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We apply the Krasnoselskii’s fixed point theorem to study the existence of multiple positive periodic solutions for a class of impulsive
functional differential equations with infinite delay and two parameters. In particular, the presented criteria improve and generalize
some related results in the literature. As an application, we study some special cases of systems, which have been studied extensively

in the literature.

1. Introduction

First, we give the following definitions. Let /] C R denote
by PC(J,R") the set of operators ¢ : ] — R" which are
continuous for t € J, t #t; and have discontinuities of the first
kind at the points t;, € J (k € Z,) but are continuous from
the left at these points. For each y = (¥, y5,...,¥,)" € R",
the norm of y is defined as [y| = Y, |,]. The matrix A >
B (A < B) means that each pair of corresponding elements
of A and B satisfies the inequality “ > 7 (“ < ). In particular,
A is called a positive matrix if A > 0.

Impulsive differential equations are suitable for the math-
ematical simulation of evolutionary process whose states are
subject to sudden changes at certain moments. Equations of
this kind are found in almost every domain of applied sci-
ences; numerous examples are given in [1-3]. In recent years,
in [4-11], many researchers have obtained some properties of
impulsive differential equations, such as oscillation, asymp-
totic behavior, stability, and existence of solutions. However,
to this day, still no scholars investigate the existence of
multiple positive periodic solutions for impulsive functional
differential equations with infinite delay and two parameters.
Motivated by this, in this paper, we mainly consider the

following impulsive functional differential equations with
two parameters:

Y () =-Aty®)y®) +AB(t, y () F (tu(t)),
teR, t#t,, (1)

Ay (ty) = pl (t v (t), ke Z,,

Y ()= Aty (®) y(©) - AB(t y (1)) F (Lu(®)),
teR, t#t, (2)

Ay (ty) = pli (e y (t)), ke Z,,

where

u(t) = (y(q #5057 (6m1 (1),
®
[ ke-py@a),

and A > 0, g > 0 are two parameters, A(t, y(t)) =
diagla, (t, y(1)), a,(t, y(t)), ..., a,(t, y(t))], B(t, y(t)) =
diag[b, (t, y(1)), by(t, y(1)),..., b,(t, y(t)], a;, b € C(R x R,

R") (i=1,2,...,n)are w-periodic, thatis, a;(t+w, y(t+w)) =



a;(t, y(£)), bt + w, y(t + @) = bt, y©), F = (fis...» f) s
F(t,u(t)) is an operator on R x BC(R, R") (here BC(R, R")
denotes the Banach space of bounded continuous operator
¢ : R — R" with the norm [[¢ll = Y., supycrld(0)l,
where ¢ = (¢,...,0,)7), filt + wu(t + @) = fi(t,u(t)),
Ay(t) = y(t0) - y(t;) (here y(t]) represents the right limit of
y(t) at the point ty.), I = (I, Ly, .., Ly) € C(R}, R”), that
is, y(t) changes decreasingly suddenly at times ;. w > O isa
constant, Z, = {1, 2, 3,...}, R = (—00,+00), R, = [0,+00),
and R_ = (—00,0]. We assume that there exists an integer
q > Osuch thatty,, =ty + @, igyg) = Lo i = L,2,...,m,
where 0 <) <t, <:+ <1, < w.

Models of forms (1) and (2) have been proposed for
population dynamics (single species growth models), physi-
ological processes (such as production of blood cells, respira-
tion, and cardiac arrhythmias), and other practical problems.
Equations (1) and (2) are very general and incorporate
many famous mathematical models extensively studied in the
literature [12-21]. In this paper, we will study the existence of
positive periodic solutions in more cases than the previously
mentioned papers and obtain some easily verifiable sufficient
criteria.

Throughout the paper, we make the following assump-
tions.

(H)) a,b R x R, — R, satisfy Caratheodory
conditions; that is, a;(t, y) and b(t, y) are locally
Lebesgue measurable in ¢ for each fixed y and are
continuous in y for each fixed ¢ are w-periodic func-
tions in t. Moreover, there exist w-periodic functions
a;» &y by by R — R+, which are locally bounded
Lebesgue measurable so that a,;(t) < a;(t, y(t)) <
ay (1), by;(t) < by;(t, y(t)) < by(t) and J:) ay;(H)dt > 0,
fow b,;(t)dt > 0. A >0, u> 0 are two parameters.

(H,) fi(t,u(t)) is w-periodic with respect to the first vari-
able, that is, f;(t + w,u(t + w)) = f;(t, u(t)) such that
filtu(®) # 0,i=1,2,...,n

(H;) The delay kernel k : R, — R, is integrable and is
normalized such that Jomo k(t)dt =1, cj(t) :R - R
such that¢;(f) <t,j=1,2,....,n- L

(Hy) ), k € Z, satisfies0 < t; < t, < -++ < f <
o+, and limg_, ,f, = +oo; [, : Rx R, — R,
k € Z, satisfy Caratheodory conditions and are w-
periodic functions in ¢. Moreover, I(t,0) = 0 for all
k € Z*. There exists a positive constant g such that
trrg = U@ T g (g V(i) = Ti(ty y(t1)), k € 2,
Without loss of generality, we can assume that ¢, #0
and [0,w] N {t;, k€ Z'} = {tity .o tgh.

In addition, the parameters in this paper are assumed to
be not identically equal to zero.

To conclude this section, we summarize in the following a
few concepts and results that will be needed in our arguments.

Definition 1 (see [22]). Let X be a real Banach space and let E
be a closed, nonempty subset of X. E is said to be a cone if

(1) ax+ By € Eforallx,y € E,and o, 8 > 0;
(2) x,—x € Eimply x = 0.
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Lemma 2 (see Krasnoselskii’s fixed point theorem [23-26]).
Let E be a cone in a real Banach space X. Assume that Q) and
Q, are open subsets of X with 0 € Q, ¢ Q, ¢ Q,, where
Q={xeX:|xl<r}@i=1 2).LetT:Eﬂ(QZ\Q_1) — E
be a completely continuous operator and satisfies either

(1) ITx|l = x|, for any x € EN0Qy and |Tx| < ||x||,
for any x € EN0Q,,

or

(2) ITx|l < lixll, for any x € EN 0Q, and | Tx| > |||,
for any x € EN9Q,.

Then, T has a fixed point in EN (Q, \ Q).

For convenience in the following discussion, we intro-
duce the following notations:

w
. |y IF (t,u(2))] dt
F* = limsup max ——,
u€Ek,|ul|l —a te0,w] ”M”

w
(t,u(t))|dt
E, = liminf min '[Olf—l
u€E |lull — a te[0,0] [luall

>

(4)
@ i Ztstk<t+w lIk (t, }’)'
I" = llmsup max )
yeplyl—at0el [y
L (¢,
I,= liminf min Listectso [Tk y)l,
yeE||y|| — atel0.w] "y"
wherea denotes cither Oor co, lul = max(lu | l)..... I

and |yl = max{ly, |, [y, ., [y, ]}

The paper is organized as follows. In Section 2, firstly, we
give some definitions and lemmas. Secondly, we derive some
existence theorems for one or two positive periodic solutions
of (1) which are established by using Krasnoselskii’s fixed
point theorem under some conditions. In Section 3, existence
theorems for one or two positive periodic solutions of (2) are
also established by using Krasnoselskii’s fixed point theorem
under some conditions. As applications in Section 4, we study
some particular cases of systems (1) and (2) which have been
investigated extensively in the references mentioned earlier.

