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The problem of steady, laminar, thermal Marangoni convection flow of Newtonian fluid over a flat
surface is investigated. The boundary layer equations for the momentum and energy equations are
transformed with the similarity solutions to ODEs to obtain the analytical approximate solutions.
The analysis assumes that the temperature variation is a power law function of the location. The
approximate solutions to the similarity equations are obtained by exponential series. The effects
of the power law exponent and Prandtl number on the velocity and temperature profiles are
presented.

1. Introduction

For many metallurgical and materials processing applications in space, it has been evidenced
that if a free liquid surface (or liquid-liquid interface) is present, a surface tension gradient
of this free surface will cause liquid movement at this free surface which alternatively drives
fluid movements in the corresponding phase. This phenomenon is referred to as capillary
motion. When a free liquid surface is present, the surface tension variation resulting from the
temperature or concentration gradient along the surface can also induce motion in the fluid
called solutal capillary, and thermocapillary motion, respectively.

The study of liquid movement resulting from thermocapillarity (or so-called Marang-
oni) convection is very important for a liquid system either inmicrogravity or in normal grav-
ity [1]. Under normal gravity, liquid movement is mainly driven by buoyancy force because
of the temperature-dependent density while the liquid is exposed to a temperature gradient
field. As the size of the liquid system decreases especially having the size decrease in the di-
rection of gravity, the buoyancy effect begins to diminish and the Marangoni effect will then
dominate the system as the main driving force for liquid interface movement. In the absence
of gravity, Marangoni convection always plays a main role in the determination of the flu-
id movement because of varying liquid surface tension in a temperature gradient field
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regardless of the system’s size. It has significance in the processing of materials, especially
in small-scale and low-gravity hydrodynamics [2] to investigate the interaction between the
heat and mass transfer.

Marangoni convection appears in many industrial processes and space technologies,
for example, in the study of semiconductor crystallization processes, in crystal growth
melts where the flow produces undesirable effects (see [3–6]) and it occurs around vapor
bubbles during nucleation [5]. In several papers authors investigate Marangoni driven
boundary layer flow in nanofluids. These fluids can tremendously enhance the heat transfer
characteristics of the base fluid and have many industrial applications such as lubricants,
heat exchangers, and coolants. Nanofluids are studied when different types of nanoparticles
such as oxide ceramics, nitride ceramics, and aluminium, are used [7–9]. Marangoni flow has
also significance in welding, semiconductor processing, and other fields of space science. Its
mathematical model is studied in [7, 10, 11]. Marangoni boundary layers may occur along
the liquid-liquid or liquid-gas interferences.

These phenomena have been investigated for various substances in geometries with
flat surfaces by similarity analysis (see [3, 7, 12–16]). Arafune and Hirata [3] presented a
similarity analysis for just the velocity profile for Marangoni flow when the surface tension
variation is linearly related to the surface position. Christopher andWang [4] studied Prandtl
number effects for Marangoni convection over flat surface and presented approximate
analytical solutions for the temperature profile. They showed that the calculated temperature
distribution in vapor bubble attached to a surface and in the liquid surrounding the bubble
was primarily due to the heat transfer through the vapor rather than in liquid region and the
temperature variation along the surface was not linear but could be described by a power-
law function [12]. Using the similarity transformation, the governing system of nonlinear
partial differential equations are transformed into a pair of similarity nonlinear ordinary
differential equations, one for the stream function and one for the temperature. The velocity
and temperature distributions can be given by numerically using the Runge-Kutta method
[5, 7, 12, 17], analytical approximate solutions can be determined for these problems by using
Adomian decomposition method and Padé technique [15, 16, 18, 19] or by power series
method [20].

This paper investigates a similarity analysis for Marangoni convection inducing flow
over a flat surface due to an imposed temperature gradient. The analysis assumes that the
temperature variation is a power law function of the location and the surface tension is
assumed to depend on the temperature linearly.

