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We establish a unilateral global bifurcation result from interval for a class of fourth-order problems with nondifferentiable
nonlinearity. By applying the above result, we firstly establish the spectrum for a class of half-linear fourth-order eigenvalue
problems. Moreover, we also investigate the existence of nodal solutions for the following half-linear fourth-order problems:
X" = axt + fx +rat) f(x),0 < t < 1,x(0) = x(1) = x"(0) = x""(1) = 0, where r # 0 is a parameter, a € C([0, 1], (0, 00)),
x" = max{x, 0}, x~ = —min{x, 0}, &, B € C[0,1], and f € C(R,R), sf(s) > 0, for s # 0. We give the intervals for the parameter
r which ensure the existence of nodal solutions for the above fourth-order half-linear problems if f; € [0,00) or f € [0,00],
where f, = limg_,f(s)/s and f,, = lim_,,,f(s)/s. We use the unilateral global bifurcation techniques and the approximation

of connected components to prove our main results.

1. Introduction

In the past twenty years, fourth-order BVP have attracted
the attention of many specialists in differential equations
because of their interesting applications. For example, Bai and
Wang [1], Ma and Wang [2], and Chu and O’Regan [3] have
investigated the fourth-order BVP by the fixed point theory
in cones. Meanwhile, by applying the bifurcation techniques
of Rabinowitz [4, 5], Gupta and Mawhin [6], Lazer and
McKenna (7], Rynne [8], Liu and O’Regan [9], Ma et. al
(10, 11], Shen [12, 13], and Ma [14] studied the existence of
nodal solutions for the fourth-order BVP.
Now, consider the following operator equation:

u=ABu+H\u), (1)

where B is a compact linear operator and H : R x E — E is
compact with H = o(|Ju||) at # = 0 uniformly on bounded A
intervals, where E is a real Banach space with the norm || - ||.
If the characteristic value y of B has multiplicity 1 and

S ={(Au): (A u) satisfies (1), u # O}PXE, 2

Dancer [15] has shown that there are two distinct unbounded
continua C; and C,, consisting of the bifurcation branch

C, of & emanating from (u,0), where either C; and C, are
both unbounded or C; n C/; # {(1, 0)}. This result has been
extended to the fourth-order problems by Dai and Han [16].
More specifically, Dai and Han [16] considered the following
fourth-order problem:

M =dat)x+g(t,x,N), 0<t<l,
(3)

x(0)=x1)=x"0)=x"(1)=0,

where g : [0,1]xR* — R is continuous satisfying g(t, x, 0) =
0, and

lim &%
=0 |x|

(4)

uniformly on [0, 1] and y on bounded sets.

Let Y = CI0, 1] with the norm [|x[lo, = max,c(o)lx(£)].
Let E = {x € C*[0,1] | x(0) = x(1) = x”(0) = x”'(1) = 0}
with the norm |lx|| = [lx[, + IIx'IIOO + ||x"||OO + ||x'”||00. Let



E = R x E under the product topology. Let S denote the set
of functions in E which have exactly k — 1 generalized simple
zeros in (0, 1) and are positive near t = 0, set S, = -S;, and
St = S; U S;. They are disjoint and open in E. Finally, let
®; = RxS; and @, = RxS,. Let C denote the closure of the
set of nontrivial solutions of (3) in R x E, and C}, denote the
subset of C withu € S} for v € {+,-}and C, = C; UC,.

From Dancer [15], Dai and Han [16] obtained that
problem (3) has two distinct unbounded subcontinua C; and
C,, consisting of the bifurcation branch C; emanating from
(A 0), which satisfy the following.

Lemmal. Either C{ and C, are both unbounded or C; NC; #
{(Ax, 0)}, and

Cr < (RxSp) u{(Ae0)}), (5)

where v € {+, -} and A, were defined as in [10] or [16].

For the abstract unilateral global bifurcation theory, we
refer the reader to [4, 5, 15, 17-19] and the references therein.

However, among the above papers, the nonlinearities are
linear in the zeros and infinity. The problems involving non-
differentiable nonlinearities have also been investigated by
applying bifurcation techniques; see Berestycki [20], Schmitt
and Smith [19], Rynne [21], Ma and Dai [22], and Dai et
al. [23-25] and references therein. Among them, in 1977,
Berestycki [20] studied the differential equations involving
nondifferentiable nonlinearity. The above Berestycki’s ([20])
result has been improved partially by Schmitt and Smith
[19] by applying a set-valued version of Rabinowitz global
bifurcation theorem. In 1998, Rynne [21] established the
interval bifurcation from u = 0 and u = o0 and
obtained sets of positive or negative solutions with the
approximation technique from Berestycki [20]. Recently, Ma
and Dai [22] established the global interval bifurcation for a
Sturm-Liouville problem with a nonsmooth nonlinearity by
[15]. Later, Dai et al. [23-25] studied the bifurcation from
intervals for Sturm-Liouville problems and its applications
and established the unilateral global interval bifurcation
for p-Laplacian with non-p — 1-linearization nonlinearity,
respectively.

On the other hand, half-linear or half-quasilinear prob-
lems have attracted the attention of some specialists; see [20,
22,25]. Among them, Berestycki [20] studied the bifurcation
structure for the half-linear equations. Recently, Ma and Dai
[22] and Dai and Ma [25] studied the existence of nodal solu-
tions for a class of half-linear or half-quasilinear eigenvalue
problems and improved Berestycki’s result, respectively.

Motivated by the above papers, in this paper, we will firstly
establish some Dancer-type unilateral global bifurcation
results about the continuum of solutions for the fourth-order
problems:

M =dat)x+F(t,x,A), 0<t<]l,

x(0)=x(1)=x"0)=x"1) =0,
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where A is a parameter, the nonlinear term F has the form F =
f +g, where f and g are continuous functions on [0, 1] x R?,
and g, f, g satisfy the following conditions:

(H1) a € C([0, 1], (0, c0)).

(H2) |f(t,x,A)/x| < My, forallt € [0,1],0 < |x] < 1,
VA € R, where M, is a positive constant.

(H3) g(t,x,A) = o(|x]) near x = 0, uniformly in t € [0, 1]
and A on bounded sets.

Let & denote the closure of the set of nontrivial solutions
of (6) in R x E, and &) denote the subset of & with u € S} for
vef{+,-tand & =S US,.

Under assumptions (H1)-(H3), we will show that I; =
[Ar — di, Ay + dy] is a bifurcation interval of problem (6)
and there are two distinct unbounded subcontinua, %} and
6> consisting of the bifurcation branch € from I, = [A -
dy, A, +d;], where A is given in Lemma 1.

On the basis of the above unilateral global interval bifur-
cation result, we study the following half-linear eigenvalue
problem:

" =lat)x+ax" +Px, 0<t<l,

" " (7)
x(0)=x(1)=x (0)=x (1)=0,
where x* = max{x, 0}, x~ = min{x,0} and «(t) and B(t)
satisty the following:

(H4) a(t), f(t) € C[0, 1].

