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1 Introduction
Throughout this paper C"*” denotes the set of all m x n matrices over the complex field C.
I denotes the identity matrix of order k, O, is the m x n matrix of all zero entries (if no
confusion occurs, we will drop the subscript). For a matrix A € C"*", A*, R(A), N(A) and
r(A) denote the conjugate transpose, the range space, the null space, and the rank of the
matrix A, respectively.

For A € C"*", a generalized inverse X of A is a matrix which satisfies some of the fol-
lowing four Penrose equations [1]:

1} AXA=A4, {2} XAX=X,

1)
(3] (AX)*=AX, {4} (XA)*=XA.

For a subset {i,},..., k} of the set {1,2, 3,4}, the set of # x m matrices satisfying the equa-
tions {i},{j},...,{k} from among equations {1}-{4} is denoted by A{i,j,...,k}. Arbitrary
matrix from A{i,j,..., k} is called an {i, ,..., k}-inverse of A and is denoted by A®-X, For
example, an # x m matrix X of the set A{1} is called a g-inverse of A and is denoted by
X = AW, The well-known seven common types of generalized inverses of A introduced
from (1) are, respectively, the {1}-inverse (g-inverse), {1,2}-inverse (reflexive g-inverse),
{1,3}-inverse (least square g-inverse), {1,4}-inverse (minimum norm g-inverse), {1,2, 3}-
inverse, {1,2,4}-inverse and {1, 2, 3,4}-inverse. The unique {1,2, 3,4}-inverse of A is de-
noted by AT, which is called the Moore-Penrose inverse of A. For convenience, the sym-
bols E4 and F4 stand for the two orthogonal projectors E4 = I,,, —AATand F4 =1,- ATA.
We refer the reader to [2—4] for basic results on generalized inverses.

The notion of rank of a matrix appears to have been introduced [5], by Sylvester in 1851.
Two principal classical results [6, 7] on rank are Sylvester’s law of nullity and Frobenius’

©2014 Xiong; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


https://core.ac.uk/display/206720911?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.journalofinequalitiesandapplications.com/content/2014/1/87
mailto:xzpwhere@163.com
http://creativecommons.org/licenses/by/2.0

Xiong Journal of Inequalities and Applications 2014, 2014:87
http://www.journalofinequalitiesandapplications.com/content/2014/1/87

inequality. A modern inequality, obtained by Khatri [8] and Marsaglia [9], gives upper and

lower bounds for the rank of the sum of two matrices.

Given a matrix expression with some variant matrices in it, the rank of the matrix ex-
pression will vary with respect to the variant matrices. Since the rank of matrix is an in-
teger between 0 and the minimum of row and column numbers of the matrix [10], then
the inequalities for ranks of matrix expressions must exist with respect to their variant
matrices. Many problems in matrix theory and applications are closely related to the in-
equalities for ranks of matrix expressions with variant matrices. For example, a matrix
expression D — AXB of order # is nonsingular if and only if the maximal rank of D — AXB
with respect to X is #; a matrix equation AXB = C is consistent if and only if the minimal
rank of the matrix expression C — AXB with respect to X is zero; two consistent matrix
equations X; = X34X; and X, = X2 BX; have a common solution if and only if the minimal
rank of the difference X; — X, of their solutions is zero. In general, for any two matrix ex-
pressions P(X3,Xo,...,X;,) and Q(Y1,Ys,...,Y,) of the same size, there are X3, Xs,...,X,,

and Y3, Ys,..., Y, such that P(X3, Xs,..., X},) = Q(Y1,Ys, ..., Y,) if and only if

o BP0 X o) = QY o o) =0

The inequalities for ranks of a matrix expression play the important roles in matrix the-
ory for describing the dimension of the row and column vector space of the matrix expres-
sions, which are well understand and are easy to compute by the well-known elementary
or congruent matrix expressions, see, e.g., [8, 11-15]. The inequalities for ranks of matrix
expressions could be regarded as one of the fundamental topics in matrix theory and appli-
cations, which can be used to investigate nonsingularity and inverse of a matrix, range and
rank invariance of a matrix, relations between subspaces, equalities of matrix expressions

with variable matrices, reverse order laws for generalized inverses, existence of solutions

to various matrix equations, and so on, see, e.g., [8, 9, 16—19].

