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Abstract

In (J. Inequal. Appl. 2006:9532, 2006), Peng and Zhu discussed interrelations among
D-preinvexity, D-semistrict preinvexity, and D-strict preinvexity for vector-valued
functions. In this note, we show that the same results or even more general ones can
be obtained under weaker assumptions. We also give a new characterization of
D-preinvexity and D-semistrict preinvexity under mild conditions.
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1 Introduction

Convexity and some generalizations of convexity play a crucial role in mathematical eco-
nomics, engineering, management science, and optimization theory. Therefore, it is im-
portant to consider wider classes of generalized convex functions and also to seek prac-
tical criteria for convexity or generalized convexity (see Refs. [1-9] and the references
therein). A significant generalization of convex functions is the introduction of preinvex
functions, which is due to Ben and Mond [4]. Yang and Li [1] presented some properties
of preinvex functions; in [2] they introduced two new classes of generalized convex func-
tions called semistrictly preinvex functions and strictly preinvex functions. They estab-
lished relationships between preinvex functions and semistrictly preinvex functions under
a certain set of conditions. Very recently, Peng and Zhu [7] introduced the vector cases of
strict preinvexity and semistrict preinvexity and established some relations between them.
In this paper, we show that the same results or even a generalized version of their results
can be obtained under weaker assumptions. Moreover, we give a new characterization of
D-preinvexity and D-semistrict preinvexity under mild conditions. The outline of the pa-
per is as follows. In Section 2, we give some preliminaries. The main results of the paper
are presented in Section 3.

2 Preliminaries

Throughout this paper, we will use the following assumptions. Let X be a real topological
vector space and Y be a real locally convex vector space, let K C X be a nonempty subset.
Let D C Y be a nonempty pointed closed convex cone and Y~ be the dual space of Y. The
dual cone D" of cone D is defined by

D ={k €Y :(k,x)>0,Vx € D}.
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From the bipolar theorem, we have the following
Lemma 2.1 Forallge D', {q,d) > 0 ifand only if d € D.
Now we will describe some definitions of generalized convexity.

Definition 2.1 ([3]) Let the set K € X and the vector function n: X x X — X be given. K
is said to be an invex set with respect to the function 7 iff

Vx,y € K,VA €[0,1] =y + An(x,y) € K.

Definition 2.2 ([7]) Let K C X be an invex set with respect to 1 : X x X — X. The vector-
valued function f : K — Y is said to be D-preinvex on K iff, Vx,y € K, VA € (0,1),

f+an(x,) € Af(x) + (1= A)f(y) - D.

Definition 2.3 ([7]) Let K C X be an invex set with respect to n : X x X — X. The vector-
valued function f : K — Y is said to be D-semistrictly preinvex on K iff, Vx,y € K such
that f(x) #f(y) and VA € (0,1),

f(y + )»n(x,y)) erM(x)+ (1 -A1)f(y) —intD.

Definition 2.4 ([7]) Let K C X be an invex set with respectton: X x X — X. The function
f:K — Y is said to be D-strictly preinvex on K iff, V,y € K, x #y, VA € (0,1),

f(y + )»n(x,y)) erf(x)+ (1 -A1)f(y) —intD.

In [10], Jeyakumar et al. introduced the *-lower semicontinuity for a vector-valued func-
tion as follows.

Definition 2.5 ([10]) The vector-valued function f : K — Y is x-lower semicontinuous if
for every g € D", q(f)(-) = {g,f()) is lower semicontinuous on K.

In [7], Peng et al. introduced the x-upper semicontinuity for a vector-valued function as
follows.

Definition 2.6 ([7]) The vector-valued function f : K — Y is x-upper semicontinuous if
for every g € D", q(f)(-) = {(g,f(-)) is upper semicontinuous on K.

In order to prove our main result, we need Condition C introduced by Mohan and Neogy
[11] as follows.

