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Based on mineral components and the creep experimental studies of Three Gorges granite and Beishan granite from different
regions of China at various temperatures, the strength and creep property of two types of granites are compared and analyzed.
Considering the damage evolution process, a new creep constitutive model is proposed to describe the creep property of granite
at different temperatures based on fractional derivative. The parameters of the new creep model are determined on the basis of
the experimental results of the two granites. In addition, a sensitivity study is carried out, showing effects of stress level, fractional
derivative order, and the exponent m. The results indicate that the proposed creep model can describe the three creep stages of

granite at different temperatures and contribute to further research on the creep property of granite.

1. Introduction

Since the 1950s, granite has been considered as a potential
host rock because of high level radioactive waste disposal
because of its high strength, low permeability, and low
time-dependent behaviors [1]. Long-lived radionuclide must
be emplaced and isolated over thousands of years. Heat
generated from the waste in the repository will result in
temperature increasing of surrounding rock. Therefore, the
research of long-term evolution law and creep mechanism of
granite on the condition of high temperature is a key issue for
long-term safety prediction of surrounding rock of high level
radioactive waste disposal.

Extensive studies have been carried out on the creep
property of rock at different temperature. When a rock holds
a constant loading, its long-term strain is typically composed
of three phases: primary (transient) phase, secondary (steady-
state) phase, and tertiary (accelerated) phase. During primary
and secondary phases, nucleation and growth of microcracks
occur uniformly throughout the rock and the cracks have

little tendency to link but instead interact to eliminate regions
of high local stress. During the tertiary phase, the crack
density reaches a critical level and crack grows further in a
weakened region and ultimately develops into a macroscopic
fault [2]. Significant thermal influences on creep behavior
could be observed in experimental investigations. Generally
speaking, the creep strain is proportional to the logarithm of
the time under load at temperatures below about 0.2T,, (T,
is the absolute temperature of melting). However, at higher
temperatures, the creep rate falls off less rapidly with time,
and the creep strain is proportional to a fractional power of
the time, with the exponent increasing as the temperature
increases and reaching a value of ~1/3 at temperatures of
about 0.5T [3]. The effects of increasing temperatures from
24 to 200°C are to weaken the rock considerably and to
reduce the time to failure by about two orders of magnitude
[4]. However, Indian granites were not showing any short-
term axial creep up to an axial load of 20t (75.7 MPa)
at 160°C under unconfined condition, after suffering from
heating and cooling process [5]. That is to say, although high



temperature leads to development of new microcracks or
extension/widening of preexisting microcracks within rock, it
is not always causing the large displacement and deformation
in the creep process. Therefore, it is important to make the
mechanism of thermodynamics and creep behavior of rock
at high temperature clear.

Based on creep experiments, the creep constitutive mod-
els are usually proposed to study the time-dependent behav-
ior of rock. Linear model is often employed to describe
viscoelastic properties of rock in earlier research such as
Maxwell model, Kelvin model, Kelvin-Voigt model, and
Burgers model. These models have the advantage of flexible
description of different creep deformation in the transient
and steady-state phases of creep, not the tertiary phase. In
order to describe thermomechanical behavior of rock, rock
creep models with thermomechanical coupling effects were
proposed based on the traditional linear creep models [6-
8]. These constitutive models can describe the creep behavior
very well, but these models usually have more parameters. It
will take much time to determine these parameters. However,
in recent years, fractional calculus (FC) has attracted an
increased attention of scientific society. The theory of FC is a
well-adapted tool for modeling of many physical phenomena,
allowing the description to take into account some pecu-
liarities that classical integer-order models simply neglect.
Fractional derivatives are often used to describe viscoelastic
property of materials [9-13]. Some studies have used the
fractional derivatives to describe the rheological properties
of rock [14, 15], and the results indicate the model with
FC operators could give a precise description of the three
stages of creep especially the tertiary stage by fitting to the
experimental results of time-dependent deformation.