In this paper, by using the maximal and minimal ranks of generalized Schur complement
[11, 14], we get several inequalities for ranks of the matrix expressions D— ABXAB, where X
is taken, respectively, as BVAW, B2 412 p3) A1.3) p.4) (1.4) | p12.3) 4(1.23) | p1.2.4) g (1.2:4)

and BTAT. We also derive various valuable consequences.

In order to find the inequalities for ranks of matrix expressions, we first mention the

following lemmas, which will be used in this paper.

Lemma 1.1 [11, 14] Let A € C", Be C"*, C € C*" and D € C**!. Then

IIAI(EII)XV(D - CA(I)B) = min{r(C, D),r (l‘;) N (é ﬁ) - r(A)},

B A B
minr(D - CAYB) = r(4) + r(C,D) +r +r
A D C D

rAOB
o Cc D)’

A
-r| O
C

O ® O

4012) D C D

max r(D — CA“?B) = min{ r(A) + r(D),r(C,D),r (B> ,r (A B) - r(A)},
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B
I‘[;llig r(D - CA(LZ)B) =r (D) +r(C,D) + r(A) + max{S;, S}, (5)
Al

where
A O
A B A O B
Si=r -r -r|{O B,
(C D) <O C D)
C D
Sy =r(D)-r 40 —r A B ,
C D O D

A*A A*B B
max r(D - CA“¥B) = min{r ( c ) —r(A),r ( )

|

A1L3) D D
A*A A*B B A0
min r(D - CA(Lg)B) =r < ) +r ( ) -rlo B, (7)
A(L3) C D D
C D
A*AA* A*B
r(D-CA'B) =r - r(A). 8
( ) ( o ) () ®)

Lemma 1.2 [20] Suppose B, C and D satisfy R(D) € R(C) and R(D*) C R(B*). Then the

Moore-Penrose inverse of the block matrix

(e 3

can be expressed as

O B ! —-C'DBT Ct
M= = B ) %)
C D B o)

Lemma 1.3 [19] Let A € C"™", Be C"™*k, C € C?*" and D € CP*k. Then
() 7(A,B) =r(A) + r(EsB) = r(EgA) + r(B),
(I) r(A,B) =r(A) + r(B) — dim(R(A) N R(B)),
(III) r(A,B) <r(A) +r(B),
(Iv) r(‘é) =r(A) + r(CFE4) = r(AFc) + r(C) < r(A) + r(C),
(V) r(£) =r(4) + r(C) - dim(N(4) N N(C)),
(VD) (2 2) = r(A) + r(CFa) + r(EaB) + r(Ec,SaFg,),
where Cy = CF4, By = E4B, S4 = D — CA'B and dim denotes dimension.

2 Inequalities for ranks of D - ABB'WAAB
In this section, we will present several inequalities for ranks of the matrix expression D —
ABBWAWAB, with respect to two variant matrices BY € B{1} and AV € A{1}, where A €

C"™", B e C"? and D € C"™** are given matrices.
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Theorem 2.1 Let A € C"*", B e C"*? and D € C"*?. Then for any BY e B{1} and A"

A{1}, the following inequalities hold:

AB
r(D-ABBYAYAB) < min{r(AB,D), r ( b ) ,

n+r(AB) + r(D—-AB) —r(A) — r(B)},

AB
r(D-ABBYAYAB) > r < b ) +r(D—AB) - r(AB)

- min{r (AOB 153) —r(AB),n+r <1‘;)B) —r(A) —r(B) }

Proof Using formula (2) in Lemma 1.1 and formula (IV) in Lemma 1.3, we have

max r(D-ABBYAYAB)
Al

AB A  AB
=min{ r(ABBY,D),r ( b ) v (ABB<1> b ) - r(A)}

=min| r(ABBY, D), r (ﬁf ) ,7(ABBVF4,D - AB) }

AB
= min]{ r ( b ) ,r(ABBYF,,D - AB) }
The last equation holds, since

r(ABBYF,,D - AB) = r| (ABBY,D - AB) Fa 0
o I,

< r(ABBY,D - AB)

= r[(ABB(”,D-AB) (IS 2)}

= r(ABB", D),

i.e. (ABBYF4,D - AB) < r(ABBY, D).
Using formula (2) in Lemma 1.1 again, we have

max r(ABBVF,,D - AB)
B

= max r(ID - AB, O] + ABBY [0, F4))
B 1

. B O Fy
= AB,D — AB), r(F, D — AB), -r(B
min{ r( ), 7(Fa) + r( )r(AB D AB O) 7( )}