We will show that there exist two sequences of simple
half-eigenvalues for problem (7): A7 < AJ--+ < A} < ---
and A] < A -+ < Ay < ---. The corresponding half-linear
solutions are in {A;} x S; and {A,} x S,. Furthermore, aside
from these solutions and the trivial ones, there is no other
solutions of problem (7).

Following the above eigenvalue theory (see Theorem 19),
we will investigate the existence of nodal solutions for the
following fourth-order problem:

£ =ax"+fx +Aa(t) f(x), 0<t<]l,
(8)
x(0) =x(1) =x"(0) =x" (1) = 0.

Let X denote the closure of the set of nontrivial solutions of
(8) in R x E, with 3 denoting the subset of X with u € S for
v e {+ -tandZ; = X U, . Fora = = 0, Dai and Han [16]
have established the existence of nodal solutions for problem
(8) with crossing nonlinearity. In this paper, we assume that
f satisfies the following assumptions:

(H5) sf(s) >0fors #0.

(H6) f, € (0,00) and f, € (0, 00).

(H7) f, € (0,00) and f, = oo.

(H8) f, € (0,00) and f, = 0.

(H9) f, =0and f, € (0,00).
(H10) f, =0and f, = oo.
(H11) fy,=0and f, =0,
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where
. feo
/0 < ho et
)
Jim @ = fo, Vtelo,1].

The rest of this paper is arranged as follows. In Section 2,
we have given some preliminaries. In Section 3, we establish
the unilateral global bifurcation result from the interval for
problem (6). In Section 4, on the basis of the unilateral global
interval bifurcation result, we will establish the spectrum for
a class of the half-linear fourth-order eigenvalue problem
(7) (see Theorem19). In Section 5, following the above
eigenvalue theory (see Theorem 19), we will investigate the
existence of nodal solutions for a class of the half-linear
fourth-order problem (8).

2. Hypotheses and Lemmas
We define the linear operator L : D(L) CE — Y :

Lx=x", xeD(L), (10)

with D(L) = {x € C*[0,1] | x(0) = x(1) = x"(0) = x""(1) =
0}.

From [26, p. 439-440], we consider the following auxiliary
problem:

" =h(t), te(0,1),
(11)
x(0)=x(1)=x"0)=x"(1)=0,
for a given h € CJ[0, 1]. We can get that problem (11) can be
equivalently written as
1
X =L () (8) = J k(t,5) b (s) ds, 12)
0

where

ls(1—t)(2t—sz—t2), s<t,
k(t;s)=19 13)
2 2
gt(l—s)(Zs—t —s), s>t

Then L is a closed operator and L™' : Y — E is completely
continuous.
Define the Nemytskii operator H : R x E — E by

HMx)®) =AL" [ax] + L [g(t,x, )],  (14)

Then it is clear that H is continuous operator and problem
(3) can be equivalently written as

x=H(\x). (15)

Clearly, H : R x E — E is completely continuous and
H(u,0) =0,Vu € R.

3
Let
g(t,x, 1) = max |g(t,s, M)
0<|s|<x
(16)
Vvt € [0,1], A on bounded sets,
and then g is nondecreasing with respect to x, and
gt x,A

lim £604 _ 17)

x—0" X

uniformly for t € [0,1] and A on bounded sets. Further it
follows from (17) that

9t _ghIx.A) _ G615l 1)
X - x ) *
Il i <l Il (18)
LIEIELA o — 0

ol

uniformly for t € [0, 1] and A on bounded sets.
In the following, we summarize some preliminary results
from [10, 16].

Definition 2 (see [16]). Let u € E and t, € I such that
u(t,) = u”(t,) = 0. We call that ¢, a generalized simple
zero if u'(t,) # 0 or u'(¢t,) # 0. Otherwise, we call that ¢,
a generalized double zero. If there is no generalized double
zero of u, we call that u a nodal solution.

Lemma 3 (see [10] or [16]). Let (H1) hold. The linear
eigenvalue problem

M =dat)x, 0<t<]1,

(19)
x(0)=x()=x"0)=x"(1)=0
has an infinite sequence of positive eigenvalues:
0<A,(a)<A,(a) <---<Ag(a) — +o0
(20)

(k — +00).

Moreover, each eigenvalue is simple. To each eigenvalue A;(a)
there corresponds an essential unique eigenfunction v, which
has exactly k—1 generalized simple zeros in (0, 1) and is positive
near 0.

Lemma 4 (see [16]). If (A, x) is a nontrivial solution of (6)
under assumptions (H2) and (H3) and x has a generalized
double zero, then x = 0.

Remark 5. By Lemma 4, we can see that if (A, x) is a nontrivial
solution of (6) under assumptions (H2) and (H3), then x €

Ui Si-

Lemma 6 (see [20, Lemma 2]). Let j and k be two integers
such that j > k > 2. Suppose that there exist two families of
real numbers:

§=0<§ << < <=1,

Mo =0 <ty <ty <<ty <m;=1

(21)



Then, if & < n,, there exist two integers p and q having the
same parity: 1 < p<k—-1land1 < q< j—1, such that

gp < ’/Iq < ’7q+1 < Ep+1' (22)

Definition 7 (see [27]). Let X be a Banach space and let {C,, |
n = 1,2,...} be a family of subsets of X. Then the superior
limit D of {C,} is defined by

D :=limsupC, = {x e X | El{n,} c N, Xy,
€ C,,, such that x, — x}.

Lemma 8 (see [27]). Each connected subset of metric space X
is contained in a component, and each connected component of
X is closed.

Lemma9 (see [28]). Let X be a Banach space andlet {C, | n =
1,2,...} be a family of closed connected subsets of X. Assume
that

(i) there existz, € C,,n=1,2,..., and z* € X, such that
z, >z
(ii) r,, = supillxll | x € C,} = o0;
(iii) for all R > 0, ({U;2, C,) N By is a relative compact set
of X, where

Bp={xeX||xl <R}. (24)

Then there exists an unbounded component CinD andz* € C.

3. Unilateral Global Bifurcation

The main result for problem (6) is the following theorem.

Theorem 10. Let (H1), (H2), and (H3) hold. Letd, = M, /a,,
where ay = min, o ja(t), and let I, = [Ay — dy, Ay + dy]
for every k € N. The component €} of & U (I, x {0}),
containing I, x {0}, is unbounded and lies in @Z U (I x {0})
and the component G, of & U (I, x {0}), containing I; x {0},
is unbounded and lies in ®,_ U (I, x {0}).

In order to prove Theorem 10, we need the following
results.

Lemmall. If &} is bounded, we can find a neighborhood O of
@), such that 00 N &) = 0, where G, (v = +,-) is given by
Theorem I0.

Proof. We only prove the case of &, since the case of &} is
similar.

Let % be a uniform neighborhood of &} in R x E.

We discuss two cases.