We first present the derivation of the equations and show how the boundary layer
approximation leads to the two points boundary value problem and the similarity solutions.
The newmodel, written in terms of stream function and temperature, consists in two strongly
coupled ordinary differential equations. Its analytical approximate solutions are represented
in terms of exponential series. The influence of various physical parameters on the flow and
heat transfer characteristics are discussed.

2. Boundary Layer Equations

Consider the steady laminar boundary layer flow of a viscous Newtonian fluid over a flat
surface in the presence of surface tension due to temperature gradient at the wall. Assuming
that the surface is impermeable, the surface tension varies linearly with temperature and
the interface temperature is a power-law function of the distance along the surface. The
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governing equations for two-dimensional Navier-Stokes and energy equations describing
thermocapillary flows in a liquid layer of infinite extent are considered. The layer is bounded
by a horizontal rigid plate from one side and opened from the other one. The rigid boundary
is considered as thermally insulated. The physical properties of the liquid are assumed to be
constant except the surface tension. This investigation are based on the balance laws of mass,
momentum and energy. In the domain x > 0, y > 0, these can be written in the form [2]:

∂u

∂x
+
∂v

∂y
= 0, (2.1)

u
∂u

∂x
+ v

∂u

∂y
= K

∂2u

∂y2
, (2.2)

u
∂T

∂x
+ v

∂T

∂y
= αf

∂2T

∂y2
, (2.3)

where the x and y axes are taken parallel and perpendicular to the surface, u and v are
the parallel and normal velocity components to the surface, respectively, and αf denotes the
thermal diffusivity, K = μ/ρ is the kinematic viscosity and density ratio of the ambient fluid.

Marangoni effect is incorporated as a boundary condition relating the temperature
field to the velocity. The boundary conditions at the surface (at y = 0) are

μ
∂u

∂y

∣
∣
∣
∣
y=0

= −σT ∂T
∂x

∣
∣
∣
∣
y=0

,

v(x, 0) = 0,

T(x, 0) = T(0, 0) +Axm+1,

u(x,∞) = 0,

∂T

∂y

∣
∣
∣
∣
y=∞

= 0,

(2.4)

as y → ∞, where σT = dσ/dT , A denotes the temperature gradient coefficient, m is a
parameter relating to the power law exponent. The casem = 0 refers to a linear profile,m = 1
to the quadratic one. The minimum value of m is −1 which corresponds to no temperature
variation on the surface and no Marangoni induced flow.

Introducing the stream function ψ by

u =
∂ψ

∂y
, v = −∂ψ

∂x
, (2.5)

equation (2.2) is reduced to

∂ψ

∂y

∂2ψ

∂y∂x
− ∂ψ

∂x

∂2ψ

∂y2
= K

∂3ψ

∂y3
. (2.6)
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Applying similarity functions

ψ = C1x
af

(

η
)

, Θ =
T − T(0, 0)
Axm+1

, (2.7)

and similarity variable η = C2x
by with C1 = 3

√

(m + 1)μσTA/ρ2, C2 = 3
√

(m + 1)ρσTA/μ2, a =
(m + 2)/3 and b = (m − 1)/3 one can obtain from the system of partial differential equations
(2.5), (2.6) one single ordinary differential equation of the third order

f ′′′ − 2m + 1
3

f ′2 +
m + 2
3

ff ′′ = 0, (2.8)

and boundary conditions (2.4) become

f(0) = 0, f ′′(0) = −1, f ′(∞) = 0. (2.9)

For (2.3) by the similarity temperature function Θ with the corresponding boundary condi-
tions we get

(m + 1)f ′Θ − m + 2
3

fΘ′ =
1
Pr

Θ′′, (2.10)

Θ(0) = 1, Θ′(∞) = 0, (2.11)

where Pr = μ/(ραf) is the Prandtl number. For the dimensionless stream function f(η) and
the temperature field Θ(η), the system (2.8), (2.10) is derived and the primes denote the
differentiation with respect to η.

