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1 Introduction and preliminary
Let E be a real Banach space and E be its dual space. The normalized duality mapping
J:E— 2F is defined by

J@) ={f €E: (x.f) = |xI” = IfI*}, Vx€E,

where (-, ) denotes the generalized duality pairing. It is well known that
(i) If E is a smooth Banach space, then the mapping J is single-valued;
(ii) J(ax) = aJ(x) for all x € E and o € N;
(ili) If E is a uniformly smooth Banach space, then the mapping J is uniformly
continuous on any bounded subset of E. We denote the single-valued normalized
duality mapping by j.

Definition 1.1 ([1]) Let D be a nonempty closed convex subset of E, T : D — D be a map-
ping.

(1) T is called strongly pseudocontractive if there is a constant k € (0,1) such that for all
x,y €D,

(Tx - Ty, j(x - y)) < kllx = yII%;
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(2) T is called ¢-strongly pseudocontractive if for all x, y € D, there exist j(x—y) € J(x—y)
and a strictly increasing continuous function ¢ : [0, +o0) — [0, +o0) with ¢(0) = 0 such
that

(T = Ty, j(x = ) < Il = y1* = p(llx = y1l) 5 = s

(3) T is called ®-pseudocontractive if for all x,y € D, there exist j(x — y) € J(x —y) and a
strictly increasing continuous function @ : [0, +00) — [0, +00) with ®(0) = 0 such that

(T = Ty, j(x = ) < llx = y1I*> = D(Ilx - yll).

It is obvious that ®-pseudocontractive mappings not only include ¢-strongly pseudo-
contractive mappings, but also strongly pseudocontractive mappings.

Definition 1.2 ([1]) Let T: D — D be a mapping and F(T) = {x € D: Tx = x} # (.

(1) T is called ¢-strongly-hemi-pseudocontractive if for all x € D, g € F(T), there exist
jx—¢q) € J(x—¢q) and a strictly increasing continuous function ¢ : [0, +00) — [0, +00) with
¢(0) = 0 such that

(Tx - Tq,j(x — q)) < Il — qlI* = p(llx — gll) | — qll.

(2) T is called ®-hemi-pseudocontractive if for all x € D, g € F(T), there exist j(x —
q) € J(x — g) and the strictly increasing continuous function @ : [0, +00) — [0, +00) with
®(0) = 0 such that

(Tx— Tg,j(x ~ q)) < 1%~ q1I* = @ (llx ~ ql)-
Closely related to the class of pseudocontractive-type mappings are those of accretive type.

Definition 1.3 ([1]) Let N(T) = {x € E: Tx = 0} # (. The mapping T : E — E is called
strongly quasi-accretive if for all x € E, x” € N(T), there exist j(x —x") € J(x —x") and a
constant k € (0,1) such that (Tx — Tx", j(x —x")) > k|lx —x"||%; T is called ¢-strongly quasi-
accretive if for all x € E, x” € N(T), there exist j(x —x") € J(x —x") and a strictly increasing
continuous function ¢ : [0, +00) — [0, +00) with ¢(0) = 0 such that (Tx — Tx, j(x —x")) >
d(llx —x"|)llx = x'||; T is called ®-quasi-accretive if for all x € E, x € N(T), there exist
j(x —x") € J(x — x°) and a strictly increasing continuous function @ : [0, +00) — [0, +00)
with ®(0) = 0 such that (Tx — Tx,j(x —x")) > ®(|lx —x|).

Definition 1.4 ([2]) For arbitrary given xy € D, the Ishikawa iterative process with errors
{x,)02, is defined by

Yn = (1 - bn - dn)xn + bnTxn + ngm n>0,
(1.1)

Xne1 = L=y — )% + ATy + Culty, n >0,

where {u,}, {v,} are any bounded sequences in D; {a,}, {b,}, {c.}, {d,} are four real se-
quences in [0,1] and satisfy a, + ¢, <1, b, +d, <1, forall n > 0. If b, = d,, = 0, then the
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sequence {x,} defined by
X1 = L —ay, — )y + ayIx, + cuthy, n>0 (1.2)
is called the Mann iterative process with errors.

Definition 1.5 ([3, 4]) A mapping T : D — D is called generalized Lipschitz if there exists
a constant L > 0 such that || Tx — Ty|| < L(1 + |lx - y||), Vx,y € D.

The aim of this paper is to prove the convergent results of the above Ishikawa and
Mann iterations with errors for generalized Lipschitz ®-hemi-contractive mappings in
uniformly smooth real Banach spaces. For this, we need the following lemmas.

