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The perihelion precession and deflection of light have been investigated in the 4-dimensional general spherically symmetric
spacetime, and the master equation is obtained. As the application of this master equation, the Reissner-Nordstorm-AdS solution
and Clifton-Barrow solution in f(R) gravity have been taken as examples. We find that both the electric charge and f(R) gravity can
affect the perihelion precession and deflection of light, while the cosmological constant can only effect the perihelion precession.
Moreover, we clarify a subtlety in the deflection of light in the solar system that the possible sun’ electric charge is usually used to
interpret the gap between the experiment data and theoretical result. However, after also considering the effect from the sun’s same
electric charge on the perihelion precession of Mercury, we can find that it is not the truth.

1. Introduction

In the history, the perihelion precession of Mercury and
deflection of light in the solar system are two well-known
phenomena to check the correctness of general relativity
[1-5]. Nowadays, we know that the foundation of general
relativity is a very significant event in modern physics. Not
only can general relativity give new insights into our under-
standing of gravity, but also it has been the basic theory in our
modern cosmology [1]. Since the perihelion precession and
deflection of light are usually constrained in the solar system
or some planet such as Mercury [1-3], therefore it will be
worthy to investigate the perihelion precession and deflection
of light in the more general case. In this paper, the perihelion
precession and deflection of light have been considered in
the 4-dimensional general spherically symmetric spacetime.
Since the perihelion precession and deflection of light can be
treated as the time-like and null geodesic in spacetime [3],
thus we obtain the corresponding main equation in the 4-
dimensional general spherically symmetric spacetime.

Note that, due to the Birkhoff theorem or the gener-
alization of the Birkhoff theorem in Einstein gravity, the
general spherically symmetric spacetimes in Einstein gravity
are very limited. However, the Birkhoft theorem can be
invalid in some modified gravities, that is, f(R) gravity
which is a kind of a higher derivative gravity theory [6, 7].
Therefore, as the application of the master equation in the
4-dimensional general spherically symmetric spacetime, we
take the Reissner-Nordstorm-AdS solution in Einstein gravity
and Clifton-Barrow solution in f(R) gravity [8, 9] as the two
examples to discuss the corresponding perihelion precession
and deflection of light. For the Reissner-Nordstorm-AdS
solution with the electric charge and cosmological constant,
we find that the electric charge can affect both the perihelion
precession and deflection of light, while the cosmological
constant can only affect the perihelion precession, which
are consistent with the results in the previous work [10-
14]. It should be emphasized that there is a subtlety in the
previous work to discuss the well-known deflection of light
in the solar system. The subtlety is that the possible sun’s


https://core.ac.uk/display/206711629?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

electric charge is usually used to interpret the gap between
the experiment data and theoretical result in the deflection of
light in the solar system, because the electric charge can affect
the deflection of light [15-23]. However, after using our results
and also considering the effect from the sun’s same electric
charge on the perihelion precession of Mercury [24, 25], we
can find that it is not the truth; that is, the gap between
the experiment data and theoretical result for the deflection
of light in solar system cannot completely come from the
possible sun’s electric charge. For the Clifton-Barrow solution
in f(R) gravity [8, 9], there is a parameter d which is the
power of Ricci scalar R in one kind of f(R) gravity in this
solution. It is obvious that the Birkhoff theorem is invalid for
this kind of f(R) gravity, since the Schwarzschild metric is
also another static vacuum solution. For the simplicity and
making some explicit comparison with other results, we just
consider the case with small d in our paper, because d =
0 is just the Einstein gravity in our setting. Therefore, the
parameter d can represent the derivation of f(R) gravity to
Einstein gravity. From our results, we can easily find that the
f(R) gravity can affect both the perihelion precession and the
deflection of light.

The rest of the paper is organized as follows. In Section 2,
after investigating the perihelion precession and deflection
of light in the 4-dimensional general spherically symmetric
spacetime, the master equation is obtained. In Section 3,
the Reissner-Nordstorm-AdS solution in Einstein gravity and
Clifton-Barrow solution in f(R) gravity are taken as the two
examples for the application of master equation, and the
effects from the cosmological constant, electric charge, and
f(R) gravity on the perihelion precession and deflection of
light are investigated. Finally, besides a simple conclusion, we
also make several discussions according to the experiment
data in Section 4.

