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Abstract

We study the Cauchy problem of the nonlinear fourth-order Schrédinger equation
with gain or loss: iu; + A%u + Alu|%u + iea(t)|u|’3u =0,xeR" teRwhere2<a < %
and2<pB < %, g is areal number, a(t) is a real function, and n > 4. We study the

asymptotic properties of its local and global solutions as & — 0.
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1 Introduction
In this paper we study the following nonlinear fourth-order Schrédinger equation with

gain or loss:

(1.1)
u(x,0) = up(x), x€R",

!iut + A2+ M|y + isa(t)|ulPu=0, xeR"teR,
where u(x, t) are complex-valued function. We have 2 < o < ﬁ and2 < B8 < ﬁ, gisa
real number, a(t) is a real function, and # > 4.

For the case ¢ = 0, the above equation is the nonlinear fourth-order Schrodinger equa-
tion,

iy + A*u+ Mul®u=0, xeR'teR,
(12)

u(x,0) = ug(x), x€R".

For (1.2), in [1] we have obtained the local well-posedness result in the space C([-T, T,
H*(R")ifn>4and2 <o < ﬁ. We also get the global well-posedness result in the space
C(RH*R")ifn>4and A>0,2 <o < ﬁ orr<0,2<a< %. For the energy-critical
case, in [2] and [3], Pausader Benoit gives the global well-posedness and scattering for
n > 5 and radial initial data. In [4], Miao et al. study the defocusing case and obtain the
global existence for # > 9. In [5], Zhang and Zheng obtain the global solution and scatter-
ing for n = 8. Pausader Benoit also discusses the mass-critical case in [6].

For the case ¢ # 0, a(¢) is the gain (loss) if a(t) < 0 (a(t) > 0). In [7], the authors discuss
the Schrodinger equation with gain. They have obtained the result: The value of a(t) will
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determine whether or not the solution will blow up. Feng et al. study the Schrédinger
equation with gain/loss in [8] and [9]. They, respectively, give the limit behavior of so-
lution as ¢ — 0 and the global solution and blow-up result. As far as we know, there are
fewer results about the fourth-order Schrodinger equation with gain. In this paper, we will
discuss the local well-posedness and the global well-posedness of (1.1); especially, we will
discuss the asymptotic behavior of the solution as ¢ — 0.

2 The preliminary estimates
First, we denote by U(¢) (¢ € R) the fundamental solution operator of the fourth-order
Schrédinger equation [10], i.e.,

UBp() = F (e ¢(¢))  forp € S (R),
where ¢ denotes the Fourier transformation of ¢, and F~! represents the inverse Fourier

transformation.

Thus the equivalent integral equations [11] of (1.1) and (1.2) are, respectively,

u(t) = U(t)ug + ir /t U(t —s)(luslo‘ug)(s) ds — aft Ut —s)a(s)(lugl’gug)(s) ds (2.1)
0 0
and
u(t) = U(t)ug + ik /‘t Ut —s)(|u|°‘u)(s) ds. (2.2)
0

Second, we introduce the following notations. For any given T > 0, we define the space
L1(0, T; W>"(R")) with the norm

T g
wmmmwa:(Llwhm%mmMQ~

For two integers 8 < g < oo and 2 < r < 00, we say that (g, r) is an admissible pair if the

following condition is satisfied:

2 n( 2)
-—=—(1--).
qg 4 r

For simplicity, in this paper, we will use C to denote various constants which may be
different from line to line.
We have the following Strichartz estimate (see [1]): For any admissible pair (g, 7)

|U@®e®) | 4041y = Clllli2 (233)

and

= C”f”LV,(O,l;Lﬂ/)’ (24)
L9(0,5L7)

/t U(t-s)f(x,t)ds
0

where (y, p) is an arbitrary admissible pair, and ' represents the conjugate number.
From Theorem 4.5 of [1], we have the following results.
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Proposition 2.1 (subcritical case) Assume thatn>4,a € L*(0,00),2 <a < —, and 2 <
B <2 (vupr) = (@+2, nzzf;)zg) (v, po) = (322 ﬁ+2 , B+2). Forany uy € H*(R"), there exists §
such that the Cauchy problem (1.1) has a umque solution u, in the space L*(0,8; H*(R")) N

L"(0,8; W>PL(R™) N L2(0,8; W>P2(R™)). Moreover,

ll2te [l 100 0,6:122)n7 (0,85:W 21 )nL72 0,8:w 22y < 2o | 2.