In this paper, creep tests of granites (Three Gorges granite
and Beishan granite) from different regions of China at
different temperatures were gained by data mining method.
The characteristics of strength and creep property of granite
were compared and analyzed. On the basis of the creep
property, a new creep model was proposed by incorporating
thermal damage evolution process based on the theory of
fractional calculus. The proposed model was verified by the
fitting results of the two types of granites creep tests at
different temperatures. Parameters of the proposed model
were also determined and analyzed.

2. Experiment Investigation

Creep tests of two types of granite (Three Gorges granite and
Beishan granite) from different regions of China considering
temperature were obtained by data mining. The properties of
them are showed as below.

2.1. Three Gorges Granite. Three Gorges granite was taken
from the Three Gorges underground powerhouse area. Spec-
imens were prepared with a required dimension of 50 mm in
diameter and 100 mm in height. Through X-ray diffraction
analysis, the mineralogical composition and content of Three
Gorges granite are approximately 20 percent biotite, 25
percent quartz, 45 percent feldspar, 5 percent tremolite, and
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FIGURE 1: Creep test curves of Three Gorges granite under different
temperatures.

5 percent others. Compositions are cemented well, extraordi-
narily dense, and grain growth uniform. It is difficult to break
the link between them for each part uniformly when suffering
from pressure. The mineral composition and microstructure
of Three Gorges granite decide its high strength. However, the
strength will decrease owing to weathering [16].

The experiment was carried out at Japan’s Institute for
Resources and Environment using MTS higher temperature
and higher pressure testing machine. In the process, a triaxial
chamber was firstly heated to the required temperature and
kept constant for 4 hours in order to form a uniform
temperature field and then started to apply the loading. A
series of uniaxial compression creep tests were performed
on the condition of keeping the axial stress of 120 MPa.
The temperature was, respectively, controlled at 20°C, 60°C,
80°C, 100°C, 200°C, and 300°C. The results are showed in
Figure 1. The creep test was kept approximately 8300 h at the
temperature of 20°C, 4200 h at the temperature of 100°C and
700 h at other temperatures [17, 18]. As shown in Figure 1,
the creep process of Three Gorges granite consists of primary
phase and steady-state phase. Instantaneous strain gradually
increases with temperature and elastic modulus decreases
with temperature. Creep rate increases fast at first and then
gradually decreases with time and finally tends to 0 at the
same temperature. However, at higher temperatures, the
creep strain and creep rate increase with temperature. That
is, high temperature causes the damage of rock and speeds
up the creep process.

2.2. Beishan Granite. Beishan granite was taken from Beishan
site which is considered as a potential disposal site for China’s
repository [19]. Beishan granite is classified as porphyritic
monzonitic granite. It is gray porphyritic texture and massive
structure. The mineral composition and content of granite
are about 20-25 percent quartz, 35-40 percent plagioclase,
30-35 percent alkali-feldspar, 5 percent biotite, and others.
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FIGURE 2: Creep strain curves of Beishan granite at different temper-
atures.

The grain density of porphyritic monzonitic granite is
2.71g/cm’ and the natural density is 2.64 g/cm’. The porosity
and water content of specimens are low. The average compres-
sive wave velocity is about 5423 m/s (range: 5197-5549 m/s).
In addition, the uniaxial compression strength of specimens
is 129-140 MPa [20, 21].

The uniaxial compression creep tests of Beishan granite
were carried out at the University of Hong Kong. The creep
tests were conducted using a MTS 815 rock mechanics test
system. The specimens for the test were prepared about
50mm in diameter and 100 mm in height, following the
standard for test method of engineering rock mass. The
results of uniaxial compression creep test at different tem-
peratures are showed in Figure 2 (T = 23°C, 0 = 118 MPa;
T = 50°C, 0 = 125MPa; T = 90°C, ¢ = 121 MPa)
[8]. As shown in Figure 2, the creep process of Beishan
granite can be divided into three phases: the transient creep
phase, the steady creep phase, and the accelerated creep
phase. Instantaneous strain increases with temperature. The
average elastic modulus slightly decreases with tempera-
ture. The strain rate decreases monotonically during the
transient creep stage, keeps constant in steady-state phase,
then increases abruptly in the accelerated creep phase, and
ultimately leads to sample failure. The creep strain change rate
became more pronounced with the increase of temperature.
The steady-state creep strain rate at 90°C is about one order of
magnitude higher than the value at 23°C and the occurrence
of the accelerated creep phase and rock failure is also much
earlier at higher temperature.