2. Existence of Periodic Solution of (1)

We establish the existence of positive periodic solutions of (1)
by applying the Krasnoselskii’s fixed point theorem on cones.
We will first make some preparations and list below a few
preliminary results. For (¢, s) € R*, 1 <i < n, we define

el aEy@ g 3
el wEr©Oge _ 1’ (5)
G (t,s) = diag [G, (£,9),G, (t,5),...,G, (t,5)].

Gi (t’ S) =
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It is clear that G;(t + w,s + w) = G;(t,s), (0G; (t,s)/0t) =
a;(t, y(t))G;(t, s), Gi(t, t + w) = G;(t, t) = 1. In view of (H,), we
also definefor1 <i<n

1
o; = O<r¥1<in |G,- (t, s)| =—}
<t<s<w elo @()dE _
elo ai®)dE

B; == max |G,- (t,s)| =

0<t<s<w

eJ;) “1,‘({)515 — 1’

o = mina; = max3;
1<i<n © p lsiSnﬂ"

B; (t) = max {|by; ()|, [by; ()]}
B} (t) = min {|by,; (t)], [by ()]}

(B o}.

a:%e(o,l), (6)

B(t) =max {B; (1)},  B'(t)=mi

in
<i<n
Let X = {y = (3,(t), 3,(t)s...,y,(t)" € PC(R,R") |
y(t + w) = ()} with the norm lyll = Y7, lyilos 13l =
SUP;e[0.0] |y;(t)]. It is easy to verify that (X, || - |) is a Banach
space. Define E as a cone in X by

E={y=0n0,50,..7,®) €X: 30 20|y,

te 0w}

7)

We easily verify that E is a cone in X. We define an operator
T:X — X as follows:

(Ty) () = ((Toy) (O, (Tyy) ()5, (T,y) )T, (8)

where

t+w
(Tiy) () = A J G;(t,s)b (s, ¥(s)) f; (s,u(s))ds
t
)
1Y Gi(bn) I (te y (1))

<t <t+w
The proofs of the main results in this paper are based on an
application of Krasnoselskii’s fixed point theorem in cones. To
make use of the fixed point theorem in cone, firstly, we need
to introduce some definitions and lemmas.

Definition 3 (see [1]). A function y : R — (0, +00) is said
to be a positive solution of (1) if the following conditions are
satisfied:

(a) y(t) is absolutely continuous on each (¢, t;,,);

(b) for each k € Z,, y(t{) and y(t;) exist, and y(t;) =
y (tk)§

(c) y(t) satisfies the first equation of (1) for almost every-

where in R and y(t;) satisfies the second equation of
(1) at impulsive point t;, k € Z,.

Definition 4 (see [22]). Let X be a real Banach space; E is a
cone of X. The semiorder induced by the cone E is denoted
by “<” Thatis, x < yifand onlyif y —x € Pforanyx, y € E.

Lemma55 (see [27]). Assumethat f(t) and g(t) are continuous
nonnegative functions defined on the interval (e, 3]; then there
exists & € [a, 8] such that

B B
J f(t)g(t)dt=f(£)J g (t)dt. (10)

Lemma 6. Assume that (H,)-(H,) hold. The existence of
positive w-periodic solution of (1) is equivalent to that of
nonzero fixed point of T in E.

Proof. Assume that y = (y,(t), yz(t),...,yn(t))T € Xisa
periodic solution of (1). Then, we have

(@ liserone]
1

= Al SOy (1 (1)) £ (tu (1), i

t%tk, i= 1,2,...,7’1.

Integrating the above equation over [t,t + w], we can have

by QW

I ai(s,y(s))ds

yi(v)e

t

4y, (v) el atseds|7
1

Ly T

(12)
teooty ) efov a;(s,y(s))ds t+w
1

tmq+nw
t+w v

- Aj o SOy (1 (1) (vau (V) dv,
t

Wheretmk +nw e (tt+w),m €1{1,2,...,9L,k=12,...,q
nez,.
Therefore,

i (t) efot ey [ejzw a(s,y(s)ds _ 1]

tmk +nw

_ Z A}’i (tmk) ejo a;(s,y(s))ds .

1<t <t+w

t+w v
= AJ elo aeYDdy (4, 3 () fi (v, u (v)) dv,
t
which can be transformed into

t+w
3O =2[ G 9b 5y ) filsu)ds

+tu Z G; (t.t) I (1 v (1)) (14)

t<t<t+w
= (Tiy) (®).

Thus, y; is a periodic solution for (9).



¥, € Xand Ty = (T,y

Ify = (3,(), y5(0)s...
T,y,...,T,y)" = y with y#0, then for any t = t,, derivative

the two sides of (9) about ¢,
(Ti}’)’ (t)

d

:E[AEWG*“”@@y@Dﬁsm@»m

=AG tLt+w)b(t+w,y(t+w) f;(t+wu(t+w))
—Gi (L0 (ty®) f; (b u )]
—a;(ty(®) y; ()
—a; (t, y (1)) y; (1) + Ab; (£, y () f; (. (1)
= (1).

(15)

Foranyt = t; j € Z,, we have from (9) that

j (G (t].5) = Gi (t5)]
xb; (s, y(s)) fi (s;u(s))ds

tuoy Gi(t;’t) I (tio v (t0)

N
<<t o

—H Z Gi(tjrtk)lik(tk’y(tk))

t<t<t 4w

yi(t;)‘yi(tj):/‘J

tj

= ply (te y (1)) -
(16)

Hence y(t) = (yl(t),yz(t),...,yn(t))T € X is a positive
w-periodic solution of (1). Thus we complete the proof of
Lemma 6. O

Lemma 7. Assume that (H,)-(H,) hold. ThenT : E — E is
well defined.

Proof. From (9), it is easy to verify that (T'y)(t) is continuous
in (tetryr), (Ty)(#) and (Ty)(t;) exist, and (Ty)(t,) =
(Ty)(t;) for each k € Z_. Moreover, for any y € E

(Ty) (t + w)

t+2w
=)Lj G(t+ws)b(s,y(s))F(s,u(s))ds

+w

oy

t+w<ty <t+2w

G(t+w,ty) I (t, y (1))
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t+w
=/\J Gttwv+tw)b(v+wy(+w)
t

xF(v+w,u+w))dv

+tu Z G (t.t) I (te v (1))

= JH“’G(t,s)b(S,y(s))F(S)u(s)) ds

tu Y Gt I (te y (1)

t<t; <t+w
= (Ty) (®).
(17)
Therefore, (T'y) € X. From (9), we have
|Tiy|0 < B |:A L b, (s, ¥ (5)) f; (s,u(s))| ds
(18)
ty Z © (to v (1) :|
t<t<t+w
On the other hand, we obtain
)0 2|3 ][0 0) sl
+ I (e y (1))
@;mkk ¢ (19)
> —|T,y
ﬁz | |0
2 0Tyl

Therefore, Ty € E. This completes the proof of Lemma 7. [

Lemma 8. Assume that (H,)-(H,) hold. ThenT : E — E is
completely continuous.