Condition C Let : X x X — X. We say that the function 5 satisfies Condition C iff,
Vx,y € K, VA € [0,1],

n(yy+inxy) = -An(xy),
n(xy + An(x,y)) = 1 - M)n(x,y).
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3 Properties of D-preinvex functions
In this section, we assume always that:
(i) K C X is a nonempty invex set with respectto n: X x X — X;
(ii) n satisfies Condition C; f is a vector-valued function on K.
The following result was proved in Ref. [7]; see Theorem 2.2 in Ref. [7].

Theorem 3.1 Let K be a nonempty open invex set in X with respectton: X x X — X. If
f: K — Y is x-upper semicontinuous and satisfies f (y + n(x,y)) € f(x) — D, Vx,y € K, then f
is a D-preinvex function for the same n on K if and only if there exists an o € (0,1) such that

fly+anxy) eafx)+ A -a)f(y) -D, VxyeKk.
Now we improve the above theorem as follows.

Theorem 3.2 Letf : K — Y be x-upper semicontinuous and satisfy f (y +n(x,y)) € f(x) - D,
Vx,y € K, then f is a D-preinvex function for the same n on K if and only if there exists an
o € (0,1) such that

f(y+on](x,y)) eaf(x)+(1-a)f(y)-D, VxyeKk. (3.1)

Proof The necessity follows directly from the definition of D-preinvexity for the vector-
valued function f. We only need to prove the sufficiency. By Lemma 2.1 in Ref. [7], the set
A={a €[0,1] | f(y + an(x,y)) € af (x) + 1 — a)f (y) — D,Vx,y € K} is dense in the interval
[0,1]. Then V& € (0,1), 3{«a,,} € (0,1) N A such that «, < & for each n and o, — @, as
n— oo. Give x,y € K, denote

z=y+an(x,y).

Define, for each #,

o—ay
1 n(x, ). (3.2)
-y

In=y+

Thus,

Yp—> Y, N —> 0.

Since 0 < o, < @ < 1, we have

oa—ay
0<

<1,
l-«,

which in turn implies that y, € K, by (3.2) and K is invex with respect to 7. From Condi-
tion C, we have

[ [
Vn + )X, Y0) = ¥ + n(x,y) + aun| x,y + n(x,y)
1-a, l1-a,
oa—ay, o —ay _
=Y+ n(x,y)+an(1— )n(x,y)=y+an(x,y)=z.
-y 1-a,
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As a, € A, we have

f(2) =f(y+ 0_“7(%}’)) =f(yn + ann(x’yn)) €a,f(x) + (1 —a,)f(y,) - D.

By the s-upper semicontinuity of f on K, for every g € D", g(f)(-) is upper semicontinuous,
it follows that for any € > 0, there exists an N > 0 such that the following holds:

af)yn) <q(f)y) +€, VYn>N. (3.3)

Hence,

q(f)(2) = ang(f)(x) + A - an)q(f)(yn)
anq()®) + (1 - ) (q() ) +€)
— aq(f)x)+ Q- o_z)(q(f)(y) + e) (n — 00).

IA

Since € > 0 may be arbitrarily small, then for all g € D, we have

q()(z) < ag(f)x) + (1 - )q(f) ).

Since ¢ is linear, by Lemma 2.1, we have

f2) e af(x) + (1-a)f (y) - D.
Hence, f is a D-preinvex function for the same 7 on K, this completes the proof. O

Remark 3.1 We see from Theorem 3.2 that the condition of openness in Theorem 3.1 can

be deleted in order to obtain the same results.
Now, we state another result in Ref. [7]; see Theorem 3.3 in Ref. [7].

Theorem 3.3 Let f be a D-preinvex function on K. If there exists an o € (0,1) such that,
for each pair x,y € K, x #y,

f(y + an(x,y)) eaf(x)+(1-a)f(y)—intD, Vx,yeKk, (3.4)
then f is a D-strictly preinvex function on K.
The above theorem can be improved as follows.

