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We study a class of periodic general n-species competitive Lotka-Volterra systems with pure delays. Based on the continuation
theorem of the coincidence degree theory and Lyapunov functional, some new sufficient conditions on the existence and global
attractivity of positive periodic solutions for the n-species competitive Lotka-Volterra systems are established. As an application,

we also examine some special cases of the system, which have been studied extensively in the literature.

1. Introduction

As we know well, in recent years the application of the
continuation theorem of the coincidence degree theory
developed by Gaines and Mawhin to the existence of positive
periodic solutions in population dynamical systems has been
studied extensively [1-21]. For example, in [1-3, 12, 14-20],
the authors studied existence of positive periodic solutions for
population competition systems, in [4, 5, 8,13, 21], the authors
studied existence of positive periodic solutions for population
cooperative systems, in [9], the authors studied existence
of positive periodic solutions for population predator-prey
system, and in [6, 11], the authors studied existence of
positive periodic solutions for single species systems. The
continuation theorem is a powerful tool to study the existence
of periodic solutions of periodic high-dimensional time-
delayed problems. When dealing with time-delayed problem,
it is very convenient and the result is relatively simple [4, 5].

Frequently, the environments of most natural populations
undergo temporal variation, causing changes in the growth
characteristics of these populations. One of the methods of
incorporating temporal nonuniformity of the environments
in models is to assume that the parameters are periodic with
the same period of the time variable [14].

However, in the real world, the growth rate of a natural
species will not often respond immediately to changes in

its own population or that of an interacting species but will
rather do so after a time lag [22]. Research [23, 24] has shown
that time delays have a great destabilizing influence on the
species population. Usually, time delays are of two types:
discrete delay and distributed time delay. For a competition
system, competitors have both an instantaneous competition
and a memory competition in the past. Therefore, we should
introduce distributed delay into model foundation, which
will have more resemblance to the real ecosystem. In fact,
during the last decades, most of the authors study dynamics
of population with delays [1-7, 10-21, 25-31], which is useful
for the control of the population of mankind, animals, and
environment.

It is well known that the focus in theoretical models of
population and community dynamics must be not only on
how populations depend on their own population densities
or the population densities of other organisms but also
on how populations change in response to the physical
environment [19]. To consider periodic environmental factor,
it is reasonable to study Lotka-Volterra systems with periodic
coefficients. One of the celebrated population dynamical
systems is Lotka-Volterra competition system. Since the
Lotka-Volterra competition system has been established and
was accepted by many scientists, now it has became the most
important means to explain the ecological phenomenon.
Recently, a great deal of Lotka-Volterra competition system



with delays have been proposed to study the existence of
periodic solutions [1-3, 12, 14-21, 25-31] and many good
results were obtained by using of the continuation theorem
[1-3,12, 14-21].

In [1], the authors studied the following nonautonomous
N-species Lotka-Volterra competitive systems with continu-
ous time delays:

x=x®)|[r®)-Ya;Ox;(t-7;0) |
j=1 ey

i=12,...,n.

By using the method of coincidence degree and Lyapunov
functional, a set of easily verifiable sufficient conditions of the
existence and global attractivity of positive periodic solutions
are established. In [2], the authors considered the following
nonautonomous N-species Lotka-Volterra competitive sys-
tems with distributed time delays,

u=u(t) [ r;t)—ay ) ()

)

n 0
S a0 L Ky (s)u; (E+9)ds |,

oL i
i=12,...,n

and the periodic state dependent delay Lotka-Volterra com-
petition system,

u=u(t)|rt)—a; ) u(t)
N (3)
- Y ayOu(t-7 (Lu (@), u,@0) |
j=Lj#i
i=1,2,...,n

By using the Mawhin’s continuation theorem, the sufficient
conditions on the existence of positive periodic solutions
are established. In [3], the authors considered the following
nonautonomous delay N-species competitive systems with
delays:

w=u(t) | F(tu(t-1,())

" (4)
= X 4 ®u(t-7;0) |
=1 j#i

teR,i=12,...,n

By means of the Mawhin’s continuation theorem and
Lyapunov function method, the sufficient conditions for
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the existence and global attractivity of positive periodic
solutions are established. In [21], the authors studied the
following nonautonomous N-species Lotka-Volterra coop-
erative systems with continuous time delays and feedback
controls:

% (8) = x; (1) | 13 (6) = Y gy (8) x; (=735 (8))

I=1

+ Z Za,-jl (t) x; (t -7y (t)) —d; () u; (t) —e; (t)

G 1=1 )
u; (t—g (1)),
i () = = b () w; (0) + B (1) x; (1) + 33 (8) x; (t = 0; (1))
i=1,2,...,n

The sufficient conditions for the existence of positive periodic
solutions are established, based on the Mawhin’s continuation
theorem.