Proof. We first show that T is continuous. By (H;)-(H,), f
and H are continuous in y; it follows that for any ¢ > 0,
let § > 0 be small enough to satisfy that if y, y* € E, with

ly -y <6,

f (su(s) = f(su’ ()] < seR,

ZBAﬁ

[Hy (o y (8) = L (8 ¥™ (8))] < 2/3/4q .
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Therefore,

I(Ty) @) - (Ty") (0)]

n
= Z|Ti}’ -Ty" Io

i=1

<BYA[ (s y ) fisue)
i=1 7t

=b, (s, ¥ () f; (s,u” (5))| ds o

I (te y (t))

By Y|

i=1 t<tp<t+w

—hy (tk’)’* (t)

< BABw

—— +
BApo T 2Bug 2/3Mq

:E,

which implies that T' is continuous on E.

Next we show that T maps a bounded set into a bounded
set. Indeed, let C € E be a bounded set. For any t € R and
x € C, by (9), we have

1) O] = YT,

i=1

norttw
<B [AZ L |6; (s, ¥ (5)) f; (s, (s))| ds

i=1

+Hi Z |Li (tk’y(tk))|:| (22)

i=1 t<t<t+w

=p |:Jo by; (s) F (s,u(s))ds

+ Z |1k (tk>y(tk))|:| :

t<ti<t+w

Since C is bounded, in view of the continuity of T, it follows
from (21) that T’y is bounded and {Ty : y € C} is uniformly
bounded. Finally, we show that the family of functions {Ty :
y € C} is equicontinuous on [0, w]. Let 0,,0, € [0, w] with
0, < 0,. From (9), for any y € C, we have

I(Ty) (6,) — (Ty) (6]

< Z“ (G, (6,55) - G; (6,,5))
xb (s, () f; (su () ds
[ 6. 09-6.6.9

xb (s, y(s)) fi (s,u(s)ds

5
+ Z (G; (0,,tx) = G; (01, %))
0,<t;.<0,
x| I (1 v ()]
+ Z (G; (62, 1) = G; (01, 4))
0,<t;. <0, +w
X Ly (t y (8))] | -
(23)

Since for y € C,t € [0,w], 0 < k < g, b(t, y(t)), f;(t, u(t)),
and I;; (t;, y(t;)) are uniformly bounded in X, in view of (23),
it is easy to see that when 6, — 0, tends to zero, |(Ty)(0,) —
(Ty)(6,)| tends uniformly to zero in X. Hence, {Ty : y € C}is
a family of uniformly bounded and equicontinuous functions
on [0, w]. By Arzela-Ascoli theorem, the operator T is com-
pletely continuous. The proof of Lemma 8 is complete. [

Our main results of this paper are as follows.
Theorem 9. Assume that (H,)-(H,) and

(Hs) there exists a R > 0 such that F(t,u) > (R/
(2“03’(5)/\“))); Ztstk<t+w L (te y(t)) =2 (R/QQaow)),
for lull < Iyl € [oR, R];

(H) F°=1"=F® =1 =0
hold. Then, (1) has two positive w-periodic solutions.

Proof. First, we define Qp = {y € X : ||yl < R}; then Q
is an open subset of X. Then, for any y € E N 0Q),, we have
y(t) = oR. Consequently,

u; () =y(c;®) 20|y zolu@®l,

t (24)
= [ ke-0y@dzoly]> ool

then

ool = max {y(0).[ ke-9y@d}>or
25)

and from the definition of u(t), we know |u(t)|| <
From (9), (H;), and Lemma 5, we get

lly @Il
I(Ty) ®)]l = Z'T)’|o
= Z [A L |G; (t,9) b, (s, ¥ (5)) f; (s,u(s))|ds

+u Z |G; (£.10) T (1o (82))]

t<tp<t+w



t+w

|G, (¢,5) f; (s,u ()| ds

SYIEN|

i=1 7t

cuY Y (G (68 I (b y (60)]

i=1 t<ti<t+w

=

AB (&) j: IF (s, ()] ds

+u Z IIk(tk’)’(tk))|:|

t<t<ttw
R
o)
200

! R
> ao </1B (g)wZ(xoB’ G
> [yl
(26)

This yields

“Ty" > ||y|| , for anyy € ENoQp. (27)

On the other hand, if F* = I° = 0 holds, then we can
choose 0 < R; < R, so that Iow | £t u®)|dt < ellul; from
the definition of u(t), we know [ul| < [lyll. Thus, we have
[ 1 u@)lde < eyl Yoy crna it vt < €lyl for
y € [0,R],t € [0,w],1 < k < g, where constant € > 0
satisfies eB(AB(§)+u) < 1.By (9) and Lemma 5, we can obtain

(Ty) (t)

Y G

t<t<t+w

(t 1) I (ti v (1))

< AB(§) Zl L G; (t,s) fi (s, u(s))| ds o8

cuY S 16 (680 I (b0 v (20)]

i=1 (<t <t+w

=p |:AB ©) Lw |F (s, u(s))|ds

i Z T (6 v (tk))l]

t<t; <t+w

<eBf(ABE) +u) |y
<|y]-
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This yields

Iy) ®l < Iyl

In view of (27) and (29), by Lemma 5, it follows that T has a
fixed point y* € EN (Qp \Q_Rl) with R, < [l¥*|| < R, which
is a positive w-periodic solution of (1).

Likewise, in view of F® = I® = 0, forany 0 < € <
(1/(48B(é)Aw)), there is N > 0 such that

for any y € EN0Qy . (29)

F(t,u(t)) <e|ull, for|u|> N. (30)

Let Qg ={y € X : [yl < R,}, where

R,>4N +4B()Aw max F(t,u(t))
te[0,w],Jul<N
(31)
+2Bu Y

<t <t+w

T (b v (8))] -

Then for any y € E[) 0Qp,, from (9), (30), and (31), we have
[(Ty) O = Y17,
i=1

n

M 16 096 (5,6 s ()] ds

i=1

+y Z |G; (£, 1) T (1 y (1)

<t <t+w

n

t+w
<PB®Y | 16,09 i (su)]ds
i=1 7t

uy Y|

i=1 t<tk<t+w

(t,ty) I (ti v (82))]
t+w
=ﬁ[AB(E)L |F (s, u(s))| ds

tu Z T, (tk’y(tk))|:|
=p {AB 3 “1 |F (s,u(s))|ds
v Lz IF (5,4(9))] ds]

+tu Z T (e y (tk))|]’

t<tp<t+w
R DL R
4 4 2

(32)
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where I, = {s € [0, w], [lu(s)|| < N}, I, = {s € [0, w], [lu(s)]| >
N}. This yields

[Tyl <ly]l.  for any y € ENoQ,. (33)

In view of (27) and (33), by Lemma 5, it follows that T" has a
fixed point y € E N (Qg \ Qg) with R < [[7]| < R,, which
is a positive w-periodic solution of (1). Therefore (1) has at
least two positive periodic solutions; that is, R; < [[y*[| < R <
¥l < R,. This proves Theorem 9. O

Corollary 10. Assume that (H,)-(H,) and

(Hs) There exists a R > 0 such that F(t,u) > (R/

200B' (A, ¥y s It ¥(8)) = (R/2004), for
lull < Iyl € [oR, R];

(H) F°=1°=0,0r F* =1 =0
hold. Then, (1) has a positive w-periodic solution.
Theorem 11. Assume that (H,)-(H,) and

(Hg) there exists a r > 0 such that F(t,u) < (r/23B(§)Aw),
Dty <tro It Y(8)) < (r/2Bw), for ull < Iyl < r;
(H9)F0210:Foo:Ioo—

hold. Then, (1) has two positive w-periodic solutions.