Case 1 (if 0% N &} # 0). Since the solutions of problem
(6) are bounded in R x E, then %Z is compact in R x E.
It follows that % N &} is compact metric space. Obviously,
@} and 0% N S} are two disjoint closed subsets of % N &.
Because of the maximal connectedness of &}, there does not
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exist a component €* of % N &} such that €* N &} # 0,
€" N (0%nN &) # 0. By [27] or [4, Lemma 1.1], there exist
two disjoint compact subsets K, K, of % N S, such that
UNS =K UK, G c K,0%nS8; c K,. Evidently,
d(K,,K;) > 0. Let r = min{d(K}, K,),d(K,,0%)}, and let 7'
be the r/2-neighborhood of K. Set

6=UNY, (25)
and then
&, C O,
(26)
90N S, =0.

Case 2 (if 0% N &} = 0). In this case, we take O = %. It is
obvious that the result holds.
Consider the following auxiliary approximate problem:

M =dat)x+ f(tx|x|A) + gt x,A),
0<t<l1, (27)
x(0)=x(1)=x"0)=x"(1)=0.

For € > 0, it is easy to show that nonlinear term Aa(t)x +
f(t, x|x|°,A) + g(t, x, A) is differ-entiable at the origin. Let

S. = {(hx): (h,x) satishies (27), x £ 0] . (28)
0

By Lemma 1, there are two unbounded continua &}, of
S and G| of & bifurcating from (A, 0), consisting of the
bifurcation branch &, ., which satisfy the following result.

Lemma 12. €, and €, are both unbounded and
Gre COLU{(A0)) (v=+-). (29)

Proof. By Lemma 1.24 of [4], there exists a bounded open
neighborhood Oy of (A, 0) such that

((g;,e - {(/\k’ 0)}) n ®k C (Dz (V =+, _) . (30)
It follows that
G N0 cDLU{(A,0)} (v=+,-). (31)

By Lemma 4, we show that ) _ \ {(A4,0)} cannot leave @
outside of a neighborhood of (A, 0). Thus, we have

Gr. COLU{(A0)} (v=+-). (32)

Next, we will prove that both & and & are unbounded.
Without loss of generality, we may suppose that &, is
bounded. Therefore, in view of (32) and Lemma 1, there exists
(A, u,) € €. NG, suchthat (A,,u,) # (A4, 0) and u, €
S¢ N'S;.. This contradicts the definitions of S} and S, . O

To prove Theorem 10, the next lemma will play a key role.
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Lemma 13. Lete,, 0 < €, < 1, be a sequence converging to 0.

If there exists a sequence (A, x,,) € R x S| such that (A, x,,) is

a nontrivial solution of problem (27) corresponding to € = €,
and (A, x,,) converges to (A,0) in R x E, then A € I,..

Proof. Without loss of generality, we may assume that || x,,|| <
1. Let y, = x,,/||lx,|; then y, satisfies the problem

n

v, =Aal®)y,+ f,(t)+g,@), 0<t<]I, (33)
¥, (0) = 3, (1) = 3, (0) = 3,/ (1) = 0,
where
t, ni|*n ‘ > An
fn (t) = %’
! (34)
g(t:x,A,)
Gn () = :
el
By (18), it follows that
lim g, (t) = (35)

n—00

uniformly for ¢ € [0, 1] and A on bounded sets. Furthermore,
(H2) implies that

'f (t’ Xn |xn|€’/\n)| < |.?Cn|E Ml |xn|
.| ol (36)
= |xn|E Ml |yn| < Ml |yn| >

1. 0] =

forallt € [0,1].
Note that | y,|| = 1 implies | y,ll,, < 1. Using this fact
with (35) and (36), we have that A, a(t)y, + f,(t) + g,(t) is

J {y [y, (00)" <PZyL"]+%[<PZyL'

bounded in C*[0, 1] for # large enough. The compactness of
L™" implies that y,, is convergence in C*[0, 1]. Without loss of
generality, we may assume that y, — yin E with [ly|| =
Clearly, we have y € g

We claim that y € S}. On the contrary, supposing that
y € 0S;, by Lemma 4, then y = 0, which is a contradiction
with |yl = 1.

Now, we deduce the boundedness of A. Let ¢ € S} be an
eigenfunction of problem (19) corresponding to A,.

Let

t0:0<t1<t2< "<tk71<tk:1,

(37)

Sp=0<s; <8y << <=1

be, respectively, the sequences of generalized simple zeros of
Yo and g7,

Suppose t; < s;; then we deduce from Lemma 6 existence
of integers p and g having the same parity such that

t,<s,<s <t

p = °q = “g+l = "p+l* (38)

Therefore, without loss of generality, we choose &, = t,,
m = t,& = s, and 172 = 54 and since p and q have
the same parity yn and ¢; do not vanish and have the same
sign in both the intervals [&;,#,] and [&,, #,]. It follows that
78 = yulm) = /&) = y,() = 0, and @(&,) =
o) = (9" (&) = ()" (1) = 0

We can assume without loss of generality that y, > 0 and
@, > 0in (&, 7,). By the Picone identity in [29, Theorem 4],
we have that

AN
yn((PZ)”]_yn(ng) (%)} dt—A + By,
k

2 172
’71 Vn v v M " Yu v I Yn
A :J = (y,Lor — ¢eLy,) dt, B :j ”, ® 20, ( e~ dt.
1 5 ‘Pk( k ~ Pk 1 5 S"k( k) @ (#1) ¢!

The left-hand side of (39) equals
— lim ”' v
Jim { gt n @) -]
!
y n
0 (@) ] = yu ()" (—) }
P

. Vu NI
+ lim {J ERCARET S
k

t—m,

v I
(P [q)kyn

(39)
gz 7\
/n v ! n! n
% oean = v (@) ] = v (92) (—) }
k Pr
=: H‘El + H’71'
(40)

We prove that H; < 0. If ¢;(§;) # O, then H; =
0. If (§;) = 0, noting the conclusion of Lemma 3, then
(¢0)'(€)) > 0. By CHospital rule, we have that



v, M

v, M
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! vV vV
n - w |t V| Vn - n
e~ —lim " [ (00" - 9i9] ) [ (@0)" - 9,
ek %)
i 29 = 00"+ 20 [(0) i + 9 = () = 7 (9)"]
=8 (‘Pk)
o) &)l o ht = vu 001+ v [0k = 2 (01)"] "
Prc
207 (¢})’
!
@] )" @) Lo @) o Dnek =2 0l ]+ 200 [k = 3 (00)"] + 3 [l i = 3 (9)"]
(#p) (&) (207)' (&) =% (o)’
2 vV
T e @)
((PZ)’ (&)
In the following, we will prove that It follows that
m
| 2 v
(o))" (1) <0, Vtel[E,n]. (42) 024, = Ll o [V Loy — @y - Ly, ] dt
M
Letu = ¢} (t)+1. Thenu"" = A ag; andu > 1in (§;,7,). For = J (A= A,)al(t) yﬁdt (46)
some ¢ > 0 small enough, let v € C*([-¢,1+¢])and b > 0 be 5
such that v(—¢) = v(1 + &) = v'(=¢) =v'(1 + &) = 0, vl =u, m
and v"""" = A, bv. Then we have - L Yo lfu @) + g, ()] dt.
S by, te(-elte), Similarly, we can also show that
" " (43) §0k y
v =v( e = () =V (1+9) = 054, = [ % (g} 1y~ y, Lol e
Setm = (2¢, —¢e)/2and n = (21, + &)/2. Let w € C*([m, n]) B J"h - "2
and ¢ > 0 be such that w|; = v, w > 0in (m,n) and w(m) = ) (A =) a (®) (i) dt (47)

wn) = w'(m) = w"(n) = 0and """ = Agcw. Set z = w';

then z should be a solution of the problem
' = Acw, t e (m,n),
(44)
z(m)=z(n) =

The Strong Maximum Principle implies that z < 0 in (m, n).
This follows that ((pZ)”(t) < 0in [&;, 7, ]. It follows that H, g <
0.