Now, the velocity components can be expressed by similarity function f as follows

u
(

x, y
)

=
∂ψ

∂y
= κ2 3

√

ρ

μ
x(2m+1)/3f ′(η

)

,

v
(

x, y
)

= −∂ψ
∂x

= −κ
3
x(m−1)/3

[

(m + 2) 3

√

μ

ρ
f
(

η
)

+ (m − 1)κ 3

√

ρ

μ
x(m−1)/3yf ′(η

)

]

,

(2.12)

where κ = 3
√

(m + 1)σTA/ρ, σT = constant.
It should be noted that u and v are proportional to x(2m+1)/3 and x(m−1)/3, respectively.

It means, that form = −1/2 the velocity component u is a constant on the upper surface of the

boundary layer. If m = 1 then η = 3
√

(m + 1)ρσTA/μ2y. In the case of m > 1, v is proportional

to x(m−1)/3 and is strictly monotone increasing to infinity as x tends to infinity, which is not
accepted in physics. Therefore, we restrict our investigations for the interval −1 < m ≤ 1.
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We note that the special case m = 1 do admit explicit solution. In [21, 22] the solution
to (2.8), (2.9) is given by

f
(

η
)

= 1 − e−η, (2.13)

and easy computation shows that

Θ
(

η
)

= Φ(Pr) −Ψ(Pr)e−η + Ω(Pr)e−2η, (2.14)

withΦ(Pr) = [1/[(Pr−1)/Pr+Pr/(Pr−2)−2]][(Pr−1)/Pr],Ψ(Pr) = 2/[(Pr−1)/Pr+Pr/(Pr−
2)− 2],Ω(Pr) = [1/[(Pr− 1)/Pr+Pr/(Pr− 2)− 2]][Pr/(Pr− 2)] is the solution to (2.10), (2.11).

Due to the inherent complexity of such flows, to give exact analytical solutions of˜Ma-
rangoni flows are almost impossible. Exact analytical solutions were given by Magyari and
Chamkha for thermosolutal Marangoni convection when the wall temperature and concen-
tration variations are quadratic functions of the location [6].

Our goal is to present approximate exponential series solution to the nonlinear bound-
ary value problem (2.8), (2.9), moreover to (2.10), (2.11). Several values of the power law
exponent and Prandtl number are considered. The influences of the effects of these parame-
ters are illustrated.

3. Exponential Series Solution

First, our aim is to determine the approximate local solution of f(η) to (2.8), (2.9). We replace
the condition at infinity by one at η = 0. Therefore, (2.8), (2.9) is converted into an initial
value problem of (2.8) with initial conditions

f(0) = 0, f ′(0) = ζ, f ′′(0) = −1. (3.1)

In view of the third of the boundary conditions (2.9), let us take the solution of the
initial value problem (2.8), (3.1) in the form

f
(

η
)

= α

(

A0 +
∞∑

i=1

Aid
ie−αηi

)

, (3.2)

where α > 0, A0 = 3/(m + 2), Ai (i = 1, 2, . . .) are coefficients and α > 0 and d are constants.
Conditions in (2.9) yield the following equations:

α

(

A0 +
∞∑

i=1

Aid
i

)

= 0,

α3
∞∑

i=1

i2Aid
i = −1.

(3.3)
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It may be remarked that the classic Briot-Bouquet theorem [23] guarantees the existence of
formal solutions (3.2) to (2.8), (3.1), the value of A0, and also the convergence of formal
solutions.

Let us introduce the new variable Z such as

Z = de−αη. (3.4)

It is evident that the third boundary condition in (2.9) is automatically satisfied. From
differential equation (2.8) with (3.2) we get

−
∞∑

i=1

i3AiZ
i +

m + 2
3

(

A0 +
∞∑

i=1

AiZ
i

) ∞∑

i=1

i2AiZ
i

−2m + 1
3

( ∞∑

i=1

iAiZ
i

)2

= 0.