Motivated by the above works, in this paper, we inves-
tigate the following n species periodic Lotka-Volterra type
competitive systems with pure delays

% (8) = x; () | r; () - Zaiil () x; (t =73 (1))
=1

0 (6)
kiﬂ ($)x;(t+s) ds|,

- i iaiil (t) J

j#i I=1 “Tij
i=1,2,...,n

By using the technique of coincidence degree developed
by Gaines and Mawhin in [32], we will establish some
new sufficient conditions, which guarantee that the system
has at least one positive periodic solution. By means of
the Lyapunov functionals we also will further establish the
sufficient conditions on the global attractivity of the positive
periodic solution.

2. Preliminaries

In system (6), we have that x;(t) (i = 1,2,...,n) represent
the density of n competitive species x; (i = 1,2,...,n)
at time ¢, respectively; 7;(t) (i = 1,2,...,n) represent the
intrinsic growth rate of species x; (i = 1,2,...,n) at time t,
respectively; a;;(¢t) (i = 1,2,...,n, | = 1,2,...,m) represent
the intrapatch restriction density of species x; (i = 1,2,...,n)
at time ¢, respectively; a;;(t) (I = 1,2,...,m,i # j, i,j =
1,2,...,n) represent the competitive coefficients between n
species x; (i = 1,2,...,n) at time t, respectively. In this paper,
we always assume the following.

(H1) Tij > Oand 7;;(¢t) (I = 1,2,...,m, i = 1,2,...,n),
ri(t) (i = 1,2,...,n) are continuous w-periodic functions
with 7/y(t) < land ['r(t)dt > 0.ay(t) G,j = 1,2, 1 =
1,2,...,m), (i = 1,2,...,n) are continuous positive w-
periodic functions. k;;(s) (i,j = 1,2,...,m I = 1,2,...,m)
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are nonnegative integrable functions on [-7;,
0
jfﬂ_ﬂ kij(s)ds = 1.
From the viewpoint of mathematical biology, in this

paper for system (6) we only consider the solution with the
following initial conditions:

0] satisfying

x;t)=¢; ), Vte[-y0],i=12,...,n (7)
where ¢;(t) i = 1,2,...,n) are nonnegative continuous
functions defined on [-y,0] satisfying ¢,(0) > 0@ =
L2,...,n) with y = max,quit;®), G,j = L2, 1 =
2,...,m}
In this paper, for any w-periodic continuous function
f(t), we denote

= ming O
S = s @), ®

l w
fe- L Fodt.

In order to obtain the existence of positive w-periodic
solutions of system (6), we will use the continuation theorem
developed by Gaines and Mawhin in [32]. For the reader’s
convenience, we will introduce the continuation theorem in
the following.

Let X and Z be two normed vector spaces. Let L
Dom L ¢ X — Z be alinear operatorand N : X — Z
a continuous operator. The operator L is called a Fredholm
operator of index zero, if dim Ker L = co dim Im L < co and
ImL is a closed set in Z. If L is a Fredholm operator of index
zero, then there exist continuous projectors P : X — X
and Q : Z — Z such that ImP = KerL and ImL =
KerQ = Im(I — Q). It follows that L | Dom L N Ker P :
Dom LNKer P — ImlLisinvertible and its inverse is denoted
by Kp and denote by J : ImQ — Ker L an isomorphism of
ImQ onto KerL. Let Q) be a bounded open subset of X; we say
that the operator N is L-compact on Q, where Q denotes the
closure of Q in X, if QN(Q) is bounded and Kp(I — Q)N :
Q — X is compact. Such definitions can be found in [4, 5].