Lemma 1.6 ([5]) Let E be a uniformly smooth real Banach space, and let ] : E — 2 bea
normalized duality mapping. Then

lla + y1> < 1601 + 2{y, ] (x + %)) 1.3)
forallx,y € E.

Lemma 1.7 ([6]) Let {p,}2, be a nonnegative sequence which satisfies the following in-
equality:

Pns1 = (1 - )‘-n)pn +0y, n= O, (14)
where A, € [0,1] with Y 20 Ay = 00, 0, = 0(A,,). Then p, — 0 as n — oo.

2 Main results

Theorem 2.1 Let E be an arbitrary uniformly smooth real Banach space, D be a nonempty
closed convex subset of E, and T : D — D be a generalized Lipschitz ®-hemi-contractive
mapping with q € F(T) # 0. Let {a,}, {b,}, {c,}, {d,} be four real sequences in [0,1] and
satisfy the conditions (i) au,by,d, — 0 as n — 0o and ¢, = o(ay,); (i) Yoy an = 00. For
some xy € D, let {u,}, {v,} be any bounded sequences in D, and {x,} be an Ishikawa iterative
sequence with errors defined by (1.1). Then (1.1) converges strongly to the unique fixed point

qof T.

Proof Since T : D — D is a generalized Lipschitz ®-hemi-contractive mapping, there ex-
ists a strictly increasing continuous function @ : [0, +00) — [0, +00) with ®(0) = 0 such
that

(Tx - Tq,J(x — q)) < | — ql* = @(lx - ql),

~x = Tx,J(x - q)) < =P(llx - qll),
and

T~ Tyl < L1+ [lx—yll),

for any x,y € D and g € F(T).
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Step 1. There exists xo € D and x¢ # Tx( such that rg = ||xg — Txo|| - ||x0 —g|| € R(P) (range
of ®@). Indeed, if ®(r) — +00 as r — +00, then ry € R(P); if sup{®(r): r € [0,+00)} =11 <
+00 with rg < r1, then for g € D, there exists a sequence {w,} in D such that w, — g as
n — oo with w,, # q. Furthermore, we obtain that {w, — Tw,} is bounded. Hence, there
exists a natural number 1o such that ||w,, — Tw, || - [[w, —q|| < 5 for n > ny, then we redefine
%o = Wy and |lxo — Txol| - [lx0 — gl € R(P).

Step 2. For any n > 0, {x,} is bounded. Set R = ®~(ry), then from Definition 1.2(2), we
obtain that ||xg —¢g|| <R. Denote Byj={x €D:|x—¢q| <R}, By={xeD:|x—q| <2R}.
Since T is generalized Lipschitz, so T is bounded. We may define M = sup,p, {| Tx - q|| +
1} +sup,{|l#, —gll} + sup,{|lv. — ql|}. Next, we want to prove that x,, € B;. If n = 0, then x¢ €
B;. Now, assume that it holds for some #, i.e., x,, € B;. We prove that x,,; € B;. Suppose it
is not the case, then ||x,41 — ¢g|| > R. Since J is uniformly continuous on a bounded subset
of E, then for ¢ = @) 7o there exists § > 0 such that ||Jx — Jy|| < € when |x — y| <,

24L(1+2R
Vx,y € By. Now, denote

R R
1, ) ’
2[L(1 +2R) + 2R + M] 4[L(1 + R) + 2R + M]

) (%) o%) (%)
2[L(A +2R) + 2R + M]’ 24R?’ 24L(1 + 2R)’ 48MR |’

To = min{

Owing to a,, by, ¢, d, — 0 as n — oo, without loss of generality, assume that 0 <

an, by, ey, dy < 19 for any n > 0. Since ¢, = o(a,), denote ¢, < a, 7. So, we have

I T, — 4l

<L(1+lx, —ql)

<L(1+R), (2.1)
Iy — 4l

<A =by—du)lxn = qll + bull Txn — qll + dyllve — 4l

<R+b,L(1+ ||, —qll) + duM

<R+b,L(0+R)+d,M

<R+ to[L(l +R) +M]

<2R, (2.2)
1 Ty, -4l

<L(1+1ly.—qll)

<L(1+2R), (2.3)
ll6, — Tox, |

<L+Q@+L)lx,—qll

<L+(1+L)R, (2.4)
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and

| —a) - O —a)|
< byllxn = Taull + du[l1vi — qll + % — qll]
<bu[L+(1+L)R]+d,(M+R)
<7[L(L+R)+2R+M]

<71[L(1+2R) + 2R + M]