Next, we will prove that H, < 0. If g;(n,) # 0, then

H, = 0.If ¢;(17;) = 0, noting the conclusion of Lemma 3,

then (¢})' (17;) < 0. By UHospital rule, we have that

2 V
- 0h) )" n)
" (@p)' (m)
By (42), we can show that H, <0. Therefore, the left-hand

side of (39) < 0.
By (42), we have B; > 0.

(45)

[f. @) + g, (1)] dt.

By (35), (46), and (47), taking the limit as n — +00, we
can obtain that

m m
Ao —A)a(b) y*dt — lim (t) ydt <0,
£ k y n—oo J n Y

1

M )2
N J (29
33

n

N2
[" 02000 @) des im [P 00 @
13 oo Jg

2 2 n

<0.

By (36), y and ¢ have the same sign in (§;,7,) (i = 1,2);
one has

n

m
nmj £,(8) ydt
o0 Jg

M 2
<M, L yodt,
(49)

n—00

"2
lim J"Z (";) £, () dt

M2 "2
<M, : ()" dt.

n
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So, by (48), we have that

M 3 m 2
J (o= Na()y dt—MIJ Ydt <0,
: ;
: (50)

N2 2 2
Jo A-A)a@ (@) - [ (g1 de <o

2
Furthermore, it follows that

itA <Ay,

[ 100y 0 - b ]y <,
& (51)

hence A > A, —d,,

ifA > Ay,
) "2
[, 0= 2 - M,] (02)" de <0,
& (52)
hence A <A, +d;.
Therefore, we have that A € I,.. O

Lemmal4. Forv € {+, -}, the component €}, of 8 U(I; x{0})
satisfies &), C @ U (I x {0}), where €} (v = +, —) is given by
Theorem 10.

Proof. We only prove the case of &} since the case of & is
similar. For any (A,x) € &, there are two possibilities: (i)
x € S or (ii) x € 0S;. It is obvious that (A, x) € @, in the
case of (i). While case (ii) implies that x has at least one double
zero in [0, 1], Lemma 4 follows that x = 0. Hence, there exists
a sequence (A, x,) € ®] such that (A,,x,) is a solution of
problem (27) corresponding to € = 0, and (4, x,,) converges
to (A,0) in RxE. By Lemma 13, we have A € I;: thatis, (A, x) €
Ii x {0} in the case of (ii). Hence, €} ¢ ®; U (I, x {0}). O

Proof of Theorem 10. We only prove the case of &} since the
case of €, is similar. Let €} be the component of & U (I} x
{0}), containing I, x{0}. By Lemma 14, we can show that &} ¢
@; U (I x {0}).

Suppose on the contrary that %) is bounded. By
Lemma 11, we can find a neighborhood @ of &} such that
00N S, =0.

In order to complete the proof of this theorem, we
consider problem (27). By Lemma 1, there are two continua
@) and G, consisting of the bifurcation branch & .. By
Lemma 12, we have that €, and &, are both unbounded
and

Gre N0 € (L U{(A,0)}). (53)

So there exists (A, x.) € €, N0 foralle > 0. Since O is

bounded in RxE, (27) shows that (A, x.) isbounded in RxC*
independently of e. By the compactness of L™!, one can find
a sequence €, — 0 such that (A, x,) converges to a solution

(A, x) of (6). So x € i If x € Sy, then from Lemma 4 or

Remark 5 it follows that x = 0. Note that (A, x) € %Z’E noo
since & ,N00 is closed subset of R x E. By Lemma 13, A € I,
which contradicts the definition of @. On the other hand, if
x € S, then (A, x) € & N 9O which contradicts S N0 =
0. O

From Theorem 10 and its proof, we can easily get the
following two corollaries.

Corollary 15. There exist two unbounded subcontinua Dy,
and Dy, of solutions of (6) in R x E, bifurcating from I; x {0},
and Dy, < (R x 8;) U (I x {0}) forv=+andv = —.

We relax the assumption of a as the following:

(A1) a(t) € CI[0, 1] is a sign-changing weight.

Corollary 16. Let (A1) hold and f = 0. Then there exist two
unbounded subcontinua £; and £, of solutions of (6) in R x E,
bifurcating from (A, 0), and £, ¢ (RxS;)U (I x{0}) forv = +
andv = —.

4. Spectrum of Half-Quasi-Linear Problems

In this section, we consider the half-linear problem (7).
Problem (7) is called half-linear because it is positive homo-
geneous in the cones u > 0 and u < 0. Similar to that of [20],
we say that A is a half-eigenvalue of problem (7) if there exists
a nontrivial solution (A, u;). A is said to be simple if v = cu;,
¢ > 0 for all solutions (A, v) of problem (7).

In order to prove our main results, we need the following
Sturm type comparison result.

Lemma 17. Let b,(t) > max{b,(t), b, (t) + «(t) + S(t), b, (t) -
a(t) — B(t)} fort € (0,1) and b(t) € C(0,1),i = 1,2. Also let
u,, u, be solutions of the following differential equations:

nn

u ' =b ) utau +pu, te(0,1),i=12 (54)

respectively. If (c,d) < (0,1), u,(c) = ui'(c) =0, and u'l(c) +0
or u'l"(c) # 0 and u,(d) = u;'(d) = 0, and u;(d) + 0 or
u;"(d) # 0, and u,(t) + 0 in (c,d), then either there exists
T € (c,d) such that u,(t) =0orb, =b, orb, =b, + a + P or
b, = b, — a — B and u,(t) = pu,(t) for some constant y # 0.

Proof. We discuss four cases.
Case 1(uy(t) > 0, u,(t) > 0in(c,d)). Then an easy calculation

shows that

p d
J (uy""uy — " uy ) dt = J (b —by) wyupdt < 0. (59)

c

Similar to the step of the proof of Lemma 3.1 of [16],
we can obtain the left-hand side of (55) > 0. This is a
contradiction.



Case 2 (uy(t) > 0, u,(t) < 0in (c,d)). Similar to (55), we can
get

d
J- (ui"’uz - u;'”ul) dt
‘ (56)

d
= J- (by = b, + a + B) uyu,dt > 0.
Similar to the step of the proof of Lemma 3.1 of [16], we

can obtain that the left-hand side of (56) < 0. This is a
contradiction.

Case 3 (u,(t) < 0, uy(t) < 0in (c,d)). Similar to Case 1, we
can get the result.