The creep tests of the two types of granite from different
regions were performed at different temperature. The creep
deformation is increasing with temperature. In comparison
to the creep results of Three Gorges granite at 20°C, 120 MPa
and Beishan granite at 23°C, 118 MPa, their creep properties
are different. Creep curve of Three Gorges granite is only
the transient creep phase and then the strain rate decreases

and tends to 0. However, creep curve of Beishan granite
includes three creep phases and then the creep rate decreases
gradually to a certain value. But the strain rate increases
abruptly in accelerated phase. The failure time of creep is
about 1.1 h. In terms of creep strain level, instantaneous strain
of Three Gorges granite is about 0.71 * 107, the creep strain
increases with time, and finally the creep strain reaches to
0.73 % 107°, while instantaneous strain of Beishan granite is
about 3.56 * 107°. Then the creep strain increases gradually
and reaches to 3.65 * 107 at steady-state phase. But the strain
abruptly increases and reaches to 3.7 10 when creep failure
occurs. By contrasting the creep strain level, creep strain of
Three Gorges granite is obviously smaller. In comparison to
the results of Three Gorges granite at 100°C, 120 MPa and
Beishan granite at 90°C, 125 MPa, there is a similar law to
the previous situation. In a word, high temperature will cause
thermal damage and the creep rate of rock will increase with
temperature. By the comparison of the two types of granite,
the result indicates that the creep property of Three Gorges
granite is more stable than that of Beishan granite at high
temperature.

Rock creep failure at high temperature is the result of
thermal damage and stress damage coupling effect in nature.
Thermal fracture for temperature and damage fracture for
stress will produce the composite failure process. The cracks
which are produced for the coupling effect will extend with
time. The structure of rock is broken gradually. On the
micro scale, these phenomena of dislocation and diffusion
of lattice defect, intergranular coordination deformation and
initiation, and propagation and linking of microcrack will
take place. On the macro scale, the strength degradation and
creep fracture will also be observed correspondingly. From
the perspective of phenomenology, the creep rate will be
faster with the increasing of temperature. The relationship of
the creep rate and stress is not simple linear but nonlinear one
and varies with stress and temperature.

In order to describe the nonlinear relationship, on the
basis of the above experimental research, a new mechanism-
based creep constitutive model is proposed by using the
theory of fractional calculus.

3. The Theory of Fractional Calculus
and Abel Dashpot

Fractional calculus is a field of mathematic study that grows
out of the traditional definitions of calculus integral and
derivative operators; in much the same way fractional expo-
nent is an outgrowth of exponents with integer value. It is
also a mathematical tool which can effectively solve physical
and mechanical modeling problems. It has been used success-
fully to modify many existing models of physical processes.
Fractional order models often work well, particularly for
dielectrics and viscoelastic materials over extended ranges of
time and frequency.

There are several definitions of the fractional calcu-
lus. The most famous ones of these definitions that have
been popularized in the field of fractional calculus are
the Riemann-Liouville definition and Grunwald-Letnikov
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FIGURE 3: Newton dashpot and Abel dashpot.

definition. In this paper, the Riemann-Liouville definition
will be introduced to describe the rheology of rock. For
arbitrary real or complex number #, Re(n) > 0, n-fold integral
of function f(t) is defined as follows:

d'[f®] 1 J

DO == "t

(t-&"" f(E)dE
0 )

n>0,

where I'(-) is the Gamma function.
The same definition can be used for fractional derivative
of order » by a formal replacement of —n by n [22]
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n>0.

Let us discuss the reason why the use of fractional
derivatives for the mathematical modeling of viscoelastic
materials is quite natural.