(3.5)

Equating the coefficients of like powers of Z one can obtain the expressions for
coefficients A2, A3, . . . withm and A1:

A2 = − 1
12
A2

1(m − 1),

A3 =
1

216
A3

1(m − 1)(m − 2),

A4 = − 1
15552

A4
1(m − 1)

(

4m2 − 15m + 17
)

,

A5 =
1

4665600
A5

1(m − 1)
(

62m3 − 371m2 + 757m − 610
)

,

A6 = − 1
46656000

A6
1(m − 1)

(

32m4 − 257m3 + 810m2 − 1171m + 730
)

,

A7 =
1

740710656000
A7

1(m − 1),

×
(

25742m5 − 263609m4 + 1108202m3 − 2419211m2 + 2737856m − 1383380
)

,

...

(3.6)

From system (3.3) with the choice of A1 = 1 the parameter values of d and α can be
numerically determined. By these parameters the complete series solution (3.2) is reached.
The calcutaled values of d, α and f ′(0) are shown in Table 1, and the variation of f ′(0) with
m on Figure 1.
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Figure 1: Variation of ζ withm.

Table 1

m d α ζ = f ′(0)

−0.7 −3.647038235 1.151595555 2.124598444
−0.6 −2.965760980 1.127415834 1.983315576
−0.5 −2.637757681 1.06387919 1.732325541
−0.4 −2.376172862 1.033354073 1.593916052
−0.3 −2.162310710 1.014414456 1.494034266
−0.2 −1.984074328 1.001820070 1.415321059
−0.1 −1.833183771 0.9933978501 1.350675806
0 −1.703758050 0.9879394966 1.296185235
0.1 −1.591498354 0.9846733013 1.249367842
0.2 −1.493186863 0.9830710732 1.208532122
0.3 −1.406365745 0.9827560858 1.172472117
0.4 −1.329124551 0.9834517804 1.140299628
0.5 −1.259955423 0.9849505390 1.111343438
0.6 −1.197652064 0.9870936108 1.085085341
0.7 −1.141237758 0.9897577103 1.061117897
0.8 −1.089913110 0.9928458034 1.039115668
0.9 −1.043017465 0.9962806209 1.018815071
1 −1 1 1

The series forms for f(η) and f ′(η) are given below for some special values of the
exponentm (m = −0.5;m = 0;m = 1):

m = −0.5 :

f
(

η
)

= 2.127758380 − 2.806255505
(

e−1.06387919η
)

+ 0.9252777520
(

e−1.06387919η
)2

− 0.3389803468
(

e−1.06387919η
)3

+ 0.1266709685
(

e−1.06387919η
)4
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− 0.04756400678
(

e−1.06387919η
)5

+ 0.01788183745
(

e−1.06387919η
)6

− 0.006724299058
(

e−1.06387919η
)7

+ 0.002528494356
(

e−1.06387919η
)8

− 0.0009506669013
(

e−1.06387919η
)9

+ 0.0003573924970
(

e−1.06387919η
)10

,

f ′(η
)

= 2.985516834
(

e−1.06387919η
)

− 1.968767491
(

e−1.06387919η
)2

+ 1.081902410
(

e−1.06387919η
)

− 0.5390504296
(

e−1.06387919η
)4

+ 0.2530117851
(

e−1.06387919η
)5 − 0.1141446885

(

e−1.06387919η
)6

+ 0.05007689285
(

e−1.06387919η
)7 − 0.02152010022

(

e−1.06387919η
)8

+ 0.009102552598
(

e−1.06387919η
)9 − 0.003802224402

(

e−1.06387919η
)10

,

m = 0 :

f
(

η
)

= 1.481909245 − 1.683209870
(

e−0.9879394966η
)

+ 0.2389818639
(

e−0.9879394966η
)2

− 0.04524080827
(

e−0.9879394966η
)3

+ 0.009099650359
(

e−0.9879394966η
)4

− 0.001854352461
(

e−0.9879394966η
)5

+ 0.0003780882937
(

e−0.9879394966η
)6

− 0.00007689156390
(

e−0.9879394966η
)7

+ 0.00001559224546
(

e−0.9879394966η
)8

− 0.000003154096351
(

e−0.9879394966η
)9

+ 0.0000006368276490
(

e−0.9879394966η
)10

,

f ′(η
)