= min{r(AB,D),r(F4) + r(D — AB),r(B,F4) + r(D - AB) - r(B)}

) e

(10)
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= min{r(AB,D),r(B,F4) + r(D - AB) — r(B)}
= min{r(AB, D),n+r(AB) +r(D—-AB) —r(A) - r(B)}. (11)

The third equation holds, since from formula (III) in Lemma 1.3,

r(B,Fa) < r(B) + r(Fa).
Combining (10) with (11), we have

max r(D - ABBYAVAB)
B A0
. AB
= mm:r(AB, D),r ( D ) ,1+1(AB) +r(D - AB) —r(A) — r(B) } 12)
That is, for any BY € B{1} and AV € A{1}, the following inequalities hold:
1) 4 : AB
r(D - ABBYA AB) <min} r(AB,D),r I n+r(AB) +r(D—-AB) —-r(A) —r(B) .

On the other hand, applying formula (3) in Lemma 1.1, we have

AB A AB
minr(D -~ ABBYAYAB) = r(A) + r(ABBY,D) +r ( ) +r < )

A0 D ABBY D
A o)
A O AB
—-r 1 —-r O AB
O ABBY D .
ABBY D
A o)
AB A AB
=r +7r L -r (0] AB|. 13)
D ABBY D .
ABBY D

According to (13), we have

_ @ A0 AB _ A AB
min (D - ABBYAYAB) > r +minr
BMAD D 50 \ABBY D

A O
—maxr 0] AB|. (14)
B
ABBY D

By formula (3) in Lemma 1.1 and formula (IV) in Lemma 1.3, we have

A AB
minr =r(A) + minr(ABBVF,,D - AB)
B0 \ABBY D BD

=r(A) + m(i? r([D - AB,0] + ABBY[0, E4])
B 1

=r(A) + r(D - AB). (15)

Page 5 of 18


http://www.journalofinequalitiesandapplications.com/content/2014/1/87

Xiong Journal of Inequalities and Applications 2014, 2014:87 Page 6 of 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/87

Using formula (2) in Lemma 1.1 and formulas (III), (IV) in Lemma 1.3, we have

A 0]
maxr O AB
5% \uBg0 D

=r(A) + r(AB) + max r(ABBYVF,, DF 4p)
Bl

=r(A) + r(AB) + m(a)x r([DFAB, 0] + ABBY[0, FA])
B

=r(A) + r(AB) + min{r(AB, DF ), 7(B, F4) + r(DF ) — r(B)}

=r(A) + r(AB) + min{r (AOB ADB> —r(AB),n+r (f) -r(A) - r(B)}. (16)

Combining the formulas (14), (15) with (16), we obtain

min r(D - ABBYAYAB)
B, AM

>r (ADB) +r(D—-AB)—r(AB)

- min{r (AOB /ﬁ%) —r(AB),n+r <ADB> —r(A) —r(B) } 17)

That is, for any BY € B{1} and AV € A{1}, the following inequality holds:

r(D-ABBYAYAB)

>r (ADB> +r(D—-AB)—r(AB)

. AB D AB
—mmir(o AB)—r(AB),n+r<D>—r(A)—r(B)}. O

Substituting in Theorem 2.1 with D = AB, we immediately obtain the following corol-
laries.

Corollary 2.1 ([21, Theorem 2.2], [22, Theorem 2.3]) For any matrices A € C"™*" and
B e C™, the identity AB = ABBYAWAB holds for any BV € B{1} and AV e A{1} if and
only if

AB=0 or n+r(AB)=r(A)+r(B).
In particular, substituting in Theorem 2.1 with D = O leads to the following result.

Corollary 2.2 Let A € C"™*" and B € C"*?. Then for any BV € B{1} and AV e A{1}, the
following inequalities holds:

r(AB) — min{r(AB),r(AB) + n - r(A) - r(B)} < r(ABBYAVAB) < r(AB).
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Corollary 2.3 Let A € C"™*" and B € C"*P. Then the identity
R(ABBYAWAB) = R(AB)

holds, for any BY € B{1} and AV € A{1}, if and only if
AB=0 or n+r(AB)=r(A)+r(B).

3 Inequalities for ranks of D - ABB'"? A2 AB

By analogy with the proof of Theorem 2.1, in this section we will present several inequali-
ties for ranks of the matrix expression D — ABB"? A"? AB. The main result in this section
is the following theorem.