Proof. We define O, = {y € X :|| y < r}, where R satisfied
(Hg); then Q, is an open subset of X and 0 € Q,.. Forany y €
E N 0Q,, by the definition of u(t), we get [[u(t)|| < |y(®)| = r.
Furthermore, by (9), (Hg), and Lemma 5, we have

I(ty) O] = Y| Tyl,

i=1

AJ; |G; (t,9) b, (s, ¥ (5)) f; (s, (s))|

n
i=1

+u Z |G; (t.10) I (1 v (81))]

t<tp<t+w

n

t+w
< AB (&) ZJ G; (t,9) f; (s,u(s))| ds
=17t

+P‘i Z |G; (1) T (1 y (1)

i=1 t<t<t+w

=p [AB 3 L |F (s,u(s))| ds

+tu Z T (b y (tk))|]

<t <t+w

r
<F OB(E)“’Z/BB(&)M 2/3#) =l

(34)

This implies for any y € E N 0Q,

17yl < Iy (35)

On the one hand, since F, = I, = 0o, then for any M; >
1/(2aB' (§)oAw) there exists 0 < r, < r such that

F(tu(t) = My ull, for flull <r,

(36)

>olull, j=12,...,n

uj >
Letting O, = {y € X : |yl < r}, then for any y €
E10Q,, one has |lyOl = 11, Xict crve Hio y(E) 2
(1/Qa)lly®ll = (r/Qe), y(t) = aly@®l = or.
Consequently,

u;)=y(®)z0ly|zolu@l,

w0 = | k-9 y©dEaly] o,

ory < [lu (@)l (37)

- max {(q0). [ ke-0r@d

1<j<n-1
<y =r,
where, together with (42) and Lemma 5, we have

I(Ty) O] = Y| Tyl

i=1

i=1

A L |G, (t,9)b; (s, ¥ (5)) f; (s,u(s))| ds

tH Z |G; (£.1) I (e v (1)

t<ti<t+w

n

>aB (£)) J |G; (t.s) f; (s, u(s))| ds
i=1 71

n

)y Y|

i=1 t<tk<t+w

(t,ty) I (tro y (1))
=« [AB' €3} L w|F(s,u(s))|ds

Ty Z T (t y (tk))|:|

t<t<t+w

Ily( )

>aAB (&) M oy ®|w+ ==

=yl
(38)

This implies for any y € EN0Q,,

ITy| =] (39)



In view of (35) and (39), by Lemma 2, it follows that T" has a
fixed point y* € EN (Qg \ Q_rl) with r; < |ly*|| < r, which
is a positive w-periodic solution of (1). On the other hand, if
E,, = I, = oo, then for any M, > (1/2aB'(§)oAw) there
exists r, > r such that

F(t,u(t) = M, |lull, for [[u] > r,,
(40)
uj 2 ollull, j=12,...,n

Letting Q. = {y € X : |yl < r,}, then for any y ¢
EnoQ,, “one has ly®Ol = 1y th ctro Do Yyt 2

12aply®Ol = ()20, yO) = oly®)l = or,
Consequently,
u; () =y(c;®)20ly|zolu@l,

t
w, (1) = j K(t-8y@dézoly| 2o lul,
- (41)

t
I« (0l = max {y (G0).[ ke-2y® df}

>0y ®| =or,

where, together with (41) and Lemma 5, we have

[Ty @] = Y1,

i=1

Z |:A J |G; (t,9) b, (s, ¥ (5)) f; (s,u(s))| ds
i=1 £

+u Z |G; (£.10) T (1 v (82)]

1<t <t+w

n

>aB ©)Y j IG; (t,5) f; (s,u (s))] ds

i=1

+#Z Y 1Gi (b t) Ty (0 y ()]

i=1 t<t;<t+w

=

AB () j IF (s,u(9))| ds

+u Z I (o y (tk))|]

<t <t+w

> aAB' (§) Myor,w + M

>yl
(42)

This yields
ITy) O = |1y

In view of (35) and (43), by Lemma 2, it follows that T has a
fixed point y € EN (QT2 \Q_r) with r < [[y| < r,, whichisa

for any y € EN0Q, . (43)

Journal of Applied Mathematics

positive w-periodic solution of (1). Therefore, (1) has at least
two positive periodic solutions; thatis v, < [[y*|| <7 < |y]l <
r,. This proves Theorem 11. O

Corollary 12. Assume that (H,)-(H,) and

(Hg) there exists ar > 0 such that F(t,u) < (r/23B(§)Aw),
Dtet,<tro Hilto y(t)) < (r/2), for ull < Iyl <7;

(Hyy) Fy =1, =00,0r F,, =1, = 00;

hold. Then, (1) has a positive w-periodic solution.

Theorem 13. Assume that (H,)-(Hs), and (Hyg) hold. Then,
(1) has a positive w-periodic solution y with | y|| lying between
R and r, which are defined in (H;) and (Hyg), respectively.

Proof. Without loss of generality, we may assume that r < R;
then for any y € E N 0Q,, by the definition of u(t), we get
lu@®ll < lly(®)|l = r. Furthermore, by (9), (Hg), and Lemma 5,
we have

I(Ty) ®)] = ZITJ’|0
-y [/\ L 16 .98 (5 v (9)) £ (5.1 ()]

+u z |G; (£.1) I (t y (8)]

1<t <t+w

n

<AB(©)) j |G; (t,9) f; (s,u(s))| ds
i=1 7t

cuy Y|

(t.tx) I (1 y (1))

i=1 t<t<t+w
=B |AB(8) L |F (s,u(s)| ds
ty Z |k (tk>y(tk))|:|
;
= ﬁ(* (g)“’z/sB(s) Ao 27“)
<r=|y].
(44)
This implies for any y € EN0Q,
ITy] < {1 (45)
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Now, we let Qp = {y € X : |lyll < R}; then Qp is an open
subset of X. Then, for any y € E N 0Qy, we have y(t) > oR.
Consequently,

u®)=y(c;®)zo|y|zolu@l,

w, (1) = j k(-8 y@dez oy 2 alu®l,
- (46)

I (®ll = max, {y(cj ®). j_ook(t ~8)y©® de}

> oR,

and from the definition of u(t), we know [u(®)| < [y(®)I.
From (9), (H;), and Lemma 5, we get

n

I(Ty) )] = Y|y,

i=1

t+w
A Jt |G, (,5) b, (5, ¥ (5)) fi (s,u(s))| ds

=2

n
i-1

1

+u Z |G (. ti) e (13 y (81))]

t<t; <t+w
n t+w

> B (E)Zj

t

|G; (t,5) f; (s, u(s))| ds

+#i z |G; (t.10) T (1 v (82))]

i=1 t<ti<t+w

=

B (©) jo IF (5,14 (s))] ds

+u Z IIk(tk’y(tk))|]

t<t <t+w

> a0 (AB' (E)wZaaB’}if) o + 255;4) =R
>yl
(47)
This yields
Iyl > Iyl for any y € EN Q. (48)

In view of (45) and (48), byLemma 2, it follows that T has a
fixed point y* € EN (Qgx \ Q,) withr < ||y*|| < R, which is
a positive w-periodic solution of (1). This proves Theorem 13.