Lemmal (see [10]). Supposet € C'(R,R) with t(t+w) = 7(t)
and ' (t) < 1, Vt € [0,w]. Then the function t — t(t) has a
unique inverse function u(t) satisfying u € C(R, R), y(u+w) =
p(u) + w, Yu € R.

Lemma 2 (see [32]). Let L be a Fredholm operator of index
zero and let N be L-compact on Q. If

(a) foreach A € (0,1) and x € 0Q N Dom L, Lx #+ ANx,
(b) for each x € 0Q N Ker L, QNx # 0,
(c) deg{JQN,QnKerL,0} 0,

then the operator equation Lx = Nx has at least one solution
lying in Dom L N Q.

3. Main Results

Now, for convenience of statements we denote the functions

a;(t)=Yay ), ij=12.. ,n )
=1

The following theorem is about the existence of positive
periodic solutions of system (6).

Theorem 3. Suppose that assumption (HI) holds and there
exists a constant 0; > 0,i = 1,2,...,n, such that

= 111 .
rtrggl{r Zzlﬂj '}—.Bi>0, (10)

J#i =1
where
m n 0
min Z 8, (1) + Z J ajy (t —s) kﬁl (s)ds
A =1 T
=: Ai’
i () =
_ Y (@i (1))
1- Ti',-l (‘Piil (t)) ’

i=1,2,...,n, 1=1,2,...,m

and the algebraic equation,

T, —a;v a,JvJ—O i=12,...,n (12)

J#i

has a unique positive solution. Then system (6) has at least one
positive w-periodic solution.

Proof. For system (6) we introduce new variables y;(t) (i =
1,2,...,n) such that

x; (t) = exp {y; (D)},

Then system (6) is rewritten in the following form:

i=12,...,n (13)

yi() =7 () Zaiil (t) exp {y; (t -7, (1))}

=1

_ Z Z“Ul (t) J kij (s) exp {yj (t + s)} ds, (14)

j#i 1=1 Tiji
i=1,2,...,n.

In order to apply Lemma2 to system (14), we intro-
duce the normed vector spaces X and Z as follows. Let
C(R, R") denote the space of all continuous function y(t) =
(@), y,@®), ..., y,(£) : R — R". We take

X=Z={y®
(15)
€ C(R,R"): y(t)is an w-periodic function},



with norm

n

max |y,- (t)| . (16)

bl -3 max
It is obvious that X and Z are the Banach spaces. We define
a linear operator L : Dom L ¢ X — Z and a continuous
operator N : X — Z as follows:

Ly(t) =y (1),
(17)
Ny (t) = (Ny, (t), Ny, (t),..., Ny, (t)) ,
where
Ny; (t)
=1, (t)— ) a; () expy; (-1 ()
; ! {yi (t =7 ()} )
n m 0
- Z Za,-ﬂ (t) J- kij (s) exp {yj (t+ s)} ds.
#i1=1 ~Tiji

Further, we define continuous projectors P : X — X and
Q:Z — Zasfollows:

w

1
Py ()=~ j Y@ dr, N

Quit) = i JO v (t) dt.

We easily see ImL = {v € Z : I: v(t)dt = 0} and Ker L = R".
It is obvious that ImL is closed in Z and dim Ker L = n. Since
for any v € Z there are unique v; € R” and v, € ImL with

1 w
=— dt,
v " L v(t)dt (0)

vy () =v(t) = vy,
such that v(t) = v; + v,(t), we have co dim Im L = n. There-
fore, L is a Fredholm mapping of index zero. Furthermore,

the generalized inverse (to L) K, :ImL — KerP NnDom L
is given in the following form:

K,v(t) = L v(s)ds— i Jj jo v(s)dsdt. (21)

For convenience, we denote F(t) = (F,(t), F,(t),..., E,(t)) as
follows:

Fi(t) =7 (t) - Zaiil () exp {y; (t -7, (1)}

=1

- i iaijl (t) J

#i =1 Tyt

(22)
kij (s) exp {yj (t+ s)} ds.

0
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Thus, we have
Qy () =+ [ P,
w Jo

K, (I-Q Nu(t) = K,INu () - K,QNu(t)

- LtF(s) ds— L r rF(s) dsar

w Jo Jo

+<%—£) JjF(s)ds.