2. Perihelion Precession and Deflection
of Light in the 4-Dimensional Spherically
Symmetric Spacetime: General Case

For the 4-dimensional general spherically symmetric space-
time, its line element can be

ar’

ho) +7° (d02 + sinzed(pz) @
Since the perihelion precession and deflection of light are
usually treated as the time-like and null geodesic in space-
time, respectively, therefore we first discuss the geodesics y(7)
in the above general spherically symmetric spacetime. We set
the geodesic y(7) expressed in the above coordinates x* =
(t, 7,0, ¢) as x*(t), which are satisfied:

ds’ = —f (r)dt* +

d’xt L dx” dx’

= 2
dr? T he dr dr 0 @

Generally, after the above equation is solved, the geodesic
p(7) is obtained. However, considering the symmetry of
spacetime (1), we could find in the following that there is a
more simple way to obtain the geodesic y(t). First, we can
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find that one component of the geodesic y(7) can always
be chosen as 0(r) = /2, which means that the geodesic
can always be chosen to lay in the equatorial plane of the
spherically symmetric spacetime. Therefore, the geodesic can
be simplified:

t=t(), 6=",

r=r(1), p=¢(1). 3)

[\S)

If we let U” = (0/07)" be the tangent vector of geodesic y(7),
we could define

(3
K=-g,U0U = g“b<ar 5./ (4)

Thus, k = 1 corresponds to the time-like geodesic, while
x = 0 is the null geodesic. After inserting (9/07)" =
(dx*/d1)(0/0x")" and the metric (1), we could obtain

w-0u(3) ()
= Gab ot or

dt \’ S(dr\ L (de\’
==r0(5) o (5) 7 (F)
where we have used 6 = /2. Second, note that (9/0t)? and
(0/0¢)” are two killing vectors in the spherically symmetric

spacetime (1). Therefore, there are two conserved quantities
along the geodesic y(7):

= a2V (2) sr0d
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where the physical meanings of E and L can be found in
detail in [3]; that is, E can be interpreted as the total energy
(including gravitational potential energy) per unit rest mass
of a particle in the time-like case, while L can be interpreted
as the angular momentum per unit rest mass of a particle. In
addition, AE and AL can be interpreted as the total energy and
angular momentum of a photon in the null case, respectively.
After inserting (6) and (7) into (5), we could obtain

(5)

dr\*  h(r) , r?
(E) —mE —h(i’)(K+ﬁ>. (8)

Obviously, the above equation contains only one function
r(7), which could be solved in principle. Hence, after insert-
ing the solved r(7) into (6) and (7), the remaining compo-
nents #(7) and ¢(7) of geodesic could be finally obtained.

It should be pointed out that perihelion precession and
deflection of light are usually related to the orbit of geodesic,
that is, r(¢). Therefore, it is convenient to change (8) as

dr\* L\ h(r) , L
Z) (=) = E*-h =), ©
<d<p> <r2> [ ") o ©)
where we have used (7). In addition, it has been found that
the coordinate y = 1/r is more convenient than r to discuss
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the perihelion precession and deflection of light. Thus, the
master equation investigated in our paper could be simply
obtained from (9) by changing r into p:

(2] - 48 (5 (5w o

3. Perihelion Precession and Deflection
of Light in the 4-Dimensional Spherically
Symmetric Spacetime: Special Case

Since functions h(r) and f(r) are usually different for each
spherically symmetric spacetime, thus the perihelion pre-
cession and deflection of light may be different in different
spherically symmetric spacetime. Therefore, we can use the
differences in perihelion precession and deflection of light
to extract the information in h(r) and f(r). In this section,
we will take two spherically symmetric solutions as examples
for the application of master equation (10) to discuss the
corresponding perihelion precession and deflection of light.
The first solution is the Reissner-Nordstorm-AdS solution,
which is a well-known solution in Einstein gravity with the
cosmological constant and electric charge, while the other
solution is the Clifton-Barrow solution in f(R) gravity. The
f(R) gravity is a kind of higher derivative gravity theory,
and the Clifton-Barrow solution can be considered as a
generalization of Schwarzschild solution in Einstein gravity.
For this solution, the advantages are that not only it is the
spherically symmetric spacetime in f(R) gravity, but also h(r)
and f(r) are different.