Case 4 (u,(t) < 0, u,(t) > 0in (c,d)). We can get

d
J (ui'”uz - u;"'ul) dt
‘ (57)

d
=j (b, = by — & — B) yuiydt > 0.

c

Similar to the proof of Lemma 3.1 of [16], we can obtain
the left-hand side of (57) < 0. This is a contradiction. ]

By Lemma 17, we obtain the following result that will be
used later.

Lemmal8. Let I = [a,b] be such that I C [0,1] and
meas (I) > 0. (58)
Let g, € C([0,1], R) be such that

lim g, (t) = +co uniformly on I. (59)

n—+00

Let y, € E be a solution of the equation

Y ()= gy &) yut oy, + Py, tel  (60)
Then the number of zeros of y, in I goes to infinity asn — +0o.

Proof. Set ol = max, o ;jla(t)| and /30 = maXx,[o 1| f(t)]. By
simple computation, we can show that

gn(t)+a%+[a’& > g, () -a’~° Vte[o1]. (61)

Vn

After taking a subsequence if necessary, we may assume that
Gn, () =0’ =p =0 Viel (62)

as j — +00, where A; is the jth eigenvalue of the following
problem:
"=, 0<t<l,
(63)
u(a)=u®) = u”’ (@)=u" () =0.
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Let ¢; be the corresponding eigenfunction of A ;. It is easy to
check that the distance between any two consecutive zeros of
@;is (a—1b)/j (also see [30]).

Hence, the number of zeros of ¢;|; goes to infinity as j —
+00. Note that the conclusion of Lemma 17 also is valid if &« =
B = 0. Using these facts and Lemma 17, we can obtain the
desired results. O

On the basis of the unilateral global interval bifurcation
result, we establish the spectrum of the half-linear problem
(8). More precisely, we will use Theorem 10 to prove the
following result.

Theorem 19. There exist two sequences of simple half-
eigenvalues for problem (7), A] < Ay--- < A < -+ and
Al < Ay--- < Ay < ---. The corresponding half-linear
solutions are in {A}xS; and {A, }xS, . Furthermore, aside from
these solutions and the trivial ones, there is no other solutions

of problem (7).

Proof of Theorem 19. By Theorem 10, we know that there
exists at least one solution of problem (7), (A}, x7) € RxS}, for
everyk =1,2,...,v = —,and v = —. The positive of problem
(7) implies that {(A},cx}),c > 0} are half-linear solutions in
{AL} x S;. Lemma 4 implies that any nontrivial solution u of
problem (7) lies in some S;. We claim that, for any solution
(A, x) of problem (7) with x € S}, we have that A = A} and
x = hx;, k for some positive constant h.

Next, we only prove the case of v = + since the case of
v = — is similar.

We divide the proof into three steps.

Step 1 (we show that A = A}). We may assume without loss
of generality that the first generalized simple zero of xx; to
occur in (0, 1) is a generalized simple zero of x. That is, there
exists ¢ € (0,1] such that x(c) = x”(c) = 0 and x'(c) £ 0
or x""'(c) # 0, and x and x, do not vanish and have the same

sign in (0, ¢). It follows that

J (xllllxz B (XZ)”” x) dt = J (A = A}) xx;dt. (64)
0 0

Similar to the proof of Lemma 3.1 of [16], we can obtain the
left-hand side of (64) > 0. So, one has that A} < A.

On the other hand, similar to the proof of Lemma 13, by
Lemma 6, there must exist an interval (d, e) € (0, 1) such that
x and x; do not vanish and have the same sign in (d, e), and
x1(d) = x}(e) = (x)"(d) = (x})" (e) = 0. We have

L ()™ x - 2" dt = L (Y = )a(t) xxdt. (65)

Similar to the proof of Lemma 3.1 of [16], we can obtain the
left-hand side of (65) > 0. So, one has that A < A}. Hence
A=A

Step 2 (we will prove that x = hx,, for some positive constant
h). Without loss of generality, we may assume that x and x;,
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are positive in (0, ¢). By the Picone identity in [29, Theorem
4], noting A = A}, we have that

¢ X n x’ n
n I
=[x )" = xS [ = x ()]
Y k k o Xk k
0 1% k

(66)

!

!
—X(Xy)”(iv)]’dtzc’
k xk 1

where
(67)

Using similar methods of the proof of Lemma 13, we can show
that the left-hand side of (66) < 0. Hence, C; < 0. It follows

that
[l gw]}a
<2 JOC {x; ()" [(xik)ﬂ dt <0,

Thus, [(x/xZ)’]2 = 0. Furthermore, we obtain that x =
h,x;, on (0, c) for some positive constant h;. We may assume
without loss of generality that the first zero of xx; to occur in
(¢, 1] is a generalized simple zero of x. That is, there exists
¢ € (c,1] such that x(c;) = x"(¢;) = 0and x'(¢)) # 0
or x"'(¢;) # 0, and x and x; do not vanish and have the
same sign in (¢, ¢;]. Using method similar to the above, we can
show that x = h,x; on (¢, ¢;] for some positive constant h,.
Clearly, x'(c) = h;(x})"(c) = hy(x})'(c) and Lemma 3 imply
h, = h,. Repeating the above process k times, we can show
that x = hx, for some positive constant h.

(68)

Step 3 (we prove that A} (v = + or ¥ = —) are increasing). In
fact, if (A}, u) and (/\1]'., v) are the solutions of problem (7) with
u €S, veS,andk < j, the first generalized simple zero of
uvto occurin (0, 1) is a generalized simple zero of v. Indeed, if
this were not, by Lemma 6, using method similar to the proof
in Step 1, we could obtain A} < /\;, which is impossible, since
the half-eigenvalues were shown to be simple. Therefore, by
Lemma 17, we can get ;. < A%

Naturally, we can consider the bifurcation structure of the
perturbation of problem (7) of the form

XM =dat)x+ax" +Bx +gtxA),

0<t<1, (69)
x(0)=x1)=x"0)=x"(1)=0,

where g(t, x, A) satisfies (4). O

Theorem 20. For v = +,—, (A},0) is a bifurcation point for

problem (69). Moreovet, there exists an unbounded continuum

Dy of solutions of problem (69) emanating from (A}, 0), such
that D, < (R x S}) U {(AL,0)}).

