=1

Proof In the sequel, the notation B,(x, Z) stands for the closed ball with center at x and
radius r > 0 in Z, where (Z, || - ||z) is a Banach space. Let y : (—0o, T] — H be defined by

¢(t)’ te (—OO, 0])
C@)p(0)+ Sy, te].

On the space Y = {x € PC : x(0) = ¢(0)} endowed with the uniform convergence topology,
we define the operator ®: Y — Y by

®x(t) = C(0)$(0) + SO - g(0,9)] + /0 Clt - 9)g(s,%) ds

+ /0 S(t-s)f(s,x5)ds + /0 S(t - s)o (s,%;) dw(s)

+ Y0 Cle-th(E) + Y St-tk(,), te),

O<ty<t O<ty<t

Page 6 of 13
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where X is such that Xy = ¢ and ¥ = x on /. From Lemma 2 and the assumption on ¢, we
infer that ®x € PC. Our proof will be split into the following three steps.

Step 1. In what follows, we prove that there exists r > 0 such that ®(B,(y|;,Y)) <
B,(y];,Y). In fact, if it is not true, then for each r > O there exist X" € B,(y|;,Y) and ¢" € ]

such that 7 < E||®(x"(¢")) —y(¢") |>. Therefore, from Lemma 2 and the assumptions, we have

< Bl (¢)) -y()]”
< 6E||S(¢")2(0,0)|” + 6E( /0 t C(t" - s)g(s, %)) ds)

2

s 2 t"
+ 6E< / S = 9)f(s,%)) ds) +6MTr(QE / o (s,%,) ||2ds
0 0
2 2
+ 6E< > c- tk)lk(x;k)) + 65( > S fk)jk(%))

O<ty<t O<ty<t

t" t"
< 12MLy(llpl%, +1) + 6TME/ lg(s, %) | ds + 6TME/ If (s, %) || ds

+6MTr(Q)E/ lo(s2)|*ds+6m Y E(L (%))’ +6Mm > E(Ik(%,))*

O<ty<t O<ty<t

tr
< 12MLy (45, +1) + 12TME/O lg(s.%) - g(s,35)|” ds

¢ &
2t [ et ds v 67ME [ 7(s7) "
0 0

" "
+12M Tr(Q)E/ ||0 (s, E;) —o(s,ys) ||2 ds +12M Tr(Q)E/ ”a(s,ys) ”2 ds
0

+12M > E[| (@) L) + [y *]

O<ty<t

#12M 37 E[JIe(z,) Tt | + [Tk ]

O<ty<t

r

< 12MLy(l1pll5, +1) + 24P M (TLg + Tr(Q)L,) / sup E||x(u) - y(u)||2 ds
0 O<u<s
tr
+24M(TLg + Tr(Q)L, ) / (lyslp, +1) ds
0
+6TME/ m(s)W (20115, +202(r* + 1yll7)) ds

m
+ 2412 Mr Z[L,k + 1)+ 12M Y [E| L) + E|T0n0) ],
k=1 k=1

where ||y|l7 = supy—,-7 Elly(s)|l. Dividing both sides by r* and taking the limit as r — oo,

we obtain

1<12M12|:TA/ m(s)ds+2Z(L1k+L ) +2T(TLg + Tr(Q)L, )j|

k=1

Page 7 of 13
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which contradicts (6). Thus, for some positive number r, (B, (y|;, Y)) C B,(y|;, Y). In what
follows, we aim to show that the operator ® has a fixed point on B,(y|;, Y), which implies
that (1)-(4) has a mild solution. To this end, we decompose ® as & = ®; + P,, where &y,
®, are defined on B, (y|;, Y), respectively, by

(@1%)(2) = C()p(0) + S(B)[ ¥ — g(0,9)]
C(t- ,%s) d S(t - , %) d
+/(; (t—15)g(s,xs) s+/0 (t - s)o (s,xs) dw(s)

+ ) Cl—th) + Y St - t)l(®y)

O<ty<t O<ty<t

and
(b2 (8) = / S(t - ) (5,5%,) s,
0

for t € J. We will show that @, is a contraction and ®, is completely continuous.
Step 2. ®; is a contraction. Let %,y € B,(y|;, Y). Then, for each t € /, we have