3.1. Reissner-Nordstorm-AdS Solution. For the Reissner-
Nordstorm-AdS solution, the two functions h(r) and f(r) are

XM A, @
Fr)=h e re s

where A is the cosmological constant and Q is the electric

charge. Therefore, (10) becomes
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For the perihelion precession, one usually considers the time-

like geodesic; that is, x = 1. Therefore, (12) for the time-like
geodesic can be

dzy Q? M 2 23
d—(Pz+(1+F y:§+3yM+3”3L2—2Q{A- (13)

Obviously, compared with the case in Newton’s gravity
d*uldg* + u = M/L? the term 3u*M comes from the
correction of general relativity, while the last two terms are
from the cosmological constant and electric charge, and the
above equation can return to the well-known Schwarzschild
case when A = Q = 0. Note that the analytical solution of (13)

is absent like in the Schwarzschild case. However, there is an
approximation solution of (13):

M
k() = 53 (1+ ecosg)
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s AL (1 3. ) MQ? <1+ 1. )
—_— — —eQ SIn - —eQ SIn
3M? A T L CPsne
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in the following conditions:

2

2 A Q 2 2
3Mu” < u, WTLZ < U, 573 <1, 2Qu «1, (15
where u(p) = (M JLH(1 + ecos @) is the analytical elliptical
solution which has already been found in Newton’s gravity
and e is the orbital eccentricity which has been considered as
a small constant. Therefore, (14) can be further reduced after
neglecting the high order terms:

()
—M l1+el|cose+ 3M2—A—LG—Q—2 sin
E P\ Toamr a2 )0

where the conditions 3M?/L* « 1 and AL®/3M* « 1 have
also been assumed. Note that the above equation could be
further simplified as

#(9) = 73 [1+ecos (p—cq)], 17)

where we have set
3M?  AL® 2
e= ( -— - Q— . (18)

For the perihelion of orbit r(¢), it satisfies cos(¢p — e¢p) = 1,
and hence ¢ = 27 + 2me. Therefore, the precession angle of
perihelion is

(19)

Note that, here, L is the angular momentum per unit rest
mass of the particle along the time-like geodesic. Obviously,
both the cosmological constant and the electric charge can
affect the precession angle of perihelion. When both the
cosmological constant and electric charge disappear in (19),
the result recovers the standard general relativity result with
Schwarzschild solution Ag = 6nM?/L* =~ 61M/a, where a
is the semimajor axis of the ellipse and a =~ L?/M when the
eccentricity e is small.



Next, we will discuss the deflection of light in the
Reissner-Nordstorm-AdS spacetime. In this case, the corre-
sponding geodesic is the null geodesic; that is, ¥ = 0. Similar
to the procedure dealt with in the perihelion precession, we
need to find out the approximation solution of the orbit of
deflection of light. The master equation is

<d_/4> +pl —E +2My

24
do -Qu. (20)

Note that the cosmological constant term is just a constant
term like E*/L*. Therefore, the cosmological constant will not
affect the deflection angle of light. In fact, (20) can be further
simplified as

d’u 2 23

— +u=3Mu -2 , 21
g u p=2Qu (21
which shows more clearly that the cosmological constant
does not affect the deflection angle. Note that the approxi-
mation solution of (21) is

1 . M
p(p) = 7s1n(p+ i (1 —cosgo)2
(22)

- % (——gocosgo + L 51n3g0>

where [ is a constant, (@) = (1/I)sin ¢ is in fact a straight
line expressed in polar coordinates (u, ¢), and we have used
the condition p(0) = 0. Therefore, the deflection angle of light
B can be obtained from the equation

u(m+p)=0. (23)

After using the approximation

sin( + B) = -5, cos (m + f3) = -1, (24)
the angle is
2
_ M 3 (25)
l 42

where the first term is just the well-known deflection angle
of light in Schwarzschild spacetime, while the second term is
from the effect of the electric charge.