O

Theorem 14. In addition to (H,)-(H,), suppose the following
conditions hold:

(H,,) 0 < F* < (1/2BABE)w), 0 < I° < (1/2Bu);

(Hy,) Fo, = (1/2a0AB' )w), I, > (1/2a0u);

then, (1) has a positive w-periodic solution.

Proof. In view of 0 < F’ < (1/2BAB(&)w), 0 < I°< 1/(2Bu),
there exists a sufficiently small » > 0 such that

[ 1F (tu (1)) dt 1
0 < , forany |lu(@®)| <7,
ol 2pAB () w 7 ol
Zt<tk<t+w lIk (t, J’)| 1
= < ——, foran M| <,
b e o ol
(49)
which yields
@ 1
|, 1P @udr s L
r
< m, for any |lu(t)| <7,
1
L(ty)|<— |y
tSth<t+w| ¢ | 2pu ” "
r
< ——, foran @ <r.
o forany 0]

(50)
Therefore, condition (Hy) is satisfied. On the other hand,

since F > (1/2a0)AB' (§)w), I, = (1/2a0u), there exists a
sufficiently large R > 0 (R > r) such that

[ 1 (6w (e)] dt

[leell
1
>—— ¢ RR],
= 2a0AB G llu ()]l € [oR, R]
(51)
Ztgtk<t+w IIk (¢, y)l
Iy
= 200y’ for any |y (t)|| € [0R,R],
which yields
J |F (¢, u(t)|dt
0
> el
" 2a0AB' (§) w
> L for any |lu ()| € [oR, R]
~ 200MB' §) w’ y .R],
1
1 (6] = 52 b
fﬁsz<t+w 20004
> 20(0”, for any ||y(t)|| ¢ [oR,R].
(52)

Thus, condition (Hs;) is satisfied. By Theorem 13, we complete
the proof. O
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Theorem 15. Assume that (H,)-(H,) and

(Hy;) Fy > (1/200AB' ()w), I, > 1/2a0u;

(Hy4) 0 < F® < (1/2BAB)w), 0 < I < (1/(2fBop))
hold. Then, (1) has a positive w-periodic solution.

Proof. In view of F, > (1/2a0AB' (§)w), I, > (1/2a0u), for
¢ = min{F, - (1/2acAB' (§)w), I, — (1/2a0p)}, there exists a
sufficiently small r > 0 such that

fF@u@Nd
] =0 T T 2a0MB (8w’
for any 0 < lu(t)|| <,

u;(t) zollu@l, (53)

Ztgtk<t+w |Ik (t’)’)l SI—e> 1
Iy

" 2a0p’
for any ||y (t)| € [o7,7],

which yields

Lw |F (t,u(t))|dt

L
200AB' (&) w

[l
> m, for any u (®)] € [or,7], (54)
DI AGIEE~m1l
> s forany [y@] €lonrl.

Therefore, condition (Hj) is satisfied. On the other hand,
since 0 < F* < (1/2BAB()w), 0 < I < (1/2fow), for
€ = max{(1/2AB(&)w) — F*°, (1/2fou) — I}, there exists a
sufficiently large R (R > r) such that

[3 1E (6 u ()l dt o, . 1

< S — 5>
([l 2BAB () w
for any |lu ()| = R,

ZtStk<t+w |Ik (t>J’)| - 1
I¥1 B 2B

for any |y (t)| > R.

In the following, we consider two cases to prove (Hg) to be
satisfied: jow |EF(t, u(t))|dt, Ztstk«m |I.(t, ¥)| are bounded or

unbounded. The bounded case is clear. If j: |F(t, u(t))|dt,
and Y. 4o II(t, y)| are unbounded, then there exist
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u*,y* € R, R = |y*| = llu"l = Rand ¢, € [0,w] such
that

r |F(t,u(t)|dt < r |F (t,u” (t))|dt,
0 0

for any [lu(®)] < [|u*| <R,

Y oLyl Y |kty)]

t<t<t+w <ty <t+w

for any [ly ®] < [y"[ + R,

Since R, = [|y*|| = [lu”|l = R, then we get

J: \F (1 ()] dt
< jw |F(t,u” (1))|dt < U
) ’ " 2BAB(®)w

S
S2BBOw  2PABE @

for any |lu (£)] < |ju"|| < Ry, (57)

YLy

t<t<t+w

< Y by IR

<ty <t+w

for any [y O] <[y*[ +Ri.

Thus, condition (Hy) is satisfied. By Theorem 14, we complete
the proof. O

Theorem 16. Assume that (H,)-(Hs), (Hy;), and (H,,) hold.
Then, (1) has at least two positive w-periodic solutions y*, y
satisfying 0 < [ly*|| < R < [[y|l, where R is defined in (Hs).

Proof. From (H;) and the proof of Theorem 9, we know that
there exists a sufficiently large R > 0 such that

17> Iy

On the one hand, from (H, ;) and the proof of Theorem 14, we
know that there exists a sufficiently small ¥ > 0 (r < R) such
that

for any y € E N 0Qy,. (58)

17yl < lixl

In view of (58) and (59), by Lemma 2, it follows that T" has a
fixed point y* € EN (Qg \ Q,) with 7 < | y*| < R, which is a
positive w-periodic solution of (1).

On the other hand, from (H;,) and the proof of
Theorem 15, we know that there exists a sufficiently large R, >
0 (R, > R) such that

17l < lxl

In view of (58) and (60), by Lemma 2, it follows that T has a
fixed point y € EN (QR1 \Q_R) with R < [[¥|| < R, which is

for any y € EN0Q,. (59)

for any y € EN0Qy . (60)
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a positive w-periodic solution of (1). Thus, (1) has at least two
positive w-periodic solutions y*, ¥ satisfying r < ||y*|| < R <
7l < R,. The proof is completed. L]

Corollary 17. In addition to (H,)-(Hs), suppose (H,;) or
(H,4) holds. Then, (1) has at least one positive w-periodic
solution.

Theorem 18. Assume that (H,)-(H,), (Hy), (H,,), and (H,3)
hold. Then, (1) has at least two positive w-periodic solutions y*,
y satisfying 0 < |y*|| < r < |yll, where r is defined in (Hy).

Proof. From (Hg) and the proof of Theorem 9, we know that
there exists a sufficiently small » > 0 such that

Tyl <1yl

On the one hand, from (H;,) and the proof of Theorem 14,
we know that there exists a sufficiently large r; > 0 (r; > r)
such that

for any y € EN0Q,. (61)

1Tyl > Iyl

In view of (61) and (62), by Lemma 2, it follows that T has a
fixed point y* € EN Q, \ Q,) with r < [|[y*|| < r,, which is
a positive w-periodic solution of (1).