Theorem 3.1 Let A € C"*", B e C"*? and D € C"**. Then for any BY? e B{1,2} and
AW e A(1,2), the following inequalities hold:

AB
r(D - ABB"YAMPAB) < min[r ( b ) ,7(AB, D),
n+r(AB) + r(D—-AB) —r(A) — r(B)},

AB
r(D—-ABB™AYAB) > r(A) +r < b ) +r(AB, D) + max{Ty, T»},

where

T, =r(D-AB) —r(AB,D) — r(AB) — r(A)
- min{r (AOB f?B) —r(AB),n+r </;)B> —r(A) —r(B) },
Ty = -2r(A) — min{r(AB, D), n + r(AB) + r(D) - r(A) - r(B)}.

Proof Applying formula (4) in Lemma 1.1 and the formulas (III), (IV) in Lemma 1.3, we
have

max r(D — ABB"? A" AB)

A2)
AB A AB
— (1,2) _
= mm:r(A) +r(D), r(ABB ,D),r ( b ) T (ABB(I'Z) b ) r(A)}
AB
- minlr ( b ) ,r(ABB“?F4,D - AB) } (18)

The second equation holds, since r(ADB ) < r(AB) + r(D) < r(A) + r(D), and

r(ABBY?F4,D - AB) = r((ABB(LZ), D - AB) (l:; ?))
p

<r(ABB",D - AB).
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Applying the formulas (4) in Lemma 1.1 again, we have

max r(ABB"?F,,D - AB)

B1.2)

= max r(ID - AB,0] + ABB*? [0, F,))
B 1,2

= minlr(AB, D —AB),r(F4) + r(D - AB),r(B) + r(D — AB),

r ( B o FA) - r(B)}
AB D-AB O
= min{r(AB,D),r(B,F,) + r(D — AB) — r(B)}

= min{r(AB, D),n+r(AB) +r(D—-AB) —r(A) - r(B)}. (19)
The third equation holds, since from formula (III) in Lemma 1.3
r(B,Fa) < r(B) +r(Fa)
and
r(AB,D) =r(AB,D — AB) < r(B) + r(D — AB).
In view of (18) and (19) it follows that

max r(D - ABB* A2 AB)
B(12) 4(12)

AB
= min:r ( D ) ,7(AB,D),n +r(AB) + r(D — AB) — r(A) — r(B)}. (20)
That is, for any B»? € B{1,2} and A"? € A{1,2}, the following inequalities hold:
1,2) 4(1,2) . AB
r(D —ABB“ A AB) < min] r(AB,D),r ISk
n+r(AB) + r(D - AB) —r(A) — r(B) }

On the other hand, using formula (5) in Lemma 1.1 and formula (I) in Lemma 1.3, we

have

minr(D - ABB(l’Z)A(l,z)AB)
AL2)

AB o
=r ( s ) +r(ABB™,D) + r(A) + max{$;, S}

=r (f) +r(AB,D) + r(A) + max{Sy, S}, )
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where

A O

S A AB A O AB o un

=r —-r -r )
" \aBB»  p O ABBY D

_ A O A AB
So=r(D)-r —r s
2=r(D) (ABB(”) D) (o D)

and

B O
r(AB,D) = r( (ABB*?,D)
0 I,
B2 0
< r(ABB",D) = r((AB,D) ( o I )) <r(AB,D).
b

According to the results in (21), we have

AB
min _r(D-ABB" A AB) > r ( b ) +1r(AB,D) + r(A)

B1,2) A(12)
+ max{min S;, min S, }. (22)
Note that, for any B € B{1,2},
A o}
i . A AB
minS; > | minr —r(A) —r(AB,D) — maxr (0] AB (23)
(1,2)
B2 \ ABBY“ D B(12)
ABBY? D
and
= A 0]
minS, > —r(A) — I;(lflz))(r (ABB(LZ) D) . (24)

Applying formula (5) in Lemma 1.1 and formula (IV) in Lemma 1.3, we have

minr (A AB) _ r(A) + minr(ABB“?F,,D - AB)
12 \ABB®? D B2

=r(A) + rr(llig r([D - AB,0] + ABB*?[0, F,))
B

=r(A) + r(D—-AB) (25)
and
A (0]
max r O AB
5% \ABBW D

=r(A) + r(AB) + max r(ABB“?F,,DFug)
B 1,2
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=r(A) + r(AB) + max r(IDEap, O] + ABBM?[O, F4])
B