From formulas (23), we easily see that QN and KP(I - Q)N
are continuous operators. Furthermore, it can be verified that
KP(I - Q)N(Q) is compact for any open bounded set Q) ¢
X by using Arzela-Ascoli theorem and QN (Q) is bounded.
Therefore, N is L-compact on Q for any open bounded subset
QcX.

Now, we reach the position to search for an appropriate
open bounded subset Q) for the application of the continua-
tion theorem (Lemma 2) to system (14).

Corresponding to the operator equation Ly(t) = ANy(t)
with parameter A € (0, 1), we have

)"i (t) = )lFi (t) 5

where F;(t) (i = 1,2,...,n) are given in (22).

Assume that y(t) = (y,(t), »,(£),..., y,(t)) € X isa
solution of system (24) for some parameter A € (0,1). By
integrating system (24) over the interval [0, w], we obtain

i=12,...,n (24)

L |i”i (t) - Zaiil (t) exp {y; (t — 7 (1))}
I=1

0 (25)

- i iaijl (t) J

#i 1=1 T

kiji (s) exp {yj (t+ s)} ds] dt

Consequently,

JO [Zaﬁl (t)exp {y; (t -7y (t))}] dt
=1

w| nom 0 (26)
* _L |:Z () J_T_ ki (s) exp {y; (£ + 5)} ds:| dt

=1 il

=rw, i=12,...,n

Let s;;(t) = t —130) (G = 1,2,...,n, 1 = 1,2,...,m);
then from Lemma 1 and (H1) we get that function s;;(t) has
a unique w periodic inverse function ¢,;(t); then for every
i=1,2,...,n,1=12,...,m, we have

L ;i (8) exp {y; (t =7 (1))} dt

27
_ J 0@ gy (@i () exp |y, (0)} dt. 7
—r0) 1 - Tilil (gDiil (t)) 1
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One can see that

ajil (q)zzl (t)) . (t)
1- T il ((Pzzl (t)) ll (28)
i=12...,n1=12...,m
are w periodic functions. Then for everyi = 1,2,...,n,1 =
1,2,...,m, we have
JO a () exp {y; (t =7 (1))} dt
(29)

= Jo 8 (t) exp {y; ()} dt

I=1

[$ (00

T

From the above equality we have

(5o o

I=1 T j#i

5) k]ll )

-exp {u; (1)} dt < ZFiw, i=12,...,n

i=1

From (32) we can obtain

AiJ exp {y; (t)} dt<er, i=1,2,.

i=1
where

A.

1

= min
tew

Consequently,

Mz

I
—_

J#i

Y fw
J exp {y; ()} dt < o

i

i=1,2,...,n

I=1 J#i

Jw [Za,,, (t) exp {u; (D} + )

no0
<8iil (t)+ Z JlT ajiy (£ =) kjj (s) dS) } .

M§

1

’ {25111 () exp {u; (O} +)° )

J#i

(32)

(33)

(34)

(35)

5
Foreachi,j=1,2,...,n,and [ =1,2,...,m, we have
w 0
Jo a; (1) J_ kij; (s) exp {yj (t+ S)} dsdt
J ) Jo aijj (t) k; i1 (s) exp {yj (t+ s)} dtds
0
J J iy (v=s) kijp (s) exp {J’j (V)}dVdS
0 (30)
J . JO 1]1 (V_ S) ki]'l (5) €xXp {y] (V)} dvds
0
J J 1]1 (V S) kl]l (S) €xXp {J’] (V)} dsdv
= Jo (J_ a (£ =) ki (5) ds) exp {yj (t)} dt
From ((26)-(30)), we obtain
(J 1]1 (t 5) kz]l (S) dS) exp {u (t)}] )
(Jl ]ll (t 5) k]ll (5) dS) exp {u (t)}] dt> (31)
Zaﬂl (t —s)kjy (s) ds) exp {u; ()} d > Zr w.
From the continuity of y(¢t) = (y,(t), y,(t),..., y,(t)), there
exist constants &, 7; € [0,w] (i = 1,2,...,n) such that
¥ (&) = max y; (1),
yi () = min y, (1), (36)
i=1,2,...,n
From (35) and (36), we further obtain
y,(m)<1n(z’Ali?’), i=12,...,n (37)
From ((26)-(30)), we can obtain
JO |:z8iil (t) exp {y; (f)}] dt
I=1
(38)