3.2. Clifton-Barrow Solution. In this subsection, we will
investigate the perihelion precession and deflection of light
in the Clifton-Barrow solution in f(R) gravity. In a general
f(R) theory, the uniqueness theorem of the spherically
symmetric space becomes invalid. R may be not zero even
for vacuum solutions. Considering the 4-dimensional action
in the following form:

_ ; 4 _ d+1
S= e (j/%d x\/—det(g)R

+ jm dﬁxmm),

(26)
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where d is a constant, B represents the corresponding
boundary term for the f(R) term, g is the 4-dimensional
metric, h denotes the induced metric on the boundary, the
corresponding field equation reads
dp _Lloa d

(1+d)R°R,, SR g, - (1+d)V,V,R o)

27

+ 9, (1 +d)|:|Rd =0.

It is easy to see that the Schwarzschild metric is a solution
for the above equation, since Schwarzschild metric has a
vanishing Ricci scalar R. In addition, the f(R) gravity permits
a nontrivial spherically symmetric solution other than the
Schwarzschild metric, and the called Clifton-Barrow solution
also solves the field equation [8]

= —f(r)dt* + % +1r* (d6® +sin’0d¢’),  (28)

where

,2((1+2d)/(1-d)) ¢
r(1-4d)/(1-d)’

(1-d)°
(1-2d+4d*)(1-2d (1 +d))

fn)=

h(r) =

(29)

C
x (1 * F(1-2d+4d?)/(1-d) )

Here, c is a constant, which reduces to the Schwarzschild mass
parameter ¢ = —2M in Einstein gravity.

Therefore, one can directly insert (29) into the master
equation (10) to discuss its perihelion precession and deflec-
tion of light. Note that, after inserting the two functions above
into (10), it will be found that the equations are difficult to
be solved directly. In order to explicitly show the effects on
perihelion precession and deflection of light from the f(R)
gravity, here we just consider the case that the constant d is
very small since d = 0 is just the Einstein gravity. In this case,
the master equation (10) turns out to be

d’u kM
d—(PZ‘I'MZ L2 +3M‘M
kM E*1
[LZ +L‘u—2‘u+5My (30)

+<KL—A2/[ +3My2>lni] d,

where we have kept the linear terms of d and neglected the
higher order terms.

For the perihelion precession, that is, x = 1, the above
equation is still a little complicated, which can be further
simplified in the larger radius case; that is, 4 = 1/r ~ 0. Thus,
the above equation is

d*u kM E*d
d—(P2+M=?+3My +L_;L (31)
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and the approximate solution can be easily obtained:
M
1(9) = M 1+ ecosy)

3
+ —3]L\;I (1 +ecpsin(1p+e2 (% - écoqu))) (32)

which can be further simplified:

M sM? E’L? ,
‘u((p)zﬁ l+e|cosep+ ?_Wd psing |t .

(33)
Therefore, the angle of perihelion precession is
3M* E'L?
Ap =2me =2nn| — - ——d |. 34
@ = 2me n( 2 e > (34)

From the above simple discussion, we can easily find that
there can be indeed an effect from the f(R) gravity on the
perihelion precession.

For the deflection of light, that is, x = 0, the master
equation becomes

dz[/l 2 E21 2 2 1
d—(P2+‘u:3M;4+ ﬁ;—2y+5M‘u +3Muy ln; d,
(35)

which can also be simplified in the larger radius case, that is,
p=1/r ~0,as
d*u , E*d
— =3M, ——. 36
g T W, (36)

If we solve this equation in the exact same way used before,
we obtain

1
ulp) = 7sing

2
+ ]l\—:[ (1-cosg)’ + EL—zl (~pcosg +singlnsing)d,
(37)

which can be further simplified near ¢ = 7

2
p(p) = % sing + ZMZ (1-cosg)’ + Iz—zl (-pcosg)d.
(38)
Therefore, the angle can be obtained:
2

ﬁ:¥+El(4M+nl)d' (39)
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4. Conclusion and Discussion

In this paper, the perihelion precession and deflection of light
have been investigated in the 4-dimensional general spher-
ically symmetric spacetime. Since the perihelion precession
and deflection of light can be treated, respectively, as the
time-like and null geodesic in spacetime, the master equation
of perihelion precession and deflection of light is obtained.
Moreover, the Reissner-Nordstorm-AdS solution in Einstein
gravity and Clifton-Barrow solution in f(R) gravity are
taken as the two examples for the application of this master
equation, and the effects from the cosmological constant,
electric charge, and f(R) gravity on the perihelion precession
and deflection of light are investigated. We find that the
electric charge can affect both the perihelion precession and
the deflection of light, while the cosmological constant can
only affect the perihelion precession, which are consistent
with the results in the previous works. In addition, after
considering the case with small d, we easily find that the f(R)
gravity can also affect both the perihelion precession and the
deflection of light. Several discussions related to our results
are in order.