E|[(@)(0) - (©19)(0)]

2
<at]

/0 Clt - 9)[g(s,%) - g(5,7,)] ds

t 2
+4E / S(t - s)[a (s,%) — cr(s,ys)] dw(s)
0

2

+4E| 3 Cle-00)(L®,) - 1(3,)

O<tg<t

2

+AE Z S(t - tk)(]k(%tk) _jk@tk))

O<ty<t

t m
< AM(TL,+ THQL,) [ 15 -5, ds+ 40 Y (W + LR, 3,1,
0

k=1
t
< 8MP(TLg + Tr(Q)L,) / sup E||%(u) —y(u)||;h ds
0 O0<us<s
+ 8MI? Z 0supTEH%(s) —(s) HZ(LIk + L;k).
k=1 0=s=

Therefore, we get
[ (@12)(8) — (@)(®) | 3 < LolE~Tl3es

where Ly = 8Ml2[T(TLg +Tr(Q)Lo) + Y oy Ly + L;k)]. Thus, we obtain
115~ @1ylie < Lollx = yllpe-

By (7), we see that ®; is a contraction on B,(y|;, Y).

Page 8 of 13
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Step 3. @, is completely continuous on B, (y|;, Y).
Claim 1 @, maps bounded sets to bounded sets in B,(y|;, Y).

In the sequel, 7*, r** are the numbers defined by r* := 2/% sup,_,,(E||x(s)[|*) + 2||¢3||%3h
and r** := M (r*) fot m(s) ds, respectively.

Elwmiol = [ -9 el e

t

<M m(l,‘)\ll<2[2 sup (E|x(s) ||2) + 2||¢||%h) ds

0 0<s<t

which shows the desired result of the claim.
Claim 2 The set of functions ®(B,(y|;,Y)) is equicontinuous on J.
Let ¢ > 0 small enough and 0 < £; < £,. We get
t1—¢
El@ate) - @) <37 [ stea -9 - ste -9 B 5| ds
0
n
436 / (s — 5) - S(e1 - 9)E| (5,2 | ds
t1—¢
g 2 — 2
+3(6- 1) / 152 - ) PE|f (5,2 | ds
51
t1—¢€ 2
<3T¥(r") f [S(: =) = S(tr = 5)| “m(s) ds
0
t1 2
+ 38\Il(r*) / ||S(t2 —85) =St —s) || m(s) ds
1—¢
ty 9
+3(t — tl)‘-IJ(r*) / ||S(t2 —5) || m(s) ds,
5]

which proves that ®,(B,(y|;, Y)) is equicontinuous on J.

Claim 3 ®, maps (B,(y|},Y)) into a precompact set in (B,(y|},Y)). That is, for each fixed
t €], the set V(t) = {®yz(t) : z € (B, (¥, Y))} is precompact in (B, (y|;, Y)).

Obviously, V(0) = {®,(0)}. Let £ > 0 fixed and for 0 < ¢ < ¢, define

(cng)(t) =S(¢e) /-Ot—s S(t—¢& —5)f(s,%s) ds.
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Since S(t) is a compact operator, the set V*(¢) = {®5x(¢) : x € (B.(y]y, Y))} is relatively com-
pact in H for every ¢, 0 < ¢ < ¢. Moreover, for each x € (B,(y|;, Y)), we have

t
=

El@0 - (@) 0 < [ [Se-9Elfs.m)| o
< Me /t_:m(t)\v(na‘csn%gh)ds
<MY (r)e /t _: m(s) ds.

Therefore, we have

E||[(@,0)(0) - (D5x)@)]|* — 0, ase— 0%,

and there are precompact sets arbitrary close to the set V(£) = {®.x(t) : x € (B,(y|), Y))}.
Thus, the set V(£) = {®ax(t) : x € (B, (y]}, Y))} is precompactin (B, (y|;, Y)). Therefore, from
the Arzela-Ascoli theorem, the operator @, is completely continuous. From Theorem 5,

we infer that there exists a mild solution for the system (1)-(4). O

4 Examples
In this section, two types of stochastic nonlinear wave equations with infinite delay and
impulsive effects are provided to illustrate the theory obtained.