+ZJ ZJ aiﬂ(t—s)kiﬂ(s)dsexp{yj(t)}dt

j#i 70 =1 YT



From (38) we can obtain

Zatrlj €xp yz (t)} t

I PR

From the assumptions of Theorem 3 and (35), (38), and (39)
we further obtain

y,(E)>ln(z ) i=1,2,...,n, (40)
llttl

B; = min <|
tew

On the other hand, directly from system (14) we have

where

Do

J#il=1

[“lrotaes [ o)a
0 0

+ J“’ Zaiil () exp {y; (t — 7 (1))}
0\ =1

+zzaljz (t)J ki (s) exp {y] (t+ s)} >

J#i I=1 Tijt
42
j Iri (f)ldt+2% J exp {y; (1)} dt (2
+ZZal]1J exp{yj(t)}dt<J |r, (£)] it
I=1 j#i
+Z$ZIZ’ 1‘“" ZZ lzjvl[zz 1”“’ |71|‘0
1 1=1 j#i
+C;, i=12,...,n
where
< i 1= rlw
Clzz<£l42,1 23/1121 )
=1 J#i (43)
i=1,2,...,n
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From (37), (40), and (42), we have for any € [0, w]
¥i (8) < y; () J |y, (0] dt

I
: ln<¥>+|’7i|w+ci = M;, (44)

i

i=1,2,...,n,

JAGESAE L |5 ()] dt

B;
Zln< ) [r;]w-C; =t N, (45)
Zl 1 ul
i=12,...,n
Therefore, from (44) and (45), we have
trg[l(%(] ly; (0)] < max {|M;], [N;[} =

’ (46)

i=1,2,...,n
It can be seen that the constants B; (i = 1,2,...,n) are

independent of parameter A € (0,1). For any y = (y,,
Y3»--+>¥,) € R, from (18) we can obtain

QNy = (QNy1,QNy,, -, QNy,),
QN)/, - 7‘ _a i €Xp yl Zal] exp {y]} (47)
J#

i=12...,n (48)

From the assumption of Theorem 3, the equation has a unique
positive solution v* = (v{,v;,...,v,). Hence, the equation
QNy = 0 has a unique solution y* = (y;,%5,...,¥,) =
(Inv},Inv;,...,Inv;) € R".

Choosing constant B > 0 large enough such that |y, | +
ly;1+---+1|y,| <Band B> B, + B, + -+ + B, we define a
bounded open set Q ¢ X as follows:

~ (yeX: |yl <B). )

It is clear that Q satisfies conditions (a) and (b) of Lemma 2.
On the other hand, by directly calculating we can obtain

deg {JQN,QnKerL,(0,0,...,0)}
fo b

g fy1 f}’z f2 ’ (50)



Chinese Journal of Mathematics

where
f;j = —a;; exp {y;}, i=j,
f;j = —aj;; exp {y;}, i#j, (51)
i,j=12,...,n

From the assumption of Theorem 3, we have

fy f o 0y

2 2
f)’l f}’z In +0 (52)
fo B 0,
From this, we finally have
deg {JQON,QnKerL,(0,0,...,0)} 0. (53)

This shows that Q satisfies condition (¢) of Lemma 2.
Therefore, system (14) has a w-periodic solution y*(¢) =
(i), y5(B),...,y () € Q. Finally, we have system (6)
which has a positive w-periodic solution. This completes the
proof. O

Theorem 4. Suppose that the conditions of Theorem 3 hold
and Ty (t) =0 (i, j = 1,2, 1 = 1,2,...,m); further, there exists
aconstantt; > 0 (i = 1,2,...,n) such that

m n 0
i, {Z ( i (0= )% J., a9k d)} (54)

I=1

=6;>0, i=12,...,m
then system (6) has a positive w-periodic solution which is
globally attractive.

Proof. From Theorem 3, we can obtain that system (6) has a
positive periodic solution.

Let x™ (t) = (x7 (t), x5 (), ..., x, () be a positive periodic
solution of system (6). Choose positive constants m; > 0,
M; > 0 such that

m;<x; () <M;, i=12,...,n (55)
From the assumptions of Theorem 4, there exist constant 3 >
0 such that for all £ > 0 we have
8§=P>0, i=1,2...,n (56)
Let (x,(f), x,(t), ..., x,(t)) be any solution of system (6); we
define Lyapunov functional as follows:

Vi (t) = m; [Inx! () —Inx; (1)

+ii”jj

j#i =1 il

0

t (57)
l kijl (s) Jt+s Ay 0-5)

x; (6) - x; (6)| d ds.