Proposition 2.2 (Critical case) Assume that n >4, a € L*°(0,00), @ = -5, 2 < < = 4,
(y*, p*) = (n i 4n+16) (Y2, p2) = (8(‘“2) B +2). For any uy € H*(R"), there exists 8 such
that the Cauchy problem (1.1) has a unique solution u, in the space L*(0,8; H*(R")) N

LY (0,8; W2P" (R™)) N L2(0,8; W2P2(R")). Moreover,

72 ||L°°(0,6;H2)HLV* (0,6,W2P*)NLY2 (0,8, W2P2) = 3 ” U(t)uo Hu* (0,8;W20%)°

3 Main results

Lemma 3.1 Let n, o, B, (1, 01), (Y2, p2) be as in Proposition 2.1. Assume that u is the so-
lution of (1.2), defined on a maximal time interval [0,T*), 0 <l < T*, and u, exists on
[0,]. If limsup, g 12t || zoo (0 112)n101 (0,1 w201) L2 (0 w22y < +0O, then we have ue — u in
L1(0,L; W?"(R")) as ¢ — 0, where (q,r) is arbitrary admissible pair.

Proof First, we prove
llete — ullrao iy = 0 ase— 0.
From (2.1) and (2.2), using Strichartz estimates, we have

lzte — ullLa(0,52m)
<@ ”Lq(o,l;Lr) + HI((t)”Lq(O,I;L’)

=< Cllluel"us - iy + Cellal oo | lue P ue | (31)

o
o] * u ”Ly’ (0,LLP 22 (O,I;Lpé )’

where J(£) = ix [y Ut — 8)(|ue|“ue — |ul®u)(s)ds, K(t) = —e [y U(t - s)a(s)(|u:|"u.)(s) ds,

(a+2)
(v, p) = (22
Since hm Sup, o l¢e [l 200 0,1212) 0171 (05w 201 )72 (0,202 ) < +0O, there exist N, &9 such that

,a+2).

llzte ||L°O(0’[;H2)QLV] (0, W2P1)NLY2 (0,5 W2P2) = N; foralle < eg.

Let Ny = ||lullpoo(,12), it is obvious that Ny < +00. Using the Hélder inequality and the
Sobolev embedding [12], we have
” |2te |ctu5 - |M|aM||Ly/(0vl;Lp/) =< C(”ué‘ ”L“ 0,5,L2+2) + ”u”Z“(O,l;L“‘*Z)) llzte - M”LV(O,Z;L/’)
= C(”usngoo(oyl;l_ﬂ) + ”””Zw((),z;m)) ”bts - u”LV(O,l;L/’)

< C(N{ + N3 lue — ull 1 (0,120 (3.2)

do(a+2)
8—(n-4)a *

where a =
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Similarly, we have

B
” |2te |ﬁu€ ||Ly2/(0,l;Lﬂé) |72 ”Lh(O,l;Lﬂ*Z) ll2te || 72 (0,5LP2)

B

1
=< ”uS”Loo(o,l;HZ)”ua”LVZ(O,l;LpZ) =< N1ﬁ+ ’ (3'3)

48(B+2)
8—(n-4)B*

Let N3 = CIIaIILooNIﬂH. Substituting (3.2) and (3.3) into (3.1), we have

where b =

llote — wllLaozry < C(NY + N )Mk — i1 0,10y + €N. (3.4)
In the following we will prove that ||z, — u©||1v(0,;20) — 0 as € = 0.

Noting that Nj, N, < 0o, we can divide the time interval [0, /] into subintervals [¢;, £;,1],

i=0,1,...,] —1, where { = 0, ¢j.; = [ such that in each part C(””E”iu(; +

iotin3LY*2)

o
”u”L“(ti,tHl;L“*Z)) 2°
On [ty, t1], since u,(to) = u(ty) = uy, we have

1
[l2zs — u”LV(to,tl;L/’) < 5 l|zee — u”LV(to,tl;L/’) +&N3,
which means
llte — wllzv (o,11500) < 2€N3.
By (3.4), we have
”u&‘ - u”Loo(to,tl;Lz) = 28N3'
On [, 1], we have
1
llute = uall Ly oy e300 < | 1e (1) — (81) | 2 + 5 lzte — wllLy (ty,60:00) + EN3
1
<3eN3 + 2 e — ullLy (11,0:L0)5
from which we can obtain
llee — ullzy (gy,60;00) < 6EN3.