= minlr (A(f sz) —r(AB),n+r (f) -r(A) - r(B)}

+7(A) + r(AB). (26)
Combining (23), (25) with (26), we have

min$; > r(D — AB) — r(AB, D) — r(AB) — r(A)

- min{r (AOB ADB> —r(AB),n+r (f) —-r(A) - r(B)}.

min$; > T;. (27)

That is,

According to formula (4) in Lemma 1.1 and the formulas (III), (IV) in Lemma 1.3, we
have

A O
maxr
312 \ABB®2 D

= r(A) + maxr(ABB*?F,, D)
B12)

=r(A) + max r(ID, 0] + ABBM[0, Fy))
B

=r(A) + min{r(AB, D),r(B,Fy4) +r(D) — r(B)}

=r(A) + min{r(AB, D), n + r(AB) + r(D) - r(A) — r(B)}. (28)
By (24) and (28), we have
min S, > —2r(A) — min{r(AB, D), n + r(AB) + r(D) — r(A) — r(B)}.
That is,
min Sy > 7. (29)

Finally on account of (22), (27), and (29), it is seen that
: 12 402 AB
min _r(D-ABB"AYYAB) > r +1(AB,D) + r(A) + max{Ty, T»}. (30)
B(12) 4(12) D

That is, for any B*? € B{1,2} and A"? € A{1,2}, we have

AB
r(D - ABBYAYPAB) > r(A) + r < 5 ) + r(AB, D) + max{T, T»}.
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From Theorem 3.1, we immediately obtain the following corollaries by the formulas (20)
and (30).

Corollary 3.1 Let A € C"™*" and B € C"*P. Then the identity
AB = ABB" A"V AB,
holds for any B e B{1,2} and AY? e A{1,2} if and only if
AB=0 or n+r(AB)=r(A)+r(B).
In particular, substituting in Theorem 3.1 with D = O leads to the following.

Corollary 3.2 LetA € C"™*" and B € C"*?. Then for any BY? € B(1,2} and A" e A{1,2},
the following inequalities holds:

r(AB) - min{r(AB),r(AB) + n — r(A) - r(B)} < r(ABB*? A" AB) < r(AB).
Corollary 3.3 Let A € C"™" and B € C"*P. Then the identity
R(ABB" AP AB) = R(AB)
holds for any BY? € B{1,2} and AY? € A{1,2} if and only if
AB=0 or n+r(AB)=r(A)+r(B).
4 Inequalities for ranks of D - ABB"*) A3 AB and D - ABB"Y A4 AB
Applying the formulas (6) and (7) in Lemma 1.1 to the matrix expressions D — ABB1?) x

AV AB and D - ABBYY AMY AB, we obtain some inequalities for ranks of this two matrix

expressions. The main result in this section is the following theorem.

Theorem 4.1 Let A € C"*", B e C"™? and D € C"*P. Then for any B> e B{1,3} and
AW e A(1,3), the following inequalities hold:
r(D - ABB"9 A AB)

B*B 0 B* 4B
<min{r| AB D-AB O —r(A)—r(B),r(D) ,
o O A

r(D - ABB" A AB)

AB O D
B*B (0] B*
AB B*B B* O
>r| AB D-AB O |+r -r
D O A O
(0] (0] A

O O AB
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Proof According to formula (6) in Lemma 1.1 and formula (IV) in Lemma 1.3, we have

maxr(D - ABB®3) 413) 4 B)
AL3)

. AB A*A  A*AB
=minJr T —r(A)
D ABBY) D
AB
- min!r ( b ) ,r(ABB"F,,D — AB) } (31)

Applying formula (6) in Lemma 1.1 and formula (IV) in Lemma 1.3 again, we have

max r(ABB"¥F,,D - AB)

B13)

=maxr([D - AB,0] + ABB*¥ [0, F,))

BL3)

= min:r(FA) +r(D-AB),r (TBB BzA D —OAB> - V(B)}

B*B o B*
=r| AB D-AB O |-r(A)-r(B). (32)
0 O A

The third equation holds, since from formula (III) in Lemma 1.3,

B*B B*F B*B B*F,
r A © <r )y r(D - AB)
AB O D-AB AB O
< r(B) +r(B*F4) + r(D - AB)

< r(B) +r(Fa) + r(D - AB).
Combining (31) with (32), we have

max r(D-ABB® A AB)
B13) ‘A(I,S)