Proof. Let ol = max, g ;jla(t)| and /30 = maX(o 1| fE)I:

oc°+ﬁ° +oco+ﬁ°

Corollary 15 shows that there exist two unbounded subcon-
tinua 9;;0 and 9, of solutions of (69) in R x E, bifurcating
from I, x {0}, and @}, (R x §) U (I x {0}) for v = +
and v = —. Let us show that &, N (R x {0}) = (A}, 0); that is,
(A}, 0) is a bifurcation point for problem (69). Indeed, if there
exists (A,,, x,) being a sequence of solutions of problem (69)
converging to (A, 0), let y, = x,,/lx, |, and then y, should be
a solution of problem

(71)

yo=L" (Anayn vay + pyy + L5 (jl’ x""’ Y ) :
xn

By (18) and the compactness of L', we obtain that for some
convenient subsequence y, — y, asn — +00. Now y,
verifies the equation

Ly, =Aa(t) y, + ocy(;r + By, (72)

and [ly,ll = 1. This implies that A = A} for some k € N and
v € {+ -} O
5. Nodal Solutions for Half-Linear Eigenvalue

Problems

We start this section by studying the following eigenvalue
problem:

2" =axt + px + Ara(t) f(x), 0<t<]1,

(73)
x(0)=x1)=x"0)=x"(1) =0,
where A > 0 is a parameter.
Let {(x),&(x) € C(R, R) be such that
fx) = fox+{(x),
(74)

) = foox +&(x)
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with
lim M =0,
|x|-0 X
(75)
lim @ =0.
|x|m00 X
Let us consider
"= Ara(t) fox +ax” + Bx + Ara(t) { (x),
0<t<1, (76)

x(0)=x()=x"0=x"(1)=0
as a bifurcation problem from the trivial solution x = 0, and
X" = Ara (t) fox+ax' +Bx +Ara®)&(x),
0<t<1, (77)
x(0)=x(1)=x"(0)=x"(1)=0

as a bifurcation problem from infinity.
Applying Theorem 20 to problem (76), we have the
following result.

Lemma 21. Let (H1), (H4), (H5), and (H6) hold. For v =
+,— (AL /rfy,0) is a bifurcation point for problem (76). More-
over, there exists an unbounded continuum Dy, of solutions of
problem (76) that joins (Ay[1fy, 0) to infinity, such that Dy, C
(R x S U{(AL/rf, O))).

We add the points {(A,00) | A € R} to space R x E; by the
results of Rabinowitz [31], we have the following lemma.

Lemma 22. Let (H1), (H4), (H5), and (H6) hold. For v =
+,— (AL/1fo,00) is a bifurcation point for problem (77).
Moreover, there exists an unbounded continuum Dy ., of
solutions of problem (77) meeting (A} /rf,,00), such that
Dco € (R X SP) U{(AL/7fo0 00)}).

We note that problem (76) and problem (77) are the same,
and each of them is equivalent to problem (73). By Lemmas 21
and 22, we obtain the following lemma.

Lemma 23. Let (H1), (H4), (H5), and (H6) hold. There exists
an unbounded continuum D) = Dy, = Dy, of solutions of
problem (73) emanating from (A} [1f,, 0) or (A} /1f,, 00), such
that D) < (R x Sp) U {(A/rfy,0)}) and D) ¢ (R x ;) U
{(A%/1f o0 00)}), and Dy joins (A} /1y, 0) to (AL /rfuy, 00).

Remark 24. Any solution of (73) of the form (1, x) yields a
solution x of (8). In order to prove our main results, one will
only show that & crosses the hyperplane {1} x E in R x E.

Remark 25. From (H5) and (H6), we can see that there exists
a positive constant Q such that f(s)/s > Qforall s # 0.

Theorem 26. Let (H1), (H4), (H5), and (H6) hold. For v =
+,— either Ay [ foo < v < A/ foor A/ fo < < A}/ foo. Then
problem (8) possesses a solution x;, such that x;, has exactly k—1
zeros in (0, 1) and vx;, is positive near 0.
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Proof. By Remark 24, in order to prove Theorem 26, we only
show that &, joins (A}/ fy,0) to (A}/ fs,» 00). Let (4, x,) €
D, satisty

Up + ||xn|| — 0. (78)

We note that g, > 0 for all # € N since (0,0) is the only
solution of (73) for A = 0 and 2} N ({0} x E) = 0.

Case 1(A}/ fo <1 < A}/ fo). In this case, we show that

/\v AV v

We divide the proof into two steps.

Step 1. We show that if there exists a constant number M > 0
such that

ty, € (0, M], (80)

for n large enough, then P}, joins (A} /rf,, 0) to (A} /1f,, 00).
In this case

%] — oo (81)

Let &(-) € C(R, R) be such that

f(x) = fox+&(x) (82)
with
m M =0. (83)
[x|—00 X

Let g(x) = max{|é(s)| : 0 < |s| < x}, then E is nondecreasing,
and

lim £

x—+00 X

=0. (84)

Moreover, from (84) and the fact that E is nondecreasing, we
have that

. &(x, (1)
m 2 (1)

n—00 " x "
n

=0, Vtel[0,1], (85)

since

§(x, @) _E(x 0D _ 0 0)

L .

il oD, ®)
]

n— oo Vt € [0,1].
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We divide the equation

nn —
X, = para(t) foox, + ocx; + Bx,

+ura®)é(x,), 0<t<l, (87)
x,(0) = x, (1) = x, (0) = x,, (1) = 0

by [x,l and set y, = x,/lx,l. Since y, is bounded in E,

choosing a subsequence and relabeling if necessary, we have

that y, — y for some y € E with [ y| = 1.
By the compactness of L', we obtain that

"

y'" = pra(t) foy+ayt+ By, 0<t<l,
y(©0)=y@)=y"0)=y"1)=0,

(88)

where y = lim,_,p,, again choosing a subsequence and

relabeling if necessary.
It is clear that [[y]| = 1 and y € 9] ¢ Dy, since P, is
closed in R x E. Moreover, by Theorem 19, urf,, = A, so that

_ M
U= o (89)

Thus, P}, joins (A} /rf,,0) to (A} /1f,, 00).

Step 2. We show that there exists a constant number M > 0
such that y,, € (0, M], for n large enough.

On the contrary, we suppose that lim,,_,, . |¢,| = +oo.
Since (4, x,,) € D}, it follows from the compactness of L™
that

"

X" = pra(®) f, () x, + ax) + Bx,, 0<t<l,

1

Let ¢, be an eigenfunction corresponding to A;. But if
lim,,_,, o H,7 f,(t) = —co, applying Lemma 17 to x,, and [
we have that ¢; must change sign for n large enough, which
is impossible. So lim,, ,, i, f,(t) = +co. By Lemma 18, we
get that x,, must change sign for # large enough, and this
contradicts the fact that x,, € S;.

Case 2 (A}/ fo < r < AL/ fs)- In this case, if (@, x,,) € Dy is
such that

lim (44, + [%a])) = 00,

n—00
(93)
Mim p, = 00,

then

A Ak )
(%, rfoo> c{le(0,00)| (LX) €Dy} (94)

and, moreover, ({1} x E) N @} # 0.
Assume that there exists M > 0 such that, for alln € N,

th, € (0, M]. (95)

Applying a similar argument to that used in Step 1 of Case 1,
after taking a subsequence and relabeling if necessary, it
follows that

Ak
(Mn’xn) - (rfoo’oo) , n— 00. (96)

Again 9} joins (A} /rfy,0) to (A} /rfs,,00) and the result
follows. O

Theorem 27. Let (H1), (H4), (H5), and (H7) hold. For v €
{+, =}, assume that one of the following conditions holds.