Calculating the upper right derivation of V;(t) along system
(6) fori =1,2,...,n, we have

D"V, (t) = sign (x] (t) - x; (£)) [—Zmam ® (x; (®)
I=1

—x; (0)+ ). ) i (1)

=1

. JO i (5) (x (£ +6) = x; (¢ + 6))ds]

+Y Y, J a (t = ) Ky (s) ds |x; (£) - x; (t)|
i T (58)
- Z zﬂjaijl (t)
j#i I=1
0
- J Kt ()| (£ +.0) = x; (¢ + 0)] s
< = Y mag () |x] (8) - x; (0)]
I=1
n o m 0
$Y Y| a9k 9ds|x ©-x 0]
j#i =1 T
Further, we define a Lyapunov function as follows:
Ve =) Vi), (59)
i=1

Calculating the upper right derivation of V(¢), from (58) we
finally can obtain, for all t > 0,

D'V (£) < - ) & |x (1) -x; (t)]. (60)
i=1

Integrating both sides of (60) from 0 to ¢t and by (56), we
derive

i=1

t n
V(t)+ﬁjo <Z|x;‘ (s) —x; (s)|>d5 <V (0),

then

Lt (i |x; (s) - x; (s)l> ds < %, t>0. (62)

i=1

By the definition of V'(¢) and (59) we have

iyi IInx; () -Inx; ()| <V () <V (0), t=0. (63)

i=1



8
Therefore, fori = 1,2,...,n we have
y;[Inx; () —Inx; ()| <V (0), t=>0, (64)
which, together with (55), lead to
miexp{_v(o)} < x; (t) < M; xp{v(o)},
i Hi (65)
i=1,2,...,n,

and hence Z:’zl lx; (1) — x;(1)] € L'[0, +00). From the
boundedness of x;(t) and (64), it follows that x;(t) (i =
1,2,...,n) are bounded for t > 0. It is obvious that both x;(t)
and x; (t) satisfy the equations of system (9); then by system
(9) and the boundedness of x;(¢) and x; () we know that the
derivatives x;(t) and x; (t) are bounded. Furthermore, we can
obtain that x; (t) — x;(t) (i = 1,2,...,n) and their derivatives
remain bounded on [0, +00). Therefore Y |x] (t) — x;(t)] is
uniformly continuous on [0, +00). Thus from (62), we have

t EIPOO; |x; (6) - x; (t)] = 0. (66)

Therefore,
tEIPoo (xf ®)=x;(1) =0, i=12...,n  (67)
This completes the proof of Theorem 4. O

Corollary 5. Suppose that the conditions of Theorem 4 hold;
then system (6) is permanent.

Proof. From the global attractivity of bounded positive solu-
tions, we can get that the permanence of system (6). O
4. Applications

In this section, to illustrate the generality of our result,
we apply Theorem 3 to some particular Lotka-Volterra type
competition systems with pure delays. Consider the following
periodic n-species competition systems:

5O =x0 0= Yau;Ox;(t-1;0) |,
11 j=1 (68)
i=1,2,...n.

X () = x; ()

-3 a0 [ kxarads|, @)
j=11=1 Tiji
i=1,2,...n.

X)) =x,) [, O-) Yag®) x;(t-1) |,

=1 j=1 (70)
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For system ((68)-(70)), we assume the following:

(H2) 7(t) (I = L,2,...,m, i,j = L,2,...,n), r;(t) (i =
1,2,...,n) are continuous w-periodic functions with 7 l(t) <
1 and _[0 r;(t)dt > 0. a(t) (i, j = 1,2, I =1,2,...,m) are
continuous, positive w-periodic functions.

(H3) r(t) i = 1,2,...,n) are w-periodic continuous
functions with _[(;U r;(t)dt > 0; aij,(t) (,j=12,..,m 1=
1,2,...,m) are positive w-periodic continuous functions;
kiy(s) G,j = 1,2,...,m1 = 1,2,...,m) are nonnegative
integrable functions on [-7;,0] (i,j = 1,2,....m [ =
1,2,...,m) satisfying I k,ﬂ(s)ds =1.