B*B 0 B* AB
=min{r| AB D-AB O |-r(A)-r(B),r ( D ) . (33)
0 o} A

That is, for any B*® € B{1,3} and A"® € A{1, 3}, the following inequalities hold:

r(D - ABB" A AB)

B*B (0] B* 4B
<min{r| AB D-AB O —r(A)—r(B),r<D>
o} ) A
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On the other hand, from formula (7) in Lemma 1.1 and formula (IV) in Lemma 1.3, we
have

min r(D - ABB(LS)A(LB)AB)
AL3)

A o)
AB A*A  A*AB
=r +r -r (@) AB
D ABBY3 D

ABB%) D
13) AB 13)
=r(ABB"F,,D-AB) +r b —r(AB) - r(ABB"?F4,DF s). (34)
From (34), we get
min _r(D - ABB" A" AB)
B(13) 4(13)
> min{r(ABB"?F4,D - AB)} +r AB) _aB)
— p13) D
— maxr(ABB"?F4, DF ). (35)
BL3)
Applying formula (7) in Lemma 1.1 and formula (IV) in Lemma 1.3 again, we have
min r(ABB"®F,, D — AB)
B13)
= n(ﬂg r([D - AB,0] + ABB*[0,F,))
B
B 0 B*B B*F 0]
=r(D-AB)-r +r A
AB D-AB AB O D-AB
B*B O B
=r| AB D-AB O |-r(A)-r(B). (36)
0 0 A

Applying formula (6) in Lemma 1.1 and the formulas (I), (III) in Lemma 1.3, we have

max r(ABB?F4, DF 45)
B13)

B(

. B*B B*Fy4 O
= min —r(B),r(Fy4) + r(DF,
1 :r<AB 0 DFAB) 7(B), r(Fa) + r(DF3)

B*B B*F, O
=r A —r(B)
AB O DFu

B*B B* O
AB O D

o 4 ol r(AB) —r(A) — r(B).
O O AB

ax r(IDEag, O] + ABB"[O, F4])
1,3

=r

(37)
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The third equation holds, since

B*B B*F, 0 B*B B*F
r A <r 4 4 r(DF4p)
AB O DF,p AB O

< r(B) + r(B*F4) + r(DFp)

< r(B) + r(Fa) + r(DF3p).
By (35), (36), and (37), we have

min _r(D _ABB(LS)A(Ls)AB)

B(L3),A(L3)
AB O D
B*B O B
AB B*B B* O
>r| AB D-AB O |+r —r (38)
D O A O
0 o} A
O O AB
That is, for any B € B{1,3} and A"® € A{1, 3}, we have
r(D - ABB"9 A" AB)
AB O D
B*B o B
AB B*B B* O
>r|AB D-AB O |+r -r
D O A O
0 o) A 0
O O AB

From Theorem 4.1, we immediately obtain the following corollaries by (33) and (38).

Corollary 4.1 Let A € C"*" and B € C"*P. Then the identity
AB=ABB"™ A" AB
holds for any B € B{1,3} and A" e A{1,3)} if and only if

r(AB) +r (i*) =r(A) + r(B).

Corollary4.2 Let A € C"*" and B € C"™*. Then for any B"® e B(1,3} and A" € A{1,3},
the following inequalities hold:

B*
r(A) + r(B) - r (A ) < r(ABB"A"IAB) < r(AB).

Corollary 4.3 Let A € C"*" and B € C"*P. Then the identity

R(ABB"A")AB) = R(AB)

Page 14 of 18
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holds for any B € B{1,3} and A" e A{1,3)} if and only if
B*
r(A) +r(B) —r (A ) =r(AB).

Notice that a matrix X belongs to A{1,4} if and only if X* belongs to A*{1,3}. So from
the results obtained in above of Section 4, we can get the inequalities for ranks of D —
ABBU ALY AB, We state the following theorems without proofs.

Theorem 4.2 Let A € C"™*", B € C"™* and D € C"**. Then for any B € B{1,4} and
AW e A(1,4), the following inequalities hold:
r(D - ABB"Y AV AB)

AA* O AB
<min{r| A* B O |-rA)-rB),rABD)},
O O D-AB

r(D - ABB"Y AV AB)

AA* O AB AA* O O AB
>r| A* B o +r(AB,D)-r| A* B O O
O O D-AB O O AB D

Corollary 4.4 Let A € C"™*" and B € C"*?. Then the identity
AB = ABB"AMAB

holds for any BY® € B(1,4} and A" e A{1,4} if and only if
r(AB) + V(A*,B) =r(A) + r(B).