= 1.662909512
(

e−0.9879394966η
)

− 0.4721992446
(

e−0.9879394966η
)2

+ 0.1340855441
(

e−0.9879394966η
)3 − 0.03595961598

(

e−0.9879394966η
)4

+ 0.009159940185
(

e−0.9879394966η
)5 − 0.002241170151

(

e−0.9879394966η
)6

+ 0.0005317494905
(

e−0.9879394966η
)7 − 0.0001232335611

(

e−0.9879394966η
)8

+ 0.00002804450725
(

e−0.9879394966η
)9 − 0.000006291471870

(

e−0.9879394966η
)10

,

m = 1 :

f
(

η
)

= 1 − e−η,
f ′(η

)

= e−η.

(3.7)
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Figure 2: Variation of f ′ with η.

It can be seen that for the case m = 1 the obtained solution coincides with the exact solution
(2.13). The effect of the exponentm on the velocity profiles f ′(η) is illustrated in Figure 2. The
values of f ′(0) = ζ decrease asm is changing from negative values to positive ones.

Applying the series solution for f the second-order linear differential equation (2.10)
for Θ can be solved similarly, which presents the temperature distribution. Here we define
Θ(η) as the series

Θ
(

η
)

= B0 +
∞∑

i=1

Bid
ie−αηi, (3.8)

with coefficients Bi(i = 0, 1, 2, . . .) and hence the individual coefficients will be determined
from differential equation (2.10) with (3.2) as follows

B1 = A1B0
Pr

Pr − 1
(m + 1),

B2 =
1
12

A2
1B0Pr

(Pr − 1)(Pr − 2)

(

3m2Pr +m2 + 6mPr + 3Pr − 1
)

,

B3 = − 1
216

A3
1B0Pr

(Pr − 1)(Pr − 2)(Pr − 3)
F(Pr, m),

F(Pr, m) =
((

m3 −m
)(

3Pr2 − 19Pr − 2
)

+
(

m2 − 1
)(

4Pr2 − 20Pr + 4
))

,

...

(3.9)
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Table 2

B0

Pr \m −0.5 0 1

0.27 0.699360103 0.617716289 0.556343613

0.7 0.261867340 0.187464188 0.144444444

2.5 −6.868890324 0.732352234 0.166666667

5.5 −0.010101191 −0.020338815 2.100000049

70 −129.5918440 90.92275412 391/6

298 −521.5866457 −253.8172206 7326/25

0

0.2

0.4

0.6

0.8

1

Pr = 0.27

Pr = 0.5

Pr = 0.7

Pr = 1.00001

1 2 3 4 5 6 7 8

η

Θ
(η
)

Figure 3: Variation of Θwith Pr (0.27 ≤ Pr ≤ 1.00001) form = 1.

Remark that these coefficients as expressions of B0 can be calculated only for
noninteger values of the low Prandtl numbers. In (2.11) the second boundary condition is
automatically satisfied, and from the first condition coefficient B0 is to be determined, that is,
from the equation

B0 + B1d + B2d
2 + B3d

3 + · · · = 1, (3.10)

together with (3.9) (see Table 2).
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For Θ(η) with Prandtl number Pr = 298 and three values of m (m = −0.5; m = 0; m =
1) the first ten terms are given below

m = −0.5 :

Θ
(

η
)

= −521.5866457 + 690.2257842
(

e−1.06387919η
)

− 228.3499003
(

e−1.06387919η
)2

+ 83.59931856
(

e−1.06387919η
)3 − 31.32427417

(

e−1.06387919η
)4

+ 11.72818950
(

e−1.06387919η
)5 − 4.437848713

(

e−1.06387919η
)6

+ 1.649735001
(

e−1.06387919η
)7 − .6357069408

(

e−1.06387919η
)8

+ .2268403841
(

e−1.06387919η
)9 − 0.09549145798

(

e−1.06387919η
)10

,

m = 0 :