IA

)
2 <8 (2.5)
%, — 4l
Z %n1 = gl = @nll Tyn = Xnll = Cull by — x|
> (%1 = qll = @[ 1Ty — qll + 1% = qll] = cul 1262 — qll + ll42 = q1l]
zR—u,,[L(1+2R)+R] —cu(R+ M)

> R—1o[L(1 +2R) + M +2R]
R

2

=

Nl X

, (2.6)
Iy« — 4l

> ||y = qll = bl Ty — x|l = || %0 = vl

> lltn = gqll = bu[L + A+ L)R] = du[ 1% — qll + Iva —qll]

> lltn = gqll = bu[L + (1 + L)R] = dy(R + M)

> |lxn —qll = To[L + (2 + L)R + M]

RRR 27
%51 = gl

<A =an-c)llxn—qll + anll Ty, — qll + cullu, — 4l

<R+7[L(1+2R) +M]

<2R, (2.8)
| — q) = @u — ) ||

< aull Ty — xull + cullttn — %4l

< an[1Tyn — qll + 0 — qll] + cul 1t — qll + 20— qll]

<au[L(1 +2R) + R] + c,(M + R)

< 4. (2.9)

Page5o0of 11
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Therefore,

16— @) =T — D) < €03
”](xVH-l - 61) —J(x, — q) ” < €p.

Using Lemma 1.6 and the above formulas, we obtain

e — q11°

< (U= a, =l = ql1” + 2a,( Ty - 4.) (1 - )
+ 20ty — 4] (1 — )

< (L= an)* %0 = q11> + 205 Bn = 4] @ne1 — @) ~ T (@ - @)
+ 20Ty — 4] %n = ) =] On = @)) + 260 Ty = 4,] 9 — 9))
+ 20ty = 4, ] (%1 — )

< (L= a) 1% — ql® + 2aull Tyn = gl - [ (i1 = @) = J(n = q) |
+2a, | Ty = qll - |[Tow =) T — )|
+ 2,y — > = (s — 1) ] + 26l — 1 - w01~ gl

<(1-a,)’R* +4a,L( + 2R)eg + 2a,[lly, — qII> = ®(yx — qll)] + 4c, MR,

and

Iy —qll”
< (L= by —dn)* %0 — qlI* + 26T — 4, (¥ — q))
+2du(vi — @, — q))
< 1% — qlI* + 2b,( T — 4, ] — @) = J (%0 — q))
+2b,( Ty — 4, ] % — @) + 2dullve — gl - |y — 4]l
< llotw = qll* + 2bul T — gl - |7 0n — @) = J (0 — 9|
+ 2B, [ 1%, — qlI* = (116 — qll) ] + 2 v — qll - Iy — 4l
<R?+2b,L(1 + R)eg + 2b,R* + 4d,MR.

Substitute (2.11) into (2.10)

”xn+1 - 4||2
<1 -a,)*R* +4a,L(1 + 2R)€ + 2a,[R* + 2b,L(1 + R)eo
+2b,R? + 4d,,MR] - 2an<1>(||y,, - qll) + 4c,MR

<R+ a’R* + 4a,L(1 + 2R)€ + 2a,[2b,L(1 + R)eo

R
+2b,R* + 4d,MR] - 2a,, (Z) +4c, MR

(2.10)

(2.11)

Page6of 11


http://www.fixedpointtheoryandapplications.com/content/2012/1/206

Xue et al. Fixed Point Theory and Applications 2012, 2012:206

Page 7 of 11
http://www.fixedpointtheoryandapplications.com/content/2012/1/206

=R +2a, [“2—”132 +2L(1+ 2R)eq + 2b,L(1 + R)eq

2¢, MR R
+2b,R* + 4d, MR + =5 ]—2a,,q><—>
tn

R
<R? +2a,,|:q>(24) - @(g)}

(2.12)

this is a contradiction. Thus, x,,; € By, i.e., {x,} is a bounded sequence. So, {y,}, {Ty,},
{Tx,} are all bounded sequences.