Especially, we have [|u; — u]| joo(y, 4,,12) < 66N3.
By induction, we have

e = wll 1y gytysizey < 2(27" = 1)eN3,

e — wllpoo 02y < 2(2 —1)eNs,  fori=0,1,...,J - L.

So we have

J-1
e = llrouzry < Y 2(27" —1)eN3 = [4(2/ - 1) - 2] ]eN5 — 0.
i=0
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Furthermore, we have
llzte — ullzao, 2y — 0 ase— 0.
Second, we prove
IVu, — Vullgopry — 0 ase— 0.

From (2.1) and (2.2), we have
V(ue —u) =i /t Ut - s)V(|u5|"‘z4‘9 - |u|°‘u)(s) ds—¢ ft Ut - s)a(s)V(|u5|ﬁug)(s) ds.
0 0

Let g (u) = |u|%u, g»(u) = |u|Pu. Then, using Strichartz estimates, we have

“ V(u, —u) ||Lq(0,l;L’)
t
<c| [ ut-99(at) - aw)ods
0 L4(0LL")
t
+ Ce / U(t —s)a(s)Vga(ue)(s)ds
0 L4(0,LL")

< C|V(gi(ue) - 1) | ourey + Cellallz=on |Vl u&‘)”Lyz 4L

< C|lg(ue) V(e — ) ”m’(o,l;m’) +C |l (g1 () _g{(”))v”‘Hm’(o,z;u’l/)

+ Cellallzoop | Ve (ue) | s (3.5)

LV2 0 le2)

Using the Holder inequality, the Sobolev embedding, and the Young inequality, we obtain

||g{(u8)V(us —u) Hm’(o,l;LPl/)

E C”ué‘ ”Zl’l (0,5;L€) V(us - M) ||LV1 (O,l;Lpl)
P10
< Cllste o w2 | V(e u)”LVI(O,l;LPl) <C = s 2)» (3.6)
B
||Vg2(us)||Ly2/(oJ;Lpé) =< Cllu, ||Loo(0,l;H2)||us||LV2(o,1;W2,pz); (3.7)
and
” (g{(ug) —g{(u))Vu “LVI’(o,l;Lﬂl’)
C(||Ms||LV1 oy t ”””m (©0LL4) )||Ms = ullzn oz IVl Ln o,z
= C(””S m ogsw2eny t llull 7, m ©,5W2e1) )HV(”S - u) ”Ln(o,z;LPl)”u||LV1(0,l;W2'p1)
C(”us ”LVI 0,; w2 1) + ||u||LJ/1 0,; w2 1) ) H V(ue - u) ”Lyl(O,l;Lpl)’ (38)
2n(ot+2)(a 1) _ 2n(a+2)
where di = 370 0 @ = a8
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Substituting (3.6)-(3.8) into (3.5), we have

|V (e “)HLq(o,z;Lr) < C(llue 17 osw2eny T 11 o w2y )V (e “)HLn(o,z;Lm) +eNs.
Similar to the proof in the first step, we have
||V(u8 - ”)”Lq(o,l;Lr) —0 ase— 0.
At last, we prove
||D2u€ _D2u||Lq(O,l;L’) —0 ase—0.
By simple computing, we have
D*u, — D*u = i(Ky + K, + K3), (3.9)

where K; = kf(f U(t — 8)A;(ug, u)(s)ds, Ky = )»fot U(t — 8)Aq(ug,u)(s)ds, K3 = —¢ fot u(t -

s)a(s)As(u.)(s) ds. The arrays A; (ue, u) = gj (ue)D* (e — 1) + g7 () D1t —16) X Dt A (the, t) =

Du x (g} (ue)Dug — g/ (w)Du) + (g} (u,) — g1 ()|D*u, As(ue) = g (ue)Dute X D + g (14,) D .
By the Holder inequality and the Sobolev embedding, we have