The well-known relationships between stress and strain
for solids are as follows:

o(t)=Ee(t). (3)

For Newtonian fluids

o (t) = n%, (4)

where E and # denote the spring constant and the viscosity
and o(t) and &(t) are stress and strain.

Relationships (3) and (4) are not universal laws; they are
only mathematical models for an ideal solid material and for
an ideal fluid, neither of which exists in the real world. In fact,
real materials combine properties of those two limit cases
and lie somewhere between ideal solids and ideal fluids, if
materials are sorted with respect to their firmness. Noting
that stress is proportional to the zeroth derivative of strain
for solids and to the first derivative of strain for fluids, it is
natural to suppose, as has been done by Blair [23], that for
“intermediate” materials stress may be proportional to the
strain derivative of “intermediate” (noninteger) order.

The Hooke elastic element is represented as a spring,
while the Newton viscous element is shown as a dashpot.
It is common practice in rheology to manipulate with such
representations instead of corresponding equations. We call
this constitutive relation with fractional derivative the Scott
Blair element, or Abel dashpot, as shown in Figure 3:

d’e(t)

0<n<l, 5
- n &)

at)=n

where #" is the viscosity coefficient of Abel dashpot (A for
short).

When stress is a constant, o(t) = o, the Able dashpot
can describe a creep process. According to the theory of
Riemann-Liouville, (5) can be transformed to (6) by frac-
tional integral [14]

o t"

s(t)z?r(un)

<n<l, (6)
where n take different values, and the creep curve of Abel
dashpot describing is shown in Figure 4.

4. Creep Constitutive Model Based on
Fractional Derivative

The nature of fractional derivative constitutive model is
replacing the Newtonian dashpot in the classical models
with the Abel dashpot. A new creep constitutive model is
proposed, which is composed of the Hooke body (H), the
viscoelastic body (A), and the viscoplastic body (A/St.V), as
shown in Figure 5.

The total strain in Figure 7 is given by

E=& H &t £vp’ (7)

where ¢, &, and ¢, are the strains of Hook body, the
viscoelastic body, and the viscoplastic body, respectively.

For the Hook body (H), the effect of temperature for rock
rheology can be described by linear coeflicient of thermal
expansion. The constitutive relation considering temperature

effect is given by
0=E(M)e,—E(T)a(T)AT

-2 T) AT ®
se_E(T)+(X( ) >

where o is the applied stress, ¢, is the strain, « is the coefficient
of thermal expansion, AT is the difference in temperature,
and E(T) is the elastic modulus at the temperature T. If the
temperature is constant, the strain can be expressed as
o
& = E (T) : (9)

For the viscoelastic body (A), the Abel dashpot is a
fractional derivative description of the Newtonian dashpot.
The constitutive equation can be written as

nd'e (t)
drm

a(t) =14 (10)
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FIGURE 5: Schematic view of the fractional derivative creep model.

Let the stress o(t) be constant; (10) can be rewritten as

_o @®

eve_%l“(l+n) (0<n<l). (11)

According to above tests, in the creep process, especially
in the accelerated phase, the creep rate of granite usually
appears to continuously increase up to failure, resulting from
damage growth and crack development of thermomechanical
coupling at the micro- and mesoscale. Therefore, it is sug-
gested that the viscosity coefficient may no longer be constant
and decreases with the damage growth. Considering an effect
of damage growth on the creep process, the damage variable
is a function with a negative exponent [8, 14]. The damage
evolution during creep process can be estimated by a function
with a negative exponent

D=1-¢ ™. (12)

In the equation, D is the damage variable varying from
0 to 1, corresponding to the intact and completely damaged
states, respectively. m is a material parameter controlling
the damage evolution process with temperature. This sim-
plified damage criterion is adopted in our study to simulate
the time-dependent subcritical cracking process considering
temperature. Now, Abel dashpot is a variable viscosity one

and #; is not a constant but varies with damage variable and
temperature

1y (T, D) =y (T) (1 - D). (13)

For the viscoplastic body (A/StV), the stress oy of the
fractional element is given by

o, = (14)

where o is the yield limit.
The total stress o of the coupled thermoviscoplastic
damage element is given by

0=04+0, (15)

where o is the stress on the variable viscosity Abel dashpot.
If o < 0,0, =0, then,

&p = 0. (16)

If o > o, by substituting (12), (13), and (14) into (15), then

dﬂ
o,=0-0,=1(1-D) d:ZP' 17)
Namely,

d" -
o _ I~ G e (18)

dt" m

Laplace transform
o-o, 1
E(s) = : .