Θ
(

η
)

= −253.8172206 + 433.8991704
(

e−0.9879394966η
)

− 185.8554249
(

e−0.9879394966η
)2

+ 23.32308704
(

e−0.9879394966η
)3 − 11.64354979

(

e−0.9879394966η
)4

− .6456997006
(

e−0.9879394966η
)5 − 1.774772066

(

e−0.9879394966η
)6

− .8708402162
(

e−0.9879394966η
)7 − .6992264953

(

e−0.9879394966η
)8

− .5109496856
(

e−0.9879394966η
)9 − .4045737228

(

e−0.9879394966η
)10

,

m = 1 :

Θ
(

η
)

=
7326
25

− 44104
75

(

e−η
)

+
22201
75

(

e−η
)2
.

(3.11)

It may be noted that the Prandtl number Pr = 298 corresponds to the power
transformer oil. We point out that for the case m = 1 the solution Θ(η) coincides with the
exact solution (2.14).

The effects of the power law exponent m and the Prandtl number are exhibited in
Figures 3–14, where Pr = 0.27 corresponds to the mercury and Pr = 0.7 corresponds to the air.
Figures 3–5 illustrate the influence of the Prandtl number on the temperature Θ for m = 1. It
can be observed in Figure 3 that for low Prandtl numbers 0.27 ≤ Pr ≤ 1.00001 the maximum
value of Θ decreases as Pr increases and for a high Prandtl numbers 2.5 ≤ Pr ≤ 7.00001
and 70 ≤ Pr ≤ 298 the maximum value of Θ increases as Pr increases. In all three cases
the boundary layer thickness increases as Pr increases. Figures 6–8 depict the effect power
exponent m for fixed values of Pr. It can be observed in Figures 6 and 7 that the boundary
layer thickness increases asm increases and themaximum value ofΘ decreases asm increases
for Pr = 0.27, 2.2, while for high Prandtl number (Pr = 298) the reverse effect of m on the
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0

1

2

3

4

1 2 3 4 5 6 7 8

η

Θ
(η
)

Pr = 7.00001

Pr = 5.5

Pr = 4.5

Pr = 3.5

Pr = 2.5

Figure 4: Variation of Θ with Pr (2.5 ≤ Pr ≤ 7.00001) form = 1.

1 2 3 4 5 6 7 8
η

Θ
(η
)

0
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300

0

Pr = 298

Pr = 210

Pr = 140
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Figure 5: Variation of Θwith Pr (70 ≤ Pr ≤ 298) form = 1.
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0
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Figure 6: Variation of Θ for Pr = 0.27.
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Θ
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η

Figure 7: Variation of Θ for Pr = 2.2.
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Figure 9: The effect of the Prandtl number on Θ′ form = 1 (0.27 ≤ Pr ≤ 1.00001).
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Figure 14: The effect ofm on Θ′ for Pr = 298 (m = −0.5; 0; 1).

maximum ofΘ can be seen. Figures 9–11 illustrate the effect of Pr onΘ′ form = 1 and Figures
12–14 represent the effect ofm for Θ′ for Pr = 0.27, 2.2, 298.

4. Conclusion

In this paper the incompressible flow and heat transfer over a flat impermeable plate has
been investigated. The resulting governing equations have been transformed into a system of
nonlinear ordinary differential equations by applying suitable similarity transformation. For
these equations approximate exponential series solutions are determined and the effects of
the power exponent and the Prandtl number are illustrated in Figures 1–14, and it is observed
that the values of f ′ decrease as power exponentm increases (see Figures 1 and 2), moreover
the boundary layer thickness increases as m or Pr increases. The temperature profiles are
exhibited in Figures 3–8, it is observed that for low Prandtl number the temperature Θ
decreases as Pr increases and for high Prandtl numbers the influence of Pr is opposite.
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