”g{(us)Dz(ué‘ - I/l) ”Lyl,((),l;Lp{) = ”ué‘ ”ZVI (O,I;Wz‘pl) ||D2(u8 - M) ||LV1(O,Z;L/’1) (3'10)
and

|| "(4e)D(ue — u)* x Du, ”LVl/(O.l;Lm/)

< lue ”LVI 0,5L%) ”D(us - I/l) ||LVI (0,5L1) | Dt || L1 (0,L°1)

< lluell} (3.11)

LYL(0,5W2P1) ”DZ(“*? — u) ”m(o,z;m)'

Thus we have from (3.10) and (3.11)

IKillza0.0r) < || () D*(ts — ) + |l g} (ue)D(us — )" x Du,

105L7) ” ' o501y

< C”ué‘ ”zyl (O,I;Wz‘pl) ||D2(MF - Z't) ||LV1 (0,5LP1)" (3.12)
Similar to the proof of (3.11), we obtain

&1 (ue)DGote = )" x D] 111 o

+ luelly (3.13)

L0, WAL )) HDZ(Mg _

=< (”u”gn (O,I;Wz"”l) M) “LVI (0,5;LP1)"

Noting that « > 2, we have

” (g{/(ug) —g{’(u))DuJ‘ X D”||LV1’(0,1;L/’1/)

< C|| (jsel*> + 1ul**) (e =)D X Dua| 1 6007,
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_2 2
= C(”us”Ln oiLe) T ||u||%y1(o,1;Lc))||Ms - u”Ln(o,l;Ldz)||Du||LV1(0,1;Lez)

< (125 o 2y * 1613 0 g2y 1 O Wt = 0] 1 0 gy (3.14)
where e, = (n_zzr;((zg))_s, 7= L 1_31);0‘_2) 5t
Similarly, using the Holder inequality and the Sobolev embedding, we obtain
| (g1 (o) _g{(”))DZMHm/(o,z;m/)
< Cllmelf5 010, * 181553 0 5000 1t = el 0,10 [ D8 1 g1
= C(HMSHLVI osw2eny t ”””Ln 0,5W2r1) )HD (s — M)HLVI 0,5LP1)" (3.15)
Thus we have from (3.13) and (3.15)
1Ko 20,627 < || Az (ot 1) ||Ly1/(0,1;L/31/)
< |lgt' (o) Dot — )t x D””m’(o,l;m/)
+ | (g (ue) - g () Dt D””m’(o,l;LPl’)
+ || (g1(e) —g{(”))DZ"‘ ||LV1/(0,I;LPI/)
= C(”usllzm ©ow2e) Nl ©OLW21) )| D? (s — u) ”LVI (OLLA)" (3.16)
Similar to the proof of (3.3), we obtain
ng ue) D’ ”LVZ ©LLF) = = lu E”Lb (0,5LB+2) ”Dzus “m(o,l;m) SN{M
< Note Vo gy 124 N2 o wony < NP (317)
and
e uo)Dut > Dt g o < Wt ooy 1D, 2
< Nete 13y gy < NE- (3.18)

From (3.17) and (3.18), we immediately obtain
I1Ks 1|9 0,50r) < €llallzooqo, || As(ue) ||Ly2/ 0L

< éllallzeq, [||g2(”‘€)D2”S ”LVz (0,5L°2) ” /(14:)Du; x Du ”LVz olL’Jz)]

<e&eNs. (3.19)

Taking, respectively, (g,r) = (¥, p) and (g,7) = (y1, p1) in (3.9), (3.12), (3.16), and (3.19),
similar to the method of the first step, we can obtain

||D2u£ —D2u||Lq(0 b~ 0 ase— 0. O
Noting thatif« = ﬁ ,ain (3.2) will be meaningless. So we will need the following lemma

for the critical case.
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Lemma 3.2 Let n, o, B, (v, p*), (2, p2) be as in Proposition 2.2. Assume that u is the so-
lution of (1.2), defined on a maximal time interval [0,T*), 0 <l < T*, and u, exists on
[0,1]. If imsup, _, o l|t4e [l 1o (o 1.1r2)nrv* (0, w20™ ynLr2 (0 w22y < +0O, then we have u, — u in

L1(0,L; W2 (R")) as ¢ — 0, where (q,r) is arbitrary admissible pair.
Proof Using the Holder inequality and a Sobolev embedding, we have

o o
|| lete|* ue — |ul M”LV*/ (O,I;Lf’*/)