O = (19)

Inverse Laplace transform

00— 0 ixo (mt)*
vp n Z

€ ;] kzol“(k+n+1)

0<n<l. (20)

Therefore, the constitutive relationship of the viscoplastic
body is given by

&p
0 0<o, 0<n<1 1)
=10-0, , £)k
="y (mt) c>0,0<n<l.
7k Sl (k+n+1)

The detailed derivation process can also be seen in Zhou’s
literature [14].
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TABLE 1: Principal parameters determined by fitting analysis based on creep tests of Three Gorges granite.
Temperature/°C E/GPa #7'110° GPa-h #;110° GPa-h m/h™! n
20 167 20.2 — — 0.54
80 152 7.94 — — 0.45
300 120 8.70 — — 0.71
TABLE 2: Principal parameters determined by fitting analysis based on creep tests of Beishan granite.

Temperature/°C E/GPa #'/10° GPa-h #;/10° GPa-h m/h™! n
23 332 18 3.13 1.01 0.29
50 346 8.8 0.99 2.57 0.29
90 342 7.9 0.48 0.48 0.48

A total creep strain of all the constitutive models can be
written as

_ 0 o_®
e(t) = ED) +a(T)AT + T )
o0<o, 0<n<l,
_ 0 o_®
e(t) = D) +a(T)AT + T+
(22b)

_ [es) k
+ g nastnz (mt)
1y S (k+n+1)

o020, 0<n<l

If the temperature keeps constant, the creep constitutive
model can be rewritten as

.9 o O
e(t)_E(T)+;7"F(1+n) 0<o0, 0<n<1 (23a)

_ o o @

“O=gm it
(23b)

k
L90 ni (mt)

n

o glk+n+1)

o020, 0<n<l.

5. Verification and Analysis of
Proposed Creep Model

The efficacy of the proposed creep model to full creep process
is dependent on its ability to adequately fit the experimental
data [8]. All parameters in the model can be determined from
the experimental tests with a nonlinear least-squares fitting
method, namely, the Levenberg-Marquardt method. Least-
squares fits of the fractional derivative model given by (23a)
and (23b) to the Three Gorges granite and Beishan granite
experimental data result in the parameters presented in
Tables 1 and 2. The data and the fitting curves to the fractional
derivative constitutive model are shown in Figure 6.
According to the fitting results of existing data under
different temperatures presented in Tables 1 and 2 and

Figure 6, the proposed model can describe three creep phases
of granite at different temperatures very well, especially the
accelerated creep phase. Parameters of model are determined
easily. Most of the model parameters, including the elastic
modulus and viscosity coeflicients, are decreased with tem-
perature. The variation laws of elastic modulus and viscosity
coefficient with temperature are presented in Figure 7. This
indicates that degree of damage of granite at high temper-
ature is accumulated with temperature, which worsens the
structure, lowers the strength, and is attributed to the failure
of rocks. Meanwhile this also proves that it is important and
reasonable considering the damage evolution process in creep
deformation process.

6. Parametric Analysis and Discussion

It is obvious that the time-dependent strain of granite
depends on several parameters, as shown in (23b), among
which the stress level and viscosity coefficients #", #, m,
and # are the most important ones. In order to have a better
understanding of the effects of those parameters on the time-
dependent deformation of granite, parametric analysis has
been carried out. By substitutingo = 119 MPa, o, = 104 MPa,
E =331GPa,#f" = 1.8 x 10* GPa - h, i = 3.13 x 10° GPa - h,
m = 1.01, and n = 0.29 into (23b), a series of creep curves are
obtained under the cases of different stress levels o, derivative
orders n, and exponents .