Corollary4.5 LetA € C"*" and B € C"*?. Then for any B € B{1,4} and A" e A{1,4},
the following inequalities hold:

r(A) + r(B) - r(A*,B) < r(ABB* A" AB) < r(AB).
Corollary 4.6 Let A € C"™*" and B € C"*P. Then the identity
R(ABB"WAMAB) = R(AB)
holds for any B € B{1,4} and A" € A{1,4)} if and only if
r(A) + r(B) - r(A*,B) = r(AB).

5 Inequalities for ranks of D - ABB">3 A23 AB and D - ABB'"24 AU24 AB
From the results in [3], it is seen that a matrix X belongs to B{1,2, 3} if and only if

X = (B*B)(I)B*,
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where (B*B)Y e (B*B){1} is arbitrary. Similarly, a matrix X belongs to B{1, 2,4} if and only
if

X -5 (88",
where (BB*) e (BB*){1} is arbitrary. Thus

D-ABB">IA02I AR = D — AB(B*B)"B*(4*A) "V A*AB (39)
and

D-ABB">Y40294B - D - ABB*(BB*)" A*(44%) " AB, (40)

Applying the formulas (2) and (3) in Lemma 1.1 to (39) and (40), we have the following

theorems, which can be shown by a similar approach to Theorem 2.1, and the proof are

omitted here.

Theorem 5.1 Let A € C"*", B C"™? and D € C"*?. Then for any B¥*® € B{1,2,3} and
AW e A(1,2,3), the following inequalities hold:

r(D — ABBW23) 4(123) 4 B)
B*B (o) B* ”
<min{r| AB D-AB O —r(A)—r(B),r<D) ,
0] (o) A

r(D - ABBM*3 A>3 AB)

AB O D
B*B O B* y
AB B*B B* O
>r| AB D-AB O |+r -r
D O A O
(0] (0] A
O O AB

Theorem 5.2 Let A € C"*", B e C"™* and D € C"*?. Then for any B*¥ e B(1,2,4} and
ALY e Al1,2,4}, the following inequalities hold:

r(D - ABB*% A2 AB)

AA* O AB
<minir| A* B (0] —r(A) - r(B),r(AB,D) ¢,
O O D-AB

r(D _ ABB(L2,4)A(1,2,4)AB)

AA* O AB AA* O O AB
>r| A* B (0] +r(AB,D)-r| A* B O O
O O D-AB O O AB D
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6 Rank of D- ABB'ATAB

In this section, we will present the rank of the linear matrix expression

D-ABB'A'AB,

where A € C"*", Be C"*? and D € C"*? are given matrices.

Theorem 6.1 Let A € C"*", B e C"*P and D € C"*P, Then

O AA* AB
r(D-ABB'ATAB) =r | BB B*A* O |-r(4)-r(B).
AB o D
Proof Let
T O AA ’
B*B B*A*
Then applying formula (9) in Lemma 1.2, we have
_B'At  (B*B)' t
Tt BA“ (B*B) , — AA O ,
(AA*)T o O B'B

. BB O
T°T = ..
O AAT

(41)

(42)

The sub-matrix in the upper left corner of the Moore-Penrose inverse of T can be ex-

pressed as
B'A" = -E\T'E,,
where E; = (I, 0) and E; = (I,,, 0)*. Hence
D-ABB'A"AB =D + ABE\ T'E,AB.
Applying formula (8) in Lemma 1.1, we have

r(D-ABB'A'AB) = r(D + ABE, T'E,AB)

—-ABE,T* D

T*TT* T*E,AB
=r < > ) —r(T)

_ r( T E2A3> _AT)

ABE,; D
O AA* AB
=r|B*B B*A* O
AB 0] D

As a direct consequence of Theorem 6.1, we immediately get the following results.

—r(A) —r(B).

(43)

Page 17 of 18
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Corollary 6.1 Let A € C"™" and B € C"*?. Then the identity AB = ABB'ATAB holds if

and only if
_Bijlf ;::‘4* +7(AB) =r(A) + r(B).

Corollary 6.2 LetA € C"™*" and B € C"*P. Then the identity RGABB'ATAB) = R(AB) holds

if and only if
O AA* AB
r| B*B B*A* O | =r(AB) +r(A) + r(B).
AB o 0}
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