(i) During investigating the effects from the electric
charge, cosmological constant, and f(R) gravity on the peri-
helion precession and deflection of light, we have assumed the
approximate conditions like (15) and small d. Therefore, the
results under other approximate conditions are interesting
open issues.

(ii) The perihelion precession and deflection of light
can contain the information of the spacetime, that is, the
cosmological constant, electric charge, and small d. Partic-
ularly, if we just consider them in the solar system, since
the angle of perihelion precession and deflection of light
in the solar system can be detected by the experiments,
thus the information like cosmological constant and electric
charge can be extracted from the angles by the experiments.
Therefore, we may also extract the information of dark
matter such as its distribution of energy density p(r) through
detecting the perihelion precession and deflection of light
by the experiments if we can first find the static solution
containing the dark matter, which will be further studied in
the future work.

(iii) A simple constraint on the cosmological constant.
Although the cosmological constant does not affect the
deflection of light, it can affect the perihelion precession.
From our results, if the cosmological constant indeed exists
in our universe, it can also give effects in the solar system.
Therefore, we can give a simple constraint on the cosmologi-
cal constant from the well-known phenomenon—perihelion
precession of Mercury in the solar system. The experiment
data of anomalous precession angle is (42.56 + 0.94)" per
century [26]. Therefore, the theoretical result should be in
(42.56 + 0.94)". Considering the simple case Q = 0 in (19)
and recovering the constants G and ¢, (19) becomes

22 6
3IM*G AL ) (40)

Ap=2m( o - 2
¢ ( 22 MG



Since the theoretical result of the first term is 43.03" per
century, thus the possible contribution from cosmological
constant 7TAL°/M*G> must be less than 1.41" per century,
where we just consider the positive cosmological constant
which can accelerate our universe. After inserting the con-
stants, the mass of the sun M = 1.989 x 10’ kg and the
angular momentum of unit mass of Mercury L = 2.72 x
10" m*s™", we can constrain the cosmological constant A <
5.89x 107" kg/m?, which is consistent with observation data
in our universe: A = 1.9 x 10~ kg/m”’.

(iv) The subtlety in the deflection of light in the solar
system. Note that there is a gap between the experiment data
(1.61 + 0.4)" and theoretical result 1.75" in Schwarzschild
spacetime [24, 25]. From the result in (25), one may consider
that this difference may be from the suns possible electric
charge effect. However, we will give a simple proof in the
following that it is not true. After recovering the constants,
the angle of starlight deflection is

AMG  37Q°G
B = _ Q6 (41)
cl 472
where we have used the Gauss unit of Q, that is, kg'/?m*?s ™",

from which we can find that the charge could indeed make the
angle smaller and hence make the gap smaller. If the charge
could make the angle smaller 1", that is, 3nQ*G/4l%c?) x
180/rx60x60 = 1, we can obtain the sun with possible charge
Q = 1.1 x 10®*kg'?m*?s™". However, note that the sun’
charge can also affect the perihelion precession of Mercury
in (19), which can be recovered:

3M*G* Q%G
A?’:Z”(Lz—cz‘m ’ “

where we have neglected the effect of cosmological constant
since the observation data in our universe A = 1.9 x
10> kg/m?’ is very small. Therefore, after the simple calcula-
tion, we can obtain that the sun’s charge effect on the angle of
perihelion precession of Mercury will be 7Q*G/L*c* = 0.038,
which is larger than the first term 67M>G*/L*c* = 4.97x107.
This is obviously opposite to the experiment observation.
Thus, the gap between the experiment data and theoretical
result for the starlight deflection in solar system could not
completely come from the sun’s electric charge, and a more
suitable explanation of this difference will still be an open
issue.
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