< C(llus1* pra Flull® oo Mt =l g o)
LY (0,LL PF-2) LY (0,5 PF-2)
=< C(”uS”gy*(O’l;WZ,p*) + ||u||gy*(0,l;W2,p*))”u8 - u”u*(o,z;u)*y (3.20)

From (2.1) and (2.2), using Strichartz estimates, we have

lete = wellzaoszry < C|lle|“ste — ulu| ')+ Cellalzp|| I Pue |

¥ 05LP* LV3(0,5L°2)
= C(””S”Z;/*(O’l;wz,p*) + ||u||zy*(0'l;w2,p*)) llee — ””LV*(O,Z;Lp*)

+ Cellallze,) ” 172 |ﬁus ” (3.21)

/ roy
L72(0,5L°2)°

similarly as in Lemma 3.1, we can obtain
llete — tllraory =~ 0 ase— 0.
Noting that for ()1, p1) in Lemma 3.1 in the case « = ﬁ, 2<B«< ﬁ, we have

(Vl: ,01) = (V*r IO*),
thus obviously

||V(u8— )—>0 ase —> 0

u) LA(0,5L7

and
| D, _D2u||Lq(0,l;L’) —0 ase—0,

for all admissible pairs (g, r). O

Remark 3.1 For the critical case 2 <« < n%, B= ﬁ, we only take the working space as

L°°(0,8; HX(R")) N L"(0,8; W2PL(R")) N LY (0, 8; W2P" (R")).

For the case o = 8 = ﬁ, we take the working space as L>(0,8; H*(R")) N L7(0,8;
W2e" (R)).
Theorem 3.1 Assume that n >4, a € L*°(0,00), 2 <a < %, and2 < B < n%. Assume
that u is the solution of (1.2) with initial value uy € H*(R"), defined on a maximal time
interval [0, T*). Then we have:
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(1) Forany given 0 < T < T*, there is a solution u, on [0, T].
(2) ue — uin LI(0, T; W*"(R")) as € — 0, where (q,r) is an arbitrary admissible pair.

Proof (1) Thecase2 <a < -2 and2<p< 2.

From Proposition 2.1, we find that there exists u, on [0, §] such that

lz£e ]l oo (0,8:;H2)NLYL(0,5;W2P1)NLY2 (0,8;W2P2) = 2||uoll 2.

So for small &, we have

lim sup |[24e [| oo (0,5,122)n11 (0,521 )0L72 (0,5,w202) < +OO-
e—>0

Using Lemma 3.1, we have u, — u in L7(0,8; W>"(R")) as ¢ — 0, for any arbitrary ad-
missible pair (g, r).

Especially, we have ||z, (8)| 2 < 2||uo || 2. Again using Proposition 2.1, there exists u, on
[8,26] such that

”u8||L0°(5,25;H2)nLV1 (8,28;WHP1)NLY2 (5,28, W202) = 2“ u£(8)||H2 < 2|luollg2-

By a continuation extension method, we obtain the solution %, on [0, T] (0 < T < T*) such
that

ll2te Wl Loo 0, 7:12)Lr (0, 73w 20y (0,7 w201y < 211800 || 2.

So

lim sup |z, ”LOO((),T;HZ)QLVI((),T;Wzrpl)m[,n((),T;Wzrl)z) <400,
e—>0

using Lemma 3.1, we immediately have u, — u in L1(0, T; W2"(R")) as ¢ — 0, for any
arbitrary admissible pair (g, 7).
(2) Casel:a = ﬁ,25,3< ﬁ.

From Proposition 2.2, we find that there exists u#, on [0, §] such that

ll 241l oo (0,8:H2)NLY* (0,8;W2P*)NLY2 (0,8, Wb02) = 3 H U(t)uo ” LY (0,8W20%)

So for small &, we have

lim sup ||z, ”LOO(O,S;HZ)HLV*(O,B;Wz'ﬂ*)ﬂLVZ(O,B;WZ'/’Z )y < +00.
e—>0

Using Lemma 3.2, we have u, — u in L4(0,8; W>"(R")) as € — 0, for any arbitrary ad-
missible pair (g, r).
Noting that

|U@)u(s ) < Cllue®)] . < 3C|U@uo]