Theorem 3.4 Let f be a D-preinvex function with respect to n: X x X — X on K. For each
pair x,y € K, x #, if there exists an o € (0,1) such that

f(y + on](x,y)) eaf(x)+(1-a)f(y)—intD, Vx,yeKk, (3.5)

then f is a strictly D-preinvex function on K.
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Proof By contradiction, suppose that there exist x,y € K, x # y, A € (0,1) such that

M)+ (L=0)f0) —f (v + An(x,)) ¢ intD. (3.6)
Denote
z=y+An(x,y).

Since f is D-preinvex, we have

M @)+ A =A)f0) —f(y+Anx,y)) € D. (3.7)

We note that the pair x, z and the pair z, y are both distinct under condition (3.5). There
exist By, B2 € (0,1) such that

Bf (%) + (1= B1)f (2) - f (2 + Bin(x,2)) € intD, (3.8)
Bof (@) + (1= B2)f () — f (v + Ban(z,)) € intD. (3.9)
Denote

x=2z+ pin(x,z), y=y+ Ban(z,y).

From Condition C,

x=z+Punx2) =y + Anx,y) + pin(x,y + An(x,y))
=y +An(,y) + (1 - 2)Bin(x,y)
=y+ (A + (1 =-1)B)n(xy),
y=y+Ban(zy) =y + Ban(y + An(x,),y)
=y+ Ban(y + An(x,y),y + An(x,y) - An(x,))
=y + Ban(y + An(x,9),y + An(x,y) + 03,y + An(x,9)))
=y—Ban(n,y + An(x,))

=y+ )“:3277(%)’)'

Let 1 = A+ (1= A)B1, o = ABa, ;b = ~22 Tt is easy to verify that uq, o, u € (0,1). Again

H1—p2

from Condition C,

y+un(y) =y + wan(®y) + un(y + man(x, ),y + uan(x,y))

=y + pan(®y) + un(y + pin( ),y + man(x,y) + (u2 — p1)n(x,y))

=y + an(x,y) + /m(y +un(x,y),y + uin(x, y)

+ <M12_;:11)n(x»y + um(x,y)))

Page 5 of 9
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gy — )

T )n(x,y +mn(,y))

=+ uan(x,y) - (
=y + pan(,y) — ulpa = )n(,y)
=y + (m2 — mlua — 1)) n(%,9)

=y +An(x,y)

=z
Since f is D-preinvex, we have

wfX) + A= p)f(y) —f(2) € D. (3.10)

Thus, from (3.7)-(3.10), we have

W&+ (1= wf ) -f(2) + w(Bf @) + 1= B)f (2) - f (%))
+ (1= ) (Bof (2) + (L= B2)f4) ~f()) € intD
= pBf @) + (- B) + Q- w)B2)f (@) + A — )1 - B)f () - f(2) € int D
= uBf )+ (n(l - B) + (L- w)Ba) (W (%) + 1= 1)f(9))
+ 1= w1 - B)f (¥) —f(2) € intD
= (B + A= By) + ABa(1— w)f(®) + (A= )1 - Ba)
+ (1= - B) + 1= 1)B2(1 - w)f () —f(2) € intD
= M@+ (1-2f () -f(2) €intD.

Where

b+ Al = Br) + Afa(l — )
=p(A+ B =A) = AB) + ABa
=pu(d+ Bl —A) = p2) + o
= plmr = u2) + po
=A,
Q=)@ =p2) + A =1)ud = p1) + 1 =2)p2(1 - )
=(1-w@-p2) + pu@ - )
=1— o+ pulpa — pa)
=1-2,

which contradicts (3.6). This completes the proof. d

Remark 3.2 In Theorem 3.3, a uniform « € (0,1) is needed, while in Theorem 3.4 this

condition has been weakened to great extent.

By Theorem 2.3 in Ref. [7] and Theorem 3.4 above, we have the following corollary.
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Corollary 3.1 Letf be a x-lower semicontinuous function on K and satisfy f(y + n(x,y)) €
f(x)—D,Vx,y € K. For each pair x,y € K, x #y, if there exists an a € (0,1) such that

f(y + an(x,y)) eaf(x)+(1-a)f(y)—intD, Vx,yeK,
then f is a strictly D-preinvex function on K.