On the other hand, from (H;;) and the proof of
Theorem 15, we know that there exists a sufficiently small
r* >0 (r* < r) such that

171> Iy

In view of (61) and (63), by Lemma 2, it follows that T has a
fixed point y* € EN(Q, \ Q,-) with 7* < ||y*|| < r, which is
a positive w-periodic solution of (1). Thus, (1) has at least two
positive w-periodic solutions y*, y satisfying r* < || y*|| < r <
[l < r,. The proof is completed.

for any y € EN0QY, . (62)

for any y € ENoQ.. (63)

Corollary 19. In addition to (H,)-(H,), and (Hjg), suppose
(H,,) or (H,3) holds. Then, (1) has at least one positive w-
periodic solution.

Theorem 20. Assume that (H,)-(H,), (Hy), (H,,) hold. Then,
(1) has at least two positive w-periodic solutions y*, y satisfying
0 <ly*ll < Iyl

Proof. From (Hj) and the proof of Theorem 9, if F° = I° = 0,
we know that there exists a sufficiently small r > 0 such that

17yl < lxl>

In view of F*® = [® = 0, we know that there exists a
sufficiently large R > 0 (R > r) such that

Tyl <yl

On the one hand, from (H,,) and the proof of Theorem 14, we
know that there exists a sufficiently large r; > 0 (R > r; > 1)
such that

for any y € EN0Q,. (64)

for any y € EN9dQy. (65)

|7yl >yl for any y € EnoQ,. (66)

1

In view of (64) and (66), by Lemma 2, it follows that T has a
fixed point y* € EN Q, \ Q,) with r < |ly*|| < r,, which
is a positive w-periodic solution of (1). In view of (65) and
(66), by Lemma 2, it follows that T has a fixed point y € EN
(Qg \Q_,l) with r; < [[¥] < R, which is a positive w-periodic
solution of (1). Thus, (1) has at least two positive w-periodic
solutions y*, y satisfying r < [|y*|| < r; < [¥|| < R. The proof
is completed. O

Corollary 21. Assume that (H,)-(H,), (H,), and (H,,) hold.
Then, (1) has at least one positive w-periodic solution.

Theorem 22. Assume that (H,)-(H,), (Hy), and (H,5) hold.
Then, (1) has at least two positive w-periodic solutions y*, y

satisfying 0 < [|y* | < [[.

Proof. From (H,;) and the proof of Theorem 15, we know that
there exists a sufficiently small » > 0 such that

[ol> ol forany yeEndQ,. (67
From (H,) and the proof of Theorem 9, on the one hand, if
F° = I° = 0, we know that there exists a sufficiently small
r* >0 (r* < r)such that

[Ty < xs

In view of (67) and (68), by Lemma 2, it follows that T" has a
fixed point y* € EN(Q, \ Q,-) with r* < ||y*|| < r, which is
a positive w-periodic solution of (1).

On the other hand, if F* = I®® = 0, we know that there
exists a sufficiently large R > 0 (R > r) such that

for any y € ENOQ,.. (68)

17yl < lxl

In view of (67) and (69), by Lemma 2, it follows that T" has a
fixed point ¥ € EN (Qg \ Q,) with r < |¥]| < R, which is a
positive w-periodic solution of (1). Thus, (1) has at least two
positive w-periodic solutions y*, ¥ satisfying r* < || y*|| < r <
[l < R. The proof is completed. O

for any y € EN0Qp. (69)

Corollary 23. Assume that (H,)-(H,), (H;), and (H,3) hold.
Then, (1) has at least one positive w-periodic solution.

Similarly, one can prove the following theorems and corol-
laries.

Theorem 24. Assume that (H,)-(H,), (H,), and (H,,) hold.
Then, (1) has at least two positive w-periodic solutions y*, y

satisfying 0 < [y || < [[yll.

Corollary 25. Assume that (H,)-(H,), (H,,), and (H,;) hold.
Then, (1) has at least one positive w-periodic solution.

Theorem 26. Assume that (H,)-(H,), (H,), and (H,,) hold.
Then, (1) has at least two positive w-periodic solutions y*, y

satisfying 0 < [|y* | < [[.

Corollary 27. Assume that (H,)-(H,), (H,,), and (Hy,) hold.
Then, (1) has at least one positive w-periodic solution.
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3. Existence of Periodic Solution of (2)

Now, we are in a position to attack the existence of positive
periodic solutions of (2). By carrying out similar arguments
as in Section 2, it is not difficult to establish sufficient criteria
for the existence of positive periodic solutions of (2). For
simplicity, we prefer to list below the corresponding criteria
for (2) without proof, since the proofs are very similar to those
in Section 2.
For (t,s) € R%, 1 <i < n, we define

o I aiy®)ds

G* t)s = I
i () 1 — e Jo a&y®)dg

o aEy©)dE (70)
el mEyends _

G" (t,s) = diag [G] (£,9), G, (1,5),...,G, (t,9)].

It is clear that G/(t,t) > G/(t,s) = G'(tt + w),
0G! (t,5)/(0t) = a,(t, y(1))G! (t,s), G! (t,t) = G (t,t + w) = 1.
In view of (H,), we also define for 1 <i <n

* * 1
, = i G. t, = =,
«; 05122({)] D ()] Tk &;
elo wi®)dt
=B

els @i®dE _ 1

B = max = B,

1<i<n

B == max |G! (t,5)] =

0<t<s<w

* . *
® = mingo; =,
1<i<n

6=;—:€(0,1)=0, (71)

B; (t) = max {|b; ()|, |by; ()|},
B; (t) = min {|b;; ()|, |b; ®)|}»
B(t) = max {B; (1)},

B' (1) = min {B; (1)}

Let X = {y = (1), 1),....y,()) € PCR,R") |
y(t + w) = ()} with the norm |yl = Y7, lyilos 13l =
SUP;e (0] |y;(t)]. It is easy to verify that (X, | - ||) is a Banach
space. Define P as a cone in X by

P={y=0(n®. 00 50) X 30
72)

> 8“)/1-"0, te [O,a)]}.

We easily verify that P is a cone in X. We define an operator
¢: X — Xasfollows:

(@) () = (($17) O, () )., ($,7) O),  (73)
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where

(6:7) () = A j G (t9)b (5,5 (5)) fi (s u(s)) ds
! (74)
U Y G (bt I (B y (1)) -

1<t <t+w

The proof of the following lemmas, theorems, and corollaries
is similar to those in Section 2; we omit all the details here.

Lemma 28. Assume that (H,;)-(H,) hold. The existence of
positive w-periodic solution of (2) is equivalent to that of
nonzero fixed point of ¢ in P.

Lemma 29. Assume that (H,)-(H,) hold. Then ¢ : P — Pis
well defined.

Lemma 30. Assume that (H,)-(H,) hold. Then ¢ : P — Pis
completely continuous.

Theorem 31. Assume (H,)-(H,) and (Hs) hold. Moreover, if
one of the following conditions holds:

(Hg); (Hyp)> (Hiy), (75)

then, (2) has two positive w-periodic solutions y* and 7y
satisfying 0 < [ly*|| < R < [[yll, where R is defined in (Hs).