(90) . v v
%,(0) = x, (1) = x! (0) = %/ (1) = 0, WreObofordi >0
(i) € (0, A,/ fy) U (AL fo, 0) for vAL > 0.
where 7, : [0,1] x [0,00) — R by (iii) 7 € (0, A/ fo) U (Ay/ fo, 0) for vA} < 0.
(iv) r € (AL/ fy,0) for A} < 0.
— M, x,+0, te[0,1], Then problem (8) possesses two solutions x;. and x;_ such
=1 x OD  tha x; has exactly k — 1 zeros in (0, 1) and is positive near 0
0> n= % >l and x, has exact — 1 zeros in (0, 1) and is negative near 0.
f x,=0, t€[0,1] dx h Iy k (0, 1) and is neg,
By Remark 25, we have Proof. We will only prove the case of (i) since the proofs of
the cases for (ii), (iii), and (iv) are completely analogous.
. T Inspired by the idea of [32], we define the cut-oft function
1 = +00.
oot t Jn (£) = %00 02) of f as the following:
(£ (s), se[-nn,
2 —
] n—f(n)(s—n)+f(n), s € (n,2n),
=9 ,1 (97)
2n” + f (-n)
————(s+n)+ f(-n), se(-2n-n),
n
| 715, s € (—00,—2n] U [2n, +00) .
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We consider the following problem:

" = axt + fxT + Ara(t) f["] (x), 0<t<l,
(98)
x(0)=x(1)=x"(0)=x"(1)=0.

Clearly, we can see that lim,_, . f"(s) = f(s), (f"), =
forand (f™), = n.

Similar to the proof of Theorem 26, by Lemma 23 and
Remark 24, there exists an unbounded continuum 9,’;["] of
solutions of problem (98) emanating from (A} /rf,,0), such
that 271" ¢ (@} U {(A}/rfy, 0)}), and D} joins (A} /rf,,0)
to (A}./rn, 00).

Taking z,, = (A}/rn,c0) and z* = (0, 00), we have that
z,—>z".

So condition (i) in Lemma 9 is satisfied with z* = (0, 00).

Obviously,

ry=sup {A+ x| (A, x) e 2} =00, (99)

and accordingly, (ii) in Lemma 9 holds and (iii) in Lemma 9
can be deduced directly from the Arezela-Ascoli Theorem
and the definition of £,

Therefore, by Lemma 9, limsup, 2" contains an
unbounded connected component &, with (0, 00) € ;.

From limn_>+oof["] (s) = f(s), (98) can be converted to
the equivalent equation (73). Since 91[”] c @}, we conclude
that &, c ®;. Moreover, &, C 3 by (8).

In the following, we show that (A} /rf;,0) € 2.

Let (i, x,,) € D \ {(A}/rfo, 0)} satisfy lim,,_, [l ]| = 0.
Let { € C(R,R) be such that
f ()= fos+{(s) (100)

with limy_o({(s)/s) = 0, let {(x) = maxo. g, |¢(s)], then { is
nondecreasing, and

lim@ =0.
x—0 X

(101)

We divide the equation

X" = pra(t) fox, + ax; + Bx;, + Ara(t){ (x,),

0<t<1, (102)
x, (0) = x, (1) = x| (0) = x| (1) = 0.

Let y,, = x,/llx,l; ¥, should be the solutions of problem

"

Yo = tyra(t) foy, + oy, + Py,

¢ (x,)

+ u,ra (t) m, te (O, 1) , (103)

¥, (0) =y, (1) =y, (0) =y, (1) = 0.

Since y, is bounded in E, choosing a subsequence and
relabeling if necessary, we have that y, — y for some y € E.
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Furthermore, from (101) and the fact that Z is nondecreas-
ing, we have that

lim ¢ (x,) =0, (104)
n=e x|
since
() _Tln) _ Tlle) _ TUD
[ A N (105)
n — +00.

By (104) and the compactness of L', we obtain that
Ly =pra(t) foy +ay’ + By . (106)

It is clear that ||y = 1 and y € 977{ < 9y since P, is
closed in R x E. Moreover, by Theorem 19, urf, = A}, so that

M
= —. (107)
: rfo
Thus, D}, joins (A} /rf,,0) to (0, c0). O

Theorem 28. Let (H1), (H4), (H5), and (H8) hold. For v €
{+, -}, assume that one of the following conditions holds.
(i) r € (A}/ fo, +00) for A} > 0.
(ii) r € (=00, A,/ fy) U (AL fo, +00) for vA} > 0.
(iii) 7 € (—00, A}/ f) U (A / fo» +00) for vA} < 0.
(iv) r € (=00, AL/ fy) for A}, < 0.
Then problem (8) possesses two solutions x;. and x;_ such

that x; has exactly k — 1 zeros in (0, 1) and is positive near 0
and x;. has exactly k — 1 zeros in (0, 1) and is negative near 0.

Proof. Define

f[”] (s)
%s, s € (—00,-2n] U 21, +00) .

_ w (s+n)+ f(-n), se(-2n-n), (108)
27£(n)(s—n)+f(n), s € (n,2n),
f@), se[-nn].

We consider the following problem:
"= axt 4 Bx +Ara(t) M (x), 0<t<1,
(109)

x(0)=x1)=x"0)=x"(1)=0.

Clearly, we can see that lim,, . f™(s) = f(s), (f"), =

fo- and (f[”])OO =1/n.
Similar to the proof of Theorem 26, by Lemma 23 and

Remark 24, there exists an unbounded continuum 97(["] of
solutions of problem (109) emanating from (A} /rf,, 0), such
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that 2" c (@} U {(A}/rfy,0)}), and D} joins (A} /rf,,0)
to (1A} /r, 00).

Taking z, = (nA}/r,00) and z* = (00, 00), we have that
z,—>z".

So condition (i) in Lemma9 is satisfied with z* =
(00, 00).

Obviously,

r,=sup{A+xl | (Lx) e 2"} =c0,  (110)

and accordingly, (ii) in Lemma 9 holds and (iii) in Lemma 9
can be deduced directly from the Arezela-Ascoli Theorem
and the definition of f",

Therefore, by Lemma 9, limsup,_ ., Z}"" contains an
unbounded connected component &, with (co, c0) € Z;.

From limn_>+oof[”] (s) = f(s), (109) can be converted to
the equivalent equation (73). Since SZZ[”] c @y, we conclude
D, ¢ @;. Moreover, 2}, C %, by (8).

Similar to the proof of Theorem 27, we can obtain that
(Ay/rfo,0) € ;. O

Theorem 29. Let (H1), (H4), (H5), and (H9) hold. For v €
{+, =}, assume that one of the following conditions holds.
(i) 7 € (A}/ foo» +00) for A} > 0.
(ii) 7 € (A}/ foo» +00) U (=00, AL/ foo) for vA} > 0.
(iii) 7 € (A/ foo» +00) U (=00, A}/ fo) for vA], < 0.
(iv) r € (—00, A}/ f) for A} < 0.
Then problem (8) possesses two solutions x; and x such

that x; has exactly k — 1 zeros in (0, 1) and is positive near 0
and x;. has exactly k — 1 zeros in (0, 1) and is negative near 0.

