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Orthogonally additive bijections are additive
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Abstract. Any orthogonally additive injection of a real inner product space of dimension at
least 2 onto an abelian group is additive.
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Let E be a real inner product space of dimension at least 2.
A function f mapping E into an abelian group is called orthogonally addi-

tive, if

f(x + y) = f(x) + f(y) for all x, y ∈ E with x ⊥ y.

It is well known, see [3, Corollary 10] and [2, Theorem 1], that every orthogo-
nally additive function f defined on E has the form

f(x) = a(‖x‖2) + b(x) for x ∈ E, (1)

where a and b are additive functions uniquely determined by f .
According to [1, Theorem 1], if f : E → E is orthogonally additive and

f(f(x)) = x for x ∈ E, then f is additive. We generalize this theorem and [1,
Remark 3] as follows.

Theorem. Any orthogonally additive injection of E onto an abelian group is
additive.

Proof. Assume f is an orthogonally additive injection of E onto an abelian
group G and let a : R → G and b : E → G be additive functions such that (1)
holds. Suppose that a �= 0. �

Consider first the case where

a(R) ∩ b(E) = {0}, (2)

fix y ∈ a(R)\{0} and put x = f−1(y). Since, according to (1),
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b(x) = y − a(||x||2) ∈ a(R),

it follows from (2) that b(x) = 0. Consequently f(x) = a(||x||2) and
f(−x) = a(||x||2) − b(x) = a(||x||2) = f(x)

which contradicts the injectivity of f .
Assume now that (2) does not hold and fix y ∈ a(R) ∩ b(E)\{0}. Then

y = a(α) for α ∈ R and y = b(x) for x ∈ E\{0} and there is u in E such that
(x|u) = −α. Putting

v =
u − x

2
, w =

u + x

2

we see that v �= w and

a(||v||2) − a(||w||2) = a(||v||2 − ||w||2) = a((v − w|v + w)) = a((−x|u))
= a(α) = y = b(x) = b(w − v) = b(w) − b(v),

whence

f(v) = a(||v||2) + b(v) = a(||w||2) + b(w) = f(w)

which contradicts the injectivity of f and ends the proof.
Remark 1 from [1] provides an example of an orthogonally additive function

f : E → E which is injective and not additive and Remark 2 from [1] provides
an example of an orthogonally additive function which maps E onto E and is
not additive.

Acknowledgments

The research was supported by the Silesian University Mathematics Depart-
ment (Iterative Functional Equations and Real Analysis program).

Open Access. This article is distributed under the terms of the Creative Commons Attribu-
tion License which permits any use, distribution, and reproduction in any medium, provided
the original author(s) and the source are credited.

References

[1] Baron, K.: On some orthogonally additive functions on inner product spaces. Ann. Univ.
Budapest. Sect. Comput. 40, 123–127 (2013)

[2] Baron, K., Rätz, J.: On orthogonally additive mappings on inner product spaces. Bull.
Polish Acad. Sci. Math. 43, 187–189 (1995)

[3] Rätz, J.: On orthogonally additive mappings. Aequationes Math. 28, 35–49 (1985)



Vol. 89 (2015) Orthogonally additive bijections are additive 299

Karol Baron
Instytut Matematyki

Uniwersytet Śla̧ski
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