Theorem 32. Assume (H,)-(H,) and (Hg) hold. Moreovet, if
one of the following conditions holds:

(Hy); (Hy), (His), (76)

then, (2) has two positive w-periodic solutions y* and y
satisfying 0 < |y*|| < r < | 3|, where r is defined in (Hg).

Theorem 33. Assume (H,)-(H,) hold. Moreover, if one of the
following conditions holds:

(H6)> (H12)§ (Hs)’ (H13);

(H9)’ (H11)§ (H9)) (H14)’

(77)

then, (2) has two positive w-periodic solutions y* and y
satisfying 0 < |ly* || < |7l

Theorem 34. Assume (H,)-(Hs) hold. Moreover, if one of the
following conditions holds:

(H7); (Hs)s (Hy)s (Hyg)s (78)
then, (2) has at least one positive w-periodic solution.

Theorem 35. Assume (H,)-(H,) and (Hg) hold. Moreover, if
one of the following conditions holds:

(Hyo); (Hy)s (Hys), (79)

then, (2) has at least one positive w-periodic solution.
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Theorem 36. Assume (H,)-(H,) hold. Moreover, if one of the
following conditions holds:

(H7)> (HIO); (H7)’ (H12)3
(H7)) (H13)3 (HIO)’(HII);
(HIO)’ (H14); (Hn)’ (H12)§

(His)» (Hia),

then, (2) has at least one positive w-periodic solution.

4. Applications

In this section, as some applications of our main results, we
will consider some special cases of systems (1) and (2), which
have been investigated extensively in the literature.

Application 1. Consider the following equations:

y(t) = —A(ty®)y ()

(81)
+AB(t,y @) F(t,u(t)), te€R,
Y1) = Aty ®)y®
(82)
—AB(t,y ®))F(t,u(t)), te€R,

where u(t) = (¥, (D)., (6, O, [ K(t — §)y(E)dE),
which are special cases of systems (1) and (2) without impulse,
respectively. First, we list several assumptions:

(Pl) = (H1);
(Pz) = (Hz);
(P3) = (H3)§

(P,) there exists a R > 0 such that F(t,u) =
(R/(aoB' (E)Aw)) for [lull < ||yl € [oR, R];

(Ps) thereexistsar > 0such that F(¢,u) < (r/(23B(§)Aw))
for [lull < Iyl < r;

(PG) FO =0;

(P,) F® = 0;

(Ps) F() = 005

(Pg) Foo = 00,

(Pyo) F’= 1y € (0,1/BAB(§)w);
(P,) F® =0, € (0,1/BAB(E)w);
(P,) Fy =1, € (1/ac)AB' (§)w, c0);
(P3) F, =6, € (1/acAB' (§)w, 00).

By applying theorems in Sections 2 and 3 and to systems (81)
and (82), respectively, we obtain the following theorems.

Theorem 37. Assume (P;)-(P,) hold. Moreover, if one of the
following conditions holds:

(Ps), (P); (Py)s (Pi1), (83)

then, (81) and (82) have at least two positive w-periodic
solutions.

13

Theorem 38. Assume (P,)-(P;) and (Ps) hold. Moreover, if
one of the following conditions holds:

(Ps), (Py)s (Ppy)> (Pi3) (84)

then, (81) and (82) have at least two positive w-periodic
solutions.

Theorem 39. Assume (P,)-(P;) hold. Moreover, if one of the
following conditions holds:

(Ps)’ (P7)’ (PIZ); (P6)’ (P7)’ (P13);

(Ps)’ (P9)> (PIO); (PS)’ (P9)’ (Pn)’

then, (81) and (82) have at least two positive w-periodic
solutions.

Theorem 40. Assume (P,)-(P,) hold. Moreover, if one of the
following conditions holds:

(Ps); (Ps); (Py)s (Pyo)s (Piy)s (86)

then, (81) and (82) have at least one positive w-periodic
solution.

Theorem 41. Assume (P,)-(P;) and (Ps) hold. Moreover, if one
of the following conditions holds:

(Ps)s (Py)s (Pia)s (Prs), (87)
then (81) and (82) have at least one positive w-periodic solution.

Theorem 42. Assume (P))-(P;), hold. Moreover, if one of the
following conditions holds:

(Ps)> (Py)s (Ps) (Pra)s
(P7)> (Py)s (Py) (Po)s
(), (Pu)s (o), (Pro)s
(Pro)> (Pia)s () (Pra)

then, (81) and (82) have at least one positive w-periodic
solution.

(88)

Application 2. Consider the following equations:

Y () =—a®)y®) + f(Lu(t), teR, tt, )
Ay (t) = uly (te ¥ (1)), ke Z,,
Y () =a)y®) - ftu(), teR, t#t,
(90)
Ay (ty) = uly (te y (1)), ke Z,,
where
u(t) = (y (G ®)s sy (g ),
(91)

jfook(t—f)ycs)dzz),
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which are special cases of systems (1) and (2), respectively. For
convenience in the following discussion, on the one hand, we
introduce the following notations:

, [ 1f tu )| dt
limsup max ——,
u€E,ull —a te[0,w] ||M||

[ 1f (tue))|dt

£ =

Jo= lminf min ] ’
(92)
a . Ztstk<t+w |Ik (t, )’)|
I"= limsup max ,
yEE,"y" —a te[0.w] ”y”
I (t,
L= liminf min Ztstk<t+w | i ( )’)' ’

yeE|y|| - atelow] Iyl

where a denotes either 0 or co, |lull = max{|u,|, lu,l, ..., u,l}.
On the other hand, we list several assumptions:

(Al) = (Hl);
(Az) = (Hz);
(A3) = (H3);
(A4) = (H4);

(Aj) there exists a R > 0 such that f(t,u) > (R/2acAw),

Dty <tro Hiltio y(t)) = (R/2a0p), for [lull < |yl €
[0R,R];

(Ag) there exists a > 0 such that f(t,u) < (r/2fAw),
Dty <tro Lo Y(£)) < (r/2Bp), for [ u (<] y 1< 73

(A7) fo =1° =0;

(4g) f© =1 =0;

(Ag) fo =1, =00

(Ayg) foo = Iy = 005

(A)) ' =p, €(0,1/2BM\w), I’ = &, € (0,1/2Bu);

(A) & =0, €(0,1/2BAw), I* =g, € (0,1/2Bu);

(A13) fo=p, € (1200 w, 00), I = &, € (1/2a0u, 00);

(A1) foo = 05 € (1/2a00Aw, 00), I, = G, € (1/2a0u, 00).

By applying theorems in Sections 2 and 3 and to systems (89)
and (90), respectively, we obtain the following theorems.

Theorem 43. Assume (A;)-(As) hold. Moreover, if one of the
following conditions holds:

(A7)’(A8); (All)’(Alz)’

then, (89) and (90) have at least two positive w-periodic
solutions.

(93)

Theorem 44. Assume (A,)-(A,) and (Ag) hold. Moreover, if
one of the following conditions holds:

(A9)’(A10)§ (A13)>(A14)’

then, (89) and (90) have at least two positive w-periodic
solutions.

(94)
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Theorem 45. Assume (A,)-(A,) hold. Moreover, if one of the
following conditions holds:

(A7)’ (As)) (A13)§ (A7)> (As)’ (A14);
(A9)’ (Al())’ (Au); (A9)> (AIO)’ (Alz)’

then, (89) and (90) have at least two positive w-periodic
solutions.