Proof. We will only prove the case of (i) since the proofs of
the cases for (ii), (iii), and (iv) are completely analogous.

If (A,x) is any nontrivial solution of problem (73),
dividing problem (73) by Ilx|I> and setting y = x/ Nl yields

Y =yt + By + Ara(t) f(xz)) 0<t<1
[l (111)
y(© =y =y"0)=y"1)=0.
ns,
2
Z’HTf(_”)(sme(—n),
2
M_Tf(n)(s—nﬂf(n),

f[n] (s) = 1 fs),

-5,
- n

—[f<—%)+%](ns+2)+f<—%>, SE€

(
Qa2 G)
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Define
2 y .
~ Wl =5 ify#0,
o VP () g8
0, if y=0.
Evidently, problem (111) is equivalent to
Y =yt + By +Ara(t) f(y), 0<t<1,
(113)

y(0)=y1)=y"0)=y"(1)=0.

It is obvious that (A, 0) is always the solution of problem
(113). By simple computation, we can show that f, = f., €

(0,00) and f, = f, = 0. Similar to the proof of Theorem 28,
there exists an unbounded continuum ) of solutions of
problem (113) emanating from (A} /r fy,0), such that €, c
(RxS})UL(AL/r o, 0)}), and €}, joins (A}, /r f,, 0) to (00, 00).

Under the inversion y — y/|| yII2 = X, we obtain € —
2, being an unbounded component of solutions of problem
(73) emanating from (00,0), such that &; ¢ ((R x ) U
{(c0,0)}), and D} joins (00, 0) to (A} /rf,, 00).

Moreover, by (8), we can obtain that &, c ;.

Thus, 9, is an unbounded component of solutions of
problem (8) such that &} joins (00,0) to (A} /rfy,,00). [

Theorem 30. Let (H1), (H4), (H5), and (H10) hold. For v €
{+, =}, assume that one of the following conditions holds.

(i) r € (0, +00) for A} > 0.
(ii) r € (0,+00) U (-00,0) for vA} > 0, or vA} < 0.
(iii) 7 € (—00,0) for A} < 0.
Then problem (8) possesses two solutions x;. and x;_ such

that x| has exactly k — 1 zeros in (0, 1) and is positive near 0
and x;. has exactly k — 1 zeros in (0, 1) and is negative near 0.

Proof. Define

s € (—00,—2n] U [2n, +00) .
s € (-2n,-n),
s € (n,2n),

s€ [—n,—%] U [%,n] , (114)
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We consider the following problem:

"= x4 Bx + Ara(t) M (x), 0<t<1,
(115)
x(0)=x1)=x"0)=x"(Q)=0.

Clearly, we can see that lim,,_,, . f"/(s) = f(s), (f"), =
1/n, and (f[”])oo =n.

Applying the similar method used in the proof of
Theorem 26, by Lemma 23 and Remark 24, there exists an
unbounded continuum EJZZ["] of solutions of problem (115)
emanating from (n1”/r,0) or (\”/nr, c0), such that S/Z,Z["] C
(RxS)U{(nA"[r,0)}) and D)7 ¢ (RxS})U{(A"/rn, co)}),
and QZZ["] joins (nA”/r,0) to (A" /rn, 00).

Taking z, = (nA’/r,0) and z* = (00,0) or z, =
(A"/rn,00) and z* = (0,00), we have that z, — z". By
Lemma 9, we obtain an unbounded component &} with
(00,0), (0,00) € ;.

From lim,_,, f Mgy = f(s), (115) can be converted
to the equivalent equation (73). Thus, &, is an unbounded
component of solutions of problem (73) emanating from
(00,0) or (0,00), such that 2, ¢ ((R x S;) U {(c0,0)}) and
2 < (RxS;) U{(0,00)}) and D} joins (00, 0) to (0, c0).

f[n] (s) = 1 fs),

-,
N

We consider the following problem:

" = x4 fx + dra(t) M (x), 0<t<1,
117)
x(0)=x(1)=x"0)=x"(1)=0.

Clearly, we can see that limn_>+oof[”] (s) = f(s), (f[”])o =
1/n,and (") = 1/n.

Applying the similar method used in the proof of
Theorem 30, there exists an unbounded continuum 9,’:["]
of solutions of problem (117) emanating from (nA"/r,0) or
(1" /r,00), such that 2} ¢ (R x §}) U {(n1"/r,0)}) and
DM c (RxS)U{(nA[r, 00}), and D} joins (nA"/r, 0) to
(nA”/r, 00).

(1

1

n
W(thﬂ—n),
z‘f(”) (s—m)+ fn),

—[f(—%)+%](ns+2)+f<—%), S€

<
Qa2 G
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Since 9;:["] c (R x §;), we conclude Z; ¢ (R x §)).
Moreover, by Remark 24 and (8), we can obtain that &} c X;.

Thus, 9 is an unbounded component of solutions of
problem (8) emanating from (0o, 0) or (0, 00), such that & c
(R xS8;)u{(0,0)}) and D} c ((RxS]) U{(co,00)}), and D}
joins (00, 0) to (0, co).

Applying the similar method used in the proof of
Theorem 27, we obtain an unbounded connected component
D, C 6, with (00,0) € Z;. O

Theorem 31. Let (H1), (H4), (H5), and (H11) hold. For v €
{+, -}, assume that one of the following conditions holds.

(i) Thereexistsa Al > 0 for A} > 0, such thatr € (0,A7)).

(ii) There exists a vA, > 0 for vA > 0, such that r €
(=00, A7) U (A, +00). 7 € (AZ;,0) U (0,A7,).

(iii) There exists a vA), < 0 for vA, < O, such that r €
(A:ki 0) u (07 A:k)

(iv) There existsa A}, < 0 for A} < 0, such thatr € (A7, 0).

Then problem (8) possesses two solutions x;. and x_ such
that x; has exactly k — 1 zeros in (0, 1) and is positive near 0
and x;_ has exactly k — 1 zeros in (0, 1) and is negative near 0.

Proof. Define

s € (—00,—2n] U [2n, +00) .

s€(-2n,-n),

(116)

Moreover, we can obtain the desired results. O

Remark 32. Ifa = 3 = 0and f,, f,, € (0,00), Maetal. [10,11]
studied problem (8) under the conditions (H5) and (H6); in
the situation, the results of Theorem 26 improve on Theorem
3.1 of [10] and Theorem 1.1 of [11], respectively.

Remark 33. When « = 8 = 0 and f, f,, € (0,00), Dai
and Han [16] investigated the existence of nodal solutions for
problem (8). Thus, our results partially extend and improve
the corresponding Theorem 4.1 of [16].

Remark 34. When o = 3 = 0and f, f., € (0,00), Lazer and
McKenna [7] investigated the existence of nodal solutions for
problem (8). Thus, our results partially extend and improve
the correspondingTheorem 1 of [7].
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Remark 35. The nonlinear term of (8) is not necessarily
homogeneous linearizable at the origin and infinity because
of the influence of the term ax™ + Bx~. Clearly, so the
bifurcation results of [7, 8, 10-13, 16] cannot be applied
directly to obtain our results.
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