) ” LY (0,6;W2r* 0,5;W2r*)’
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so0, again using Proposition 2.2, there exists u#, on [8,25] such that

ll 21l oo (8,28:H2)NLY* (8,28, W2P*)NLY2 (5,28, W202) = 3C“ U(8)u,(3) ”Ly*(o,(;;wz,p*)

< BCP[U@uo | 1y (o 5,27
By continuation extension method, we obtain the solution u, on [0, T] (0 < T < T*) such
that

ll22 ”LC’Q(O,T;Hz)ﬂLV*(O,T;WZvP*)ﬁLVZ(O,T;WZ'/’2) =C(T) ” U(t)uo ||LV*(O,8;W2'P*)'

So
lim su% e |l foo (0, ;12)n17* (0, ;W20 )L72 (0,15 202) = (1) ” U(t)uo ”Ly*(o,s;wz,p*) <100,
£

using Lemma 3.2, we immediately have u, — u in L1(0, T; W>"(R")) as ¢ — 0, for any

arbitrary admissible pair (g, r).
Case2:/3=ngj,2§a<ﬁora=,6=n%.
See Remark 3.1, the proof is similar; here we omit it. O

Lemma 3.3 Assume that u is the global solution of (1.2) with the initial valve uy € H*(R")
and u € L} (0,00; W (R")). Then we have:

(1) The solution u. of (1.1) with the initial valve uy is global for sufficiently small €.
(2) up — u in L1(0,00; W' (R")) as ¢ — 0, where (q,r) is an arbitrary admissible pair.

Proof (1) We will prove that u, is also global for small ¢ if i is global.
From Theorem 3.1, we can see

||Ltg(T)—u(T)||H2 -0 ase—>0

forall T < oo.
Since u is global, for any 7 > 0, there exists sufficient large 7" such that

=

RS

Il ”LVl (T,00;W2P1)

(1, p1) is the same as in Theorem 3.1.

. 8 8
Casel:2 <a< n_4,2§,85 =

From (2.2), (2.3)-(2.4), using a continuity argument we can obtain

” U)u(T) ||LV1 (0,00;W2P1)

t
< C||u(T) ||m(o,oo;wz,,,l) + C“/T Ut - 1)|ul%u(t)dr

LY1(0,00;W2P1)

IA

” ult) ”LVI(T,OO;WZ'/JI) + C” g+t ”LVl(T,oo;WZ»ﬂl)

IA

C
q
2
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Thus we have
U (£)ue (T ||LV1 (0,00,W2P1) = | L2(e) (e (T) = w(T)) ”Lyl (0,00,W271)
+ |U@)u(T) “Ll'l(O,oo;Wz'pl) =1

Obviously ||U(t)ue(T) |l 14(0,00;w2ry < 1 for suitable T and any admissible pair (g, 7).
Furthermore we define the working space as follows:

2(n+4

X(0,1) = (0, LL

(R))NL

2(n+4) 2n(n+4

NnL 2 (0,4 WZ’—n(2+8)( ")) VL2 (0,8 W2 (R")) N L (0, H*(R")),

(o tw> o (RM)

where (y3, p2) is the same as in Theorem 3.1.
Using the Holder inequality, the interpolation inequality [13], and the Sobolev embed-
ding, we have

” |ug| Ug “ 2(n+4) 2(n+4)
T8 (0,550 n+8 )
< |lue|* Ug|| 20n+4 2(n+4
l sllL tre e )II a” Ad) | 2oed)
_ (= 4)0( % 2
<Cllu u u 2(n+4: 2(n+4;
l E” 2(n+4) o z(nr:.z;))” a”LzEKZ;) 061 :jf))” 5” n+ )(O,t;L (nn+ ))
_(n= 4)a )
< C”ué‘ ” 2( n+4 ”ut“ ” 2(n+4) 2 2n(n+4)
O,t;L ” L =% (0,5W n2+16 )

1
= C||Ma||§’(+0t

Similarly, we can obtain
V(lue|“u < Cllue 1%
” (| el s) “LZ(nn;rs‘l) (O,t;LZ(rﬁSA‘) |72 ”x 0,¢)

“1~2 1
(2 27N v 2nst) < Clluell%0.-
L7n#8 (0,4;L n+8 )