Step 3. We want to prove ||x, —q|| — 0 as n — oo. Set M; = max{sup,, [lx, —qll, sup,, [y» —

qll,sup, I Tx, = g, sup, | Ty, — qll, sup,, | 4x — qll, sup,, v, — qll}.
By (2.10), (2.11), we have

”xn+1 —61||2
=@ _ﬂn)zllxn - q||2 +2a, | Ty, —qll - ||](xn+l —q) =] (%, — Q)H
+2a, )| Tyn =gl - | JGew — ) =T n = @) |

+ 26ln[||yn -ql* - ¢(||J/n - 0I||)] +2¢ullun — gl - %041 — 4|l
<1 -a,)*|x, — q||2 +2a,MA, +2a,MB,

+2a,[ s = qll* = @(lyn — qll)] + 2¢.M3,

(2.13)
and
lyn — gl
g [ —6Z||2 +2b,|| Txy - q|| - H](yn -q) —J(xu _q)”
+2b,[ %0 = qll* = D (1% — gll) ] + 2dullve —gll - 1y — qll
< |l%n — qlI* + 2M,B,, + 2b,M? + 2d,M?, (2.14)

where A, = [J(%41—q) = J®n =D, Bu = V(% —q) =]y —g)|| and A,,, B, — 0 as n — oo.
Taking (2.14) into (2.13),

%41 — glI*
< l%u — qlI* + @M + 2a,MA,, + 2a,M,B,

+ 20, 2M\ By, + 2b,M; +2d,M; — (llyn — qll) ] + 2cuM;

< |l%n— q||2 +2a, [%M% + MA, + 3M B, + anM%

n

¢, M?
2,5+ 22— 01y, 1)

= ||xn—4||2 +2ﬂn[Cn—q>(||J’n—61||)], (2.15)

2
where C, = 2M3 + MA,, + 3MB,, + 2b,M} + 2d,M7 + % — 0asn— oo.
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Set inf,~ 2=l _ 5 then A = 0. Ifit is not the case, we assume that A > 0. Let 0 < y <
= 1+Hxn+1—q|\2

min{1, 1}, then W=t >, i o @ (|ly, — qll) = ¥ + ¥ %01 — qlI> > ¥ 1%ns1 — g1 Thus,

L+l 1-q112

from (2.15) it follows that

1541 — ¢Z||2
< 1% — gll* + 2a,(Cp = ¥ 1%ns1 — glI*)- (2.16)
This implies that
%001 — gl
9 2a,C,
S— % —ql"+ ——
1+ 2a,y 1+2a,y
a 2a,C
= (1- 2, gl S (217)
1+2a,y 1+2a,y

Let p, = [|%, — gl|%, Ay = 222X g, = 25 Then we get that

7 142a,y’ M T 142a,y

Pr+1l = (1 - )‘n)pn + Oy

Applying Lemma 1.7, we get that p, — 0 as n — co. This is a contradiction and so A = 0.

. . . D(llyn; =4l . .
Therefore, there exists an infinite subsequence such that HHxJ/n—lquz — 0 asi— 00. Since
nj+1—

@(llyn; 4l @(llyn; =4l , . . .
0< T < Telon 1=l then ®(||y,, — qll) = 0 as i — oo. In view of the strictly in-

creasing continuity of ®, we have ||y, —g|| — 0 asi — 0o. Hence, ||x,, —¢q|l = 0 as i — oo.
Next, we want to prove ||x, — gl — 0 as # — co. Let Ve € (0,1), there exists #;, such that
I, —qll < €, an,cu < 8571, b,,d, < 15671’ C,< %, for any n;, n > n,. First, we want to prove
ll¢s;+1 — gl < €. Suppose it is not the case, then ||x,,,1 — gl > €. Using (1.1), we may get the
following estimates:

%, — 4l

> 1 = Gl = | Ty, = S, 1| = o 24, = 2, |

> € = [ T, = qll + 1%, = 1] = o, [N, = qll + 16, — q]

> € —ay2M; — ¢, 2M;

> € —ay2M; — ¢, 2M;

> 7 (2.18)
17, —all

> 1%n; = gl = by | Tty — %, | = g 1V, — %, |

> g — b [I1 T, — qll + 15, — q11] = o [V, — ll + 1%, — 1]

v

- by 2M; -, 2M,

%
NI

(2.19)

Page8of 11
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Since @ is strictly increasing, then (2.19) leads to ®(|ly,, — ¢qll) > ®(3). From (2.15), we
have

2
”xn,'+l - q”

< 1%, = qlI* + 2a,,[Co, = D(Ilyn, — qll)]
2 1 _[e€ €
<€ +2a,|=-P|-)-P( -
12 4 4
€
562—‘:13(1)&1”[

<e?, (2.20)

which is a contradiction. Hence, ||x,,+1 —¢|| < €. Suppose that [|x,,.,, — || < € holds. Repeat-
ing the above course, we can easily prove that %41 — gl < € holds. Therefore, for any
m, we obtain that ||%,,., — ¢l < €, which means |x, — g|| = 0 as # — oc. This completes
the proof. O