(95)

Theorem 46. Assume (A,)-(As) hold. Moreover, if one of the
following conditions holds:

(A5)§ (A9)§ (Alo)i (Au); (A12)>

then, (89) and (90) have at least one positive w-periodic
solution.

(96)

Theorem 47. Assume (A,)-(A,) and (Ag) hold. Moreover, if
one of the following conditions holds:

(A7); (As); (A13); (A14)>

then, (89) and (90) have at least one positive w-periodic
solution.

(97)

Theorem 48. Assume (A,)-(A,) hold. Moreover, if one of the
following conditions holds:

(A7)> (AIO); (A7), (A14)§
(As)) (A9 (As)’ (A13)5
(98)
(A9)’ (A12 (AIO)’ (Au);
(Au)» (A14)$ (AIZ)’ (A13)>

then, (89) and (90) have at least one positive w-periodic
solution.

>

>

)
)

Application 3. Consider the following equations:

Y (t)=-a@t)y@t)+ f(tu(t), teR, (99)
Y ) =a)yt)- ftu®), teR, (100)
where
u(t) = (y(q ®)5. >y (6 (1),
(101)

[ ka-oy©a),

which are special cases of systems (89) and (90) without
impulse, respectively, that s, I(t, y(t;)) = 0. For convenience
in the following discussion, we list several assumptions:

(AT) = (H1)§

(A3) = (H,);

(A3) = (Hy);
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(A:) there exists a R > 0 such that f(t,u) >
for [lull < [lyll € [oR, R];

(R/2a0Aw),

(AY) there exists a r > 0 such that f(t,u) < (r/2fAw), for
lull < Nyl <7s

(AD [ =0;(A7) [ =

(A) fo =005 (AY) foo = 005

(A%) f7=py € (0,1/2BAw));

(A1) f© =e €(0,1/2PAw));

(A1) fo = py € (1/QaoAw, 00));
(A}3) foo = 05 € (1/Qac)w, 00)).
We obtain the following theorems.

Corollary 49. Assume (A})-(A}) hold. Moreover, if one of the
following conditions holds:

(45)> (A7) (A%p), (A1),

then, (99) and (100) have at least two positive w-periodic
solutions.

(102)

Corollary 50. Assume (A])-(A}) and (A%) hold. Moreover, if
one of the following conditions holds:

(4%)> (A5);5 (A1), (A),

then, (99) and (100) have at least two positive w-periodic
solutions.

(103)

Corollary 51. Assume (A7])-(A3) hold. Moreover, if one of the
following conditions holds:

(45)5 (47), (AL)s (A), (A7), (AL);
(4%), (45), (Al0)s (A¥), (A), (ATy),

then, (99) and (100) have at least two positive w-periodic
solutions.

(104)

Corollary 52. Assume (A7)-(A}) hold. Moreover, if one of the
following conditions holds:

(A35); (Ag)s (A)s (Al)s (ALY,

then, (99) and (100) have at least one positive w-periodic
solution.

(105)

Corollary 53. Assume (A7)-(A3), (A%) hold. Moreover, if one
of the following conditions holds:

(46)s (47);5 (AL)s (A%),

then, (99) and (100) have at least one positive w-periodic
solution.

(106)
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Corollary 54. Assume (A7])-(A3) hold. Moreover, if one of the
following conditions holds:

(4%)5 (A9)s (A¢), (A%3)s
(47), (4%)s (A7), (A%,)s
(107)
(4%)> (A11)s (43), (A%)s
(A%)> (A13)5 (A1), (AL),

then, (99) and (100) have at least one positive w-periodic
solution.

Hence, our results generalize and improve the correspond-
ing results of [16].

Application 4. Consider the generalized logistic model of
single species [16, 21] with impulse and two parameters:

y () =y®)at)

- Ay (1) [Zb ®) y(t-1@1)

t (108)
+c(t)J k(t—s)y(s)d5:|,
t €R, t#t,

Ay(ty) = ul (o y (), ke Z,

where a(t), b;(t), 7,(t), c(t) € C(R, R+) are w-periodic, A > 0,
p > 0 are two parameters, and k : R, — R, is integrable
such that [* k(t)dt = 1.

Theorem 55. Assume that I, € C(R,R_) and the following
conditions hold:

W1°=01I,=o00;

)Y bh vt s o

then, (108) has at least one positive w-periodic solution, where

1 eju“a(t)d:
el awdr _ el awde _ (109)
(04 M L
= —, t = t
=3 g =maxg(t), g'=ming(t).
Proof. We let
ftu(®) =ug | Db ) () +c (),
i=1 (110)

n+2
u = (ug,uy,...,u, U, ) € R
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Then, (108) can be seen as a special form of (2) satistying
(H,)-(H,). We can construct the same Banach space X and
cones E as in Section 2. Then for any y € E,

L |f (tu@))|dt

= L Uy [Zbi () u; +c(t) un+1] a )
i=1
> o||ul)? [be + CL] ,
i=1
so we have
N f (u(t)| dt
W—u())' — 00, |ul| — oo; (112)
flull
that is, f,, = co. On the other hand,
L |f (6,0 (2))] dt
= JO U [Zbi () u; +c (1) un+1:| dt (13)
i=1
< lul? [be” + CM] @,
i=1
which can lead to
C1f (tu(t)|dt
I 1f G uaniae 0, ful — 0 (114)

[l

that is, f0 = 0. Then in view of (2), (112), and (114), we can
obtain that (108) has at least one positive w-periodic solution.
The proof is complete. O

Application 5. Consider the generalized so-called Nicholson’s
Blowflies model [19, 20] with impulse and two parameters:

Yy (t)=-yt)a(t)

+Ab () y (t - T () e T,
4 (115)
t€R, t#t,
Ay (t) = ul (teo y (), k€ Z,,
where a(t), b(t), c(t)z(t) € C(R, R+) are w-periodic and A >
0, 4 > 0 are two parameters.
Theorem 56. Assume that I, € C(R,R_) and the following
conditions hold:
B3)I°=00, I, =0;

then, (115) has at least one positive w-periodic solution, where

. 1 o elo athat
ejuw abdt _ 4 e Iy athdt _ 1 (116)
n M L .
6=-, = maxg(t), = min g (t).
9 9 tE[O,w]g( ) g tE[O,w]g( )
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Proof. We let f(t,u(t)) = b(t)u(t)e “® . Then, (115) can
be seen as a special form of (1) satistying (H,)-(H,). We
can construct the same Banach space X and cones P as in
Section 2. Then for any y € P,

Lw |f (t,u(t)|dt

:J |b (6w (£) O] at a17)
0
L
> ”u" eCM"u" w.
So we have
Nf (u(t)|dt
-[Olf(—u())l — 0, |lull — oo (118)

>

(]

that is, f., = 0. On the other hand,

Iw |f (tu(t))|dt Jw b u () e dr
0 0

Y (119)
<l gz,
e
which can lead to
If (6 u @) dt
Jolf(—”(m — 00, |lull — 0; (120)

]

that is, f0 = 00. Then in view of (1), (93), and (120), we can
obtain that (115) has at least one positive w-periodic solution.
The proof is complete. O
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