For the case 4 < n < 8, we have

ot 1" Vs - Ve | 2oty 20y
L n+8 (0,51 n+8 )

-1 2

=< || |u8 |Dt || 2(n+4) 2(n+4) ” VuE ” 2(n+4) 2(n+4)
L 8n (0,50 8-n ) L= (0L~ 7 )

8on W ol)_8-n

= C””E” 2(n n+4 ”uS” 2n+4) n+4) ||u€|| 2n+4) o, 201+4)
vaiL L =& (0,5W " n2+16) L 05w =)

1
= Cllue 50,

For the case 8 <n <12, we have

oo 1“7 Vate - Vite|| sora) 2y
L n+8 (0,5;L n+8 )
1 2
< Mol 20en 2w IVHPsps)  2msny
L12=n (0, 12-11) L n=2 (0,5 12 )
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12—n (Vl—4£(ot—1) n(aﬁ;l) _ I%Tin
<C||ue|| 2(n+4) 2n+4) flzee | 4) ||us|| 2ntd) 2(n+4)
ke OLL=T ) L2(:—+24) (0tW2 nis) L w25

1
= Cllue 50,05

thus we have

D?(|ue|u 2n+d 2 < Cllug || %2
1D (e | g)||L e 2 12 X0,
Noting that (2 ”::), ::; ) is an admissible pair, using Strichartz estimates, we can obtain

t
/ U(t — ) |ue | " ue
T

< C|||tue|*u < Cllug||%
= ”l el SHLZ(rTSAl)(O,t;WZ’Z(:fL) I 8||X()t)

X(0,¢)

Using (2.1), we have

e (T < ClU@ue(T) | 0, + Cllite 1550, + Cllse I g,

Mxon =

Using a continuity argument, we immediately have
||ug(T)||X(0 h= 3n for sufficiently small ¢,

which means that ||u, || x(r,c0) < M, where M is a constant.

Furthermore, we have ||| a(r,00;w2r) < M, for any admissible pair (g,7). Thus u. is
global.

Case2:a= = 2< ;65 =

We need the followmg workmg space:
22

Y(0,8) = L (0, W™ =aie (R")) N L72(0, 5 W22 (R")) N L (0, & H2(R")).

The process of proof is similar to the case 1, so here we omit the detailed proof.
(2) In the sequel, we prove u, — u in L1(0,00; W2 (R")) as € — 0, for any admissible

pair (g, 7).
Using (2.1) and (2.2), we have

u (T +t) —u(T +t)
= U(t)(uE(T) - u(T)) + iftu(t— r)(|u8|“u5 - |u|°‘u)(T+ T)dt
0
+8/tu(t—r)a(T+t)|u|ﬁu((T+r)) dt
0

=a(t) + b(t) + c(t);

”“(t)HLq(o,oo;WZf) < C||u£(T) —u(T) ||H2 —0 ase—0;

2(n+4)
n+8 )

||b(t)||Lq(0,oo;W2") = C“ e " = |u|au”L%(0m:Wl

< C(””e”?{(o,oo) + ||”||§[((o,oo))||”a = u”X(O,oo) — 0;
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c®) ”Lq(O,oo;Wz”) = Cellue “%},00)'

Thus we have

”ug(T+t)—u(T+t )—>O ase — 0. O

) ” L4(0,00; W27

Theorem 3.2 Assume thatn>4,a € L*°(0,00),2 <a < ngj, and2 < B < ﬁ. One of the
following conditions holds:

(i) <0,

(i) A >0, [luglly2 is small.
Then we have

(1) The solution u. of (1.1) is global for small e.

(2) u — u in L1(0,00; W2"(R")) as ¢ — 0, where (q,r) is arbitrary admissible pair.

Proof Note that the solution u of (1.2) is global provided the conditions (i) » < 0 or (ii)
A >0, |lug|l g2 is small hold. Combing Lemma 3.3, the proof of Theorem 3.2 immediately
is complete. d

4 Conclusions

The appearance of gain/loss does not affect the local well-posedness of the solution. More-
over, the solution u, will converge to « in the space L4(0, T; W>"(R")) as & converges to 0.
Furthermore, if (i) A < 0, or (ii) A > 0, |luo || 2 is small, then we have found that the global
solution u, will converge to u in the space L1(0, oo; W2"(R")) as & converges to 0.
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