Theorem 2.2 Let E be an arbitrary uniformly smooth real Banach space, and T : E — E
be a generalized Lipschitz ®-quasi-accretive mapping with N(T) # (. Let {a,}, {b.}, {cu},
{d,.} be four real sequences in [0,1)] and satisfy the conditions (i) a,, b,,d, — 0 as n — o0
and c, = o(ay,); (i) Y, an = 0. For some xo € D, let {u,}, {v,} be any bounded sequences
in E, and {x,} be an Ishikawa iterative sequence with errors defined by

In = (L= by = dy)xy + bySx, + dyvy, 1 =0, (2.21)
xp1 = 1 —ay, — cp)xy + a,Sy, + cyuty, n>0,

where S : E — E is defined by Sx = x — Tx for any x € E. Then {x,} converges strongly to the
unique solution of the equation Tx = 0 (or the unique fixed point of S).

Proof Since T is a generalized Lipschitz and ®-quasi-accretive mapping, it follows that

T2 = Tyl < L(1+ 2= yl),

(S =Syl < Li(L+ llx=yll), Li=1+L;

(Tx—Tg, ] (x - @) = @ (Ilx - qll),

(Sx~ S,/ (x~ q)) < llx— q1I” ~ @ (lx - qll),
forall x,y € E, g € N(T). The rest of the proof is the same as that of Theorem 2.1. d

Corollary 2.3 Let E be an arbitrary uniformly smooth real Banach space, D be a nonempty
closed convex subset of E, and T : D — D be a generalized Lipschitz ®-hemi-contractive
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mapping with q € F(T) # (. Let {a,}, {c,} be two real sequences in [0,1] and satisfy the
conditions (i) a, — 0 as n — 00 and ¢, = o(a,); (ii) Y e a@n = 00. For some xo € D, let {u,}
be any bounded sequence in D, and {x,} be the Mann iterative sequence with errors defined

by (1.2). Then (1.2) converges strongly to the unique fixed point q of T .

Corollary 2.4 Let E be an arbitrary uniformly smooth real Banach space, and T : E — E
be a generalized Lipschitz ®-quasi-accretive mapping with N(T) # (. Let {a,}, {d,} be two
real sequences in [0,1] and satisfy the conditions (i) a, — 0 as n — oo and c, = o(a,);
(ii) Y02y an = 00. For some xo € D, let {u,} be any bounded sequence in E, and {x,} be the

Mann iterative sequence with errors defined by
X1 = L —a, — )%, + a,Sx, + cyit,, n>0, (2.22)

where S : E — E is defined by Sx = x — Tx for any x € E. Then {x,} converges strongly to the
unique solution of the equation Tx = 0 (or the unique fixed point of S).

Remark 2.5 It is mentioned that in 2006, Chidume and Chidume [1] proved the approx-
imative theorem for zeros of generalized Lipschitz generalized ®-quasi-accretive oper-
ators. This result provided significant improvements of some recent important results.

Their result is as follows.

Theorem CC ([1, Theorem 3.1]) Let E be a uniformly smooth real Banach space and
A : E — E be a mapping with N(A) # (. Suppose A is a generalized Lipschitz ®-quasi-
accretive mapping. Let {a,}, {b,} and {c,} be real sequences in [0,1] satisfying the following
conditions: (i) ay + by + ¢, = 1; (i) Do (by + €)= 00; (iii) Yooy €n < 005 (iv) limy,—00 by, = 0.

Let {x,} be generated iteratively from arbitrary x, € E by
KXpsl = ApXy + b, Sxy + cyu,, n>0, (2.23)

where S : E — E is defined by Sx := f + x — Ax, Vx € E and {u,} is an arbitrary bounded
sequence in E. Then, there exists yy € R such that if b, + ¢, < yo, Yn > 0, the sequence {x,}

converges strongly to the unique solution of the equation Au = 0.

However, there exists a gap in the proof process of above Theorem CC. Here, ¢, =

min{ 46_;‘3’ L ®(5)an} (@, = by + c,) does not hold in line 14 of Claim 2 on page 248, i.e., ¢, <

20
2% @(%)an is a wrong case. For instance, set the iteration parameters: a, = 1-b, —c,, where
1 _1 . L1011 1 1 11 1 11 1 11
{bVl} . bl - 4 bl’l - nz 27 {Crl} © 4792732737 527°007827 9770277 1527 167 1727 °**? 2427 257
#,..., #, %, #, Then Ziio ¢y < +00, but ¢, # o(b, + ¢,,). Therefore, the proof of

above Theorem CC is not reasonable. Up to now, we do not know the validity of Theo-

rem CC. This will be an open question left for the readers!
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