6.1. Effect of the Stress Level 0. By substituting o, = 104 MPa,
E=331GPa,#f" = 1.8 x 10 GPa - h, #f = 3.13 x 10° GPa - h,
m = 1.01, and n = 0.29 into (23b) and letting stress level
o change from 109 to 119 MPa with an interval of 5MPa, a
series of strain-time curves are presented in Figure 8. The
result shows that the higher the stress level, the larger the
creep strain of granite. That is, stress level has an important
effect on the degree of strain, while it has little influence on
the creep rate within certain limits.

6.2. Effect of the Fractional Derivative Order n. Letting the
fractional derivative order n change from 0 to 1 with an
interval of 0.2 and other parameters be constant in (23b),
a series of curves are shown in Figure 9, indicating that
the creep strain and the creep rate are very dependent on
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the fractional derivative order. A higher value of derivative
order usually leads to a greater creep strain, a higher strain
rate, and a shorter period of steady creep.

6.3. Effect of the Exponent m. A series of curves are obtained
by changing the exponent m and keeping other parameters
invariable in (23b), as shown in Figure 10. The results show
that the occurrence of accelerated creep stage is much earlier
and the creep rate and creep deformation generated in
accelerated creep stage also become greater with the increase
of m.

In this paper, time-dependent behavior of granites from
different regions of China is compared and analyzed con-
sidering the temperature by the method of data mining.

0.7
0.65
0.6
£ 055
g
£ 05
w
0.45
0.4
0.35 —
0 2 4 6 8 10 12 14 16 18 20
Time (h)
n=0 —— n=20.6
—— n=02 —— n=0.8

—— n=1

—— n=04

FIGURE 9: Sensitivity of the creep strain to the fractional derivative
order n.

However, the comparison is of just two aspects: mineral
compositions and creep property of granite. This is not com-
prehensive. In recent years, numerical modeling technology
develops quickly; the applications also increase gradually
in describing the deformation behavior of rock mass. A
very important task next is the relationship analysis of
compositions, structure, and failure mechanics of rock mass
in the view of macromesoscopic combination by the method
of discrete elements and to establish the quantitative relation
between the compositions and the property of rock mass.
Meanwhile, it should be noted, although a new creep model
is presented in this paper, that the fractional derivative model
is still a mathematical expression based on the fractional
derivative theory. Further research on the physical meaning
of the derivative order is important and necessary.
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7. Conclusions

In this study, two types of granites from different regions of
China were compared and analyzed in terms of the mineral
compositions and thermal-creep behavior. Based on the
experimental data, a new thermal-creep constitutive model
was proposed by using the theory of fractional calculus. The
parameters are determined by fitting to experimental results
of time-dependent deformation of granites. A sensitivity
study shows the effects of stress level, fractional derivative
order, and viscosity coeflicient exponent on the creep process
of granite. The main conclusions are drawn as follows:

(1) By the comparison of the creep property of Beishan
granite and Three Gorges granite, the results show
Three Gorges granite has small deformation on a
similar condition of temperature and stress. That
is, the creep property of Three Gorges granite is
more stable than that of Beishan granite considering
temperature.

(2) A new fractional derivative creep model is proposed
in the paper incorporating damage evolution process
at high temperature. The model is able to reproduce
the full creep process of granite at different tempera-
tures. By the fitting analysis, the creep model is proved
to be reasonable and simple. The fractional derivative
order n, exponent m, and stress level ¢ are important
parameters. Sensitivity analysis shows that the higher
the stress level, the larger the creep strain of granite,
derivative order n, and exponent m governing the
creep rate and the shape of creep curves and the
higher n and m, the shorter the steady stage of creep.

It should be noted that the research is just a preliminary
work, and an important task next is the analysis of mineral
compositions, structure, and failure mechanics of rock mass
in the view of macromesoscopic combination and to establish

the quantitative relation between the components and the
property of rock mass. What is more, the physical meaning
of the fractional derivative should be further researched.
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