Corollary 3.2 Let f be a x-upper semicontinuous function on K and satisfy f (y + n(x,y)) €
fx)— D, Vx,y € K. If there exists an « € (0,1) such that, for each pair x,y € K, x # y,

f+anxy) €af(x) + (1-a)f(y) —intD, Vx,yeKk,
then f is a strictly D-preinvex function on K.
Proof This result is obtained by Theorems 3.2 and 3.4 above. O
Theorem 3.5 Let f be a x-lower semicontinuous function on K and satisfy f(y + n(x,y)) €
fx) - D, Vx,y € K. If there exists an a € (0,1) such that, for each pair x,y € K, f(x) #f(y)
implies

fy+anxy) €af(x) + (1-a)f(y) —intD, Vx,y€eK, (3.11)

then f is both a D-preinvex function on K and a D-semistrictly preinvex function on K.

Proof First, we prove that f is a D-preinvex function on K. By Theorem 2.3 in Ref. [7], we
need to show that for each x,y € K, there exists A € (0,1) such that

fly+an(x9)) € 2f () + (1= R)f () = D.
Assume, by contradiction, that there exists x,yekK such that
f(+ ) & Af(x) + L-1)f(y) -D, Vre(0,1). (3.12)
If £ (x) #f(y), condition (3.11) implies
fly+an(xy)) € af(x) + (1 - a)f (y) —intD C af (x) + 1 - @)f (¥) - D,
which contradicts (3.12). Thus, we have f(x) = f(5), and then (3.12) implies
f(y+rnx) ¢éfx)-D=f(y)-D, Vre(0,1). (3.13)

Since D is a closed convex pointed cone, by the strong separation theorem for a convex
set, it follows that there exists k" € D"\ {0} such that

(K 2f @) + (1= A)f o) = £ (y + An(x,)))
= (k' .f) —f(y + An(x,9))) <0, Vre(0,1). (3.14)
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Let A = "‘—_; €(0,1), and let z = y + An(x, y), then the above inequality reduces to

a—

(K. f(x) -f(2)) <0, (3.15)
and

(K'.f() - f(2)) < 0. (3.16)
Define

n=z+anxz),  z=z+uan®,z)

From Condition C, we obtain

z1=y+An(x,y) + om(x,y + An(x,y))
=y +An(xy) + ol - A)nx,y)

=y+ (a +A(1 - a))n(x,y)

=y+ n(x,y),

2—-«a

2=y+; n(x,y) +om<y,y+ n(aay))

2-«o

1 - (%)
=y+ | —+ — X
Y 2—-a 2-«a el
2-«o
=y +An(x,y)

=y+ n(x,y)

=z
Since 5 € (0,1), it follows from (3.14) that

(K. f») -f(@)) <0. (3.17)
Conditions (3.11) and (3.13) give

f@) =f(z+an2) € af®) + (1 - a)f (y) —intD.
It follows that

(K, af (x) + @ - )f (2) —f(21)) > O,
which together with (3.15) yields

(K'.f(2) = f(z1)) > 0. (3.18)
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From (3.17) and condition (3.11), we get

f@) =f(z +an(y,21)) € af () + 1 - @)f (z) - intD.

It follows that

(K, af () + (1= a)f (1) ~f(z2)) > O,

which together with (3.17) yields

(K'.f(@1) = f(22)) = (K .f (21) - f(2)) > O,

which contradicts (3.18), hence f is a D-preinvex function on K. Next, the D-semistrict
preinvexity of f on K follows from Theorem 3.9 of Ref. [7]. d

4 Conclusions

In this paper, we firstly obtain a property of D-preinvex functions. We then get a suf-
ficient condition of the strictly D-preinvex functions in terms of intermediate-point D-
preinvex functions. We finally obtain a sufficient condition of D-preinvex functions and
D-semistrictly preinvex functions. Our results improve and extend the existing ones in
the literature.
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