H4) 7; > 0( = 12...,m, i,j = 1,2,...,n) are
constants, ri(t) (i = 1,2,...,n) are continuous w-periodic
functions with [“r,(t)dt > 0. ayu(t) G,j = 1,2, 1 =
1,2,...,m) are continuous, positive w-periodic functions.
Thus from Theorem 3 we have the following.

Corollary 6. Suppose that assumption (H2) holds and there
exists a constant §; > 0,1 =1,2,...,n, such that

min { | 7,(;— ZZSZ =D, >0,
tefowl iy (71)
i=12,...,nm
where

min { ) ,,l(t)+25],,(t)

telowl |5 i#i
=E, i=12,...,n,
i1 (1) (72)
i1 (‘Pijl (t))
1- Ti’jl (901'11 (t)))

ij=1,2,...

N, 1=1,2,...,m,

and the algebraic equation,

n
r;i—a;V;— Zaijvj =0,
j#i

i=12,...,n, (73)

has a unique positive solution. Then system (68) has at least one
positive w-periodic solution.
Corollary 7. Suppose that assumption (H3) holds and there

exists a constant 3; > 0,i=1,2,...,n, such that

111

min 7 — Z Zalﬂﬁj =G; >0,

tefow] j#i =1 j (74)

i=12,...,n,
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where

m 0 n
min {lz J_T laiil t—s)k; (s) + Zaﬁl (t=s)kjy (s)] ds} 75)

J#

and the algebraic equation,

T, —a;v a,]v]—O i=12,...,n, (76)
j#i

has a unique positive solution. Then system (69) has at least one
positive w-periodic solution.

Corollary 8. Suppose that assumption (H4) holds and there
exists a constant y; > 0,1 = 1,2,...,n, such that

min ZZ 1Y) Lic 1 i = H,; >0,
te(0.e] =1 % j (77)
i=1,2,...,n,
where
m n
min Z ag (t+ 1) + Z“ﬁl (t + ‘rj,»l) =1L,
tel0wl |5 e (78)

i=12,...,n,

and the algebraic equation,

n
F-@vi-yagy; =0, i=12...,n (79
j#i

has a unique positive solution. Then system (70) has at least one
positive w-periodic solution.

5. One Example

In this section, we will give one example to illustrate the
results obtained in this paper. From the example, we will see
that if the conditions of Theorem 3 hold, then the system has
a positive periodic solution. If the conditions of Theorem 4
hold, then the system has a positive periodic solution and
which is globally attractive.

Example. We consider the following periodic three-species
competition systems:

X, (t) =x, (t) [1.1 + cos ()

—(6+sin (£) x, (t -1y, (1))

22+ 11sin(8)\ (°
_<T()>J, kip1 () x, (E+5s)ds
22+ 11sin(8)\ (°
_(T()>J, kiz (s) x5 (t+s)ds|,

X, (t) = x, (t) [1.1 + sin (t)

—(6+sin (1)) x, (£ — 15, (1))

<22 + 11sin (t)
20

0 (80)
> J, kypp () x, (E+s)ds

_(NSTm(t)> Ji Ky (8) x5 (t+s)ds|,

X5 (1) = x5 (t) [1.1 + cos ()

—(6+cos (1)) x5 (t — 733, (1))

_(27+9cos(t)

0
) j Koy (5) %, (64 5) ds

_(18+9cos(t)

0
0 ) J_Tm kay (5)x, (t+5)ds|,

where 7,1, (t) = 7)5,,(t) = 135, #) =0, n =3, m =1, w = 2m;
by direct calculation we can get

B, = 0.5,
B, = 0.65, (81)
B, = 1.25,

and the following system of equations has a unique positive
solution

2v, = 0.5v, — 0.5v; = 1.9802,

v, —0.5v, — 0.4v; = 1.9608, (82)

3v; —0.75v, — 0.5v, = 1.9417,

and get
v, = 1.7554,
v, = 1.6929, (83)
vy = 1.3682.

It is clear that all the conditions of Theorems 3 and 4 hold.

From the Figure 1. we can see, system (80) is permanent
and has a positive periodic solution which is globally attrac-
tive.
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