Example 8 We consider the following second-order stochastic Volterra integro-differen-

tial equations with initial-boundary conditions and impulsive effects:

{250 s

_%x(t,8)
-

dt + </t K(t, s)Fz(x(s,S)) ds) det

o]

+ (/t K3(t,$)F3(x(s, €)) ds) dw(z),

(0]

0<é<m,0<t<T,t#,

k=1,2,...,m, (®)
x(t§)=9(,§), -oo<t=0,0<§<m, )
x(¢.,0)=x(t,7)=0, 0<t<T, (10)
0.5 _ ), o<s<n, )
ot
2(6) - a(te) =Ie(x(t), () - () = Ie(x(80),
k=1,2,...,m, 12)

where w(¢) is a standard cylindrical Wiener process in R defined on the probability space
(2, F,P).


http://www.advancesindifferenceequations.com/content/2014/1/112

Yue Advances in Difference Equations 2014, 2014:112
http://www.advancesindifferenceequations.com/content/2014/1/112

Let H = L,[0, ]. The operator A is defined by

d2(€)
(426 = "

with domain D(A) = {z € H:z(0) = z(n)}.

The spectrum of A consists of the eigenvalues —#? for n € N, with associated eigenvectors
z4(€) = (2)"*sin(ng). Furthermore, the set {z,;n € N} is an orthonormal basis of H. In

particular,
Ax = i -1 (%,2,)2,, x€D(A).
n=1
The operators C(t) defined by
C(t)x = i cos(nt)(x,z,)zy, teER,
n=1

form a cosine function on H, with associated sine function

Sx=> sintnt) (%, z4)z0, teR.

n
n=1

From [17], forallx e H, t € R, ||S(¢)| <1and |C(¥)[| <1.
Let K;(t,s) € C(R%,R), i = 1,2,3 and assume that there exists a positive continuous func-
tion f(s) on R_ such that

0
|K,'(t,t+s)|§f(s), i=1,2,3, lo=/ f(s)ds < 0.

Now, we give the phase space Bj,. Assume that /1 : (—00,0] — (0, 00) is a continuous func-
tion with [ = f_ooo h(t)dt < co. For any a > 0, define

B, = {1// :(-00,0] > H : (E|¢(6?)|2)1/2 is a bounded and measurable
0
function on [-a, 0] and / h(s)(E’Ip(s)‘z)U2 ds < oo}

We endow B, with the norm

0
||w||3h=/ h(s)(E|w(s)|*) 2 ds, forall yr € By,

o0

Then (B, || - I15,) is a Banach space. Let

0 0
(&) = / We)p(s 6)ds, gt )(E) = / K6t + )F: (9(5,£)) ds,

0 0

Ky(t, t + s)F, (¢(s, “g‘)) ds, o(t,)E)= / Ks(t,t +5s) (¢(s,§)) ds.

—00

£t 0)E) = /

—00
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Then (8)-(12) can be rewritten in the abstract form (1)-(4). We can propose suitable condi-
tions on the coefficients appeared in the above equation to guarantee (8)-(12) has at least
one mild solution by means of Theorem 7.

Example 9 We consider the following stochastic nonlinear wave equation with impulsive
effects and infinite delay:

d[ﬁ%géz_ﬁ(uﬂt—hén]
3x(t, §)
- zigz dt +fo(t,x(t - r,8)) de

+o (t,x(t —r,€)) dw(?),

0<&E<m,0<t<T,r>0,t#tx,k=12,...,m, (13)
x(t,€)=¢(t,E), -00<t<0,0<E&<m, (14)
x(t,0)=x(t,7)=0, 0<t<T, (15)
% =x1(&), O<é&<m, (16)
#(6) - +(0) = L), () - () =L s0),

k=12,...,m, 17)

where x; € L3(S;H), ¢ € By, By, is defined as Example 8, H = L*([0,7]), and w is an
H-valued Wiener process.

Let A, C(¢) and S(¢) be defined as Example 8. Then the above system (13)-(17) can be
rewritten in the form of (1)-(4). Further, we assume that f;: [0,7] x R - R (i = 1,2),
o :[0,T] x R — BL(H) and I, I satisfy (H2)-(H5). Then (13)-(17) has at least one mild

solution.
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