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Abstract

For a finite Coxeter group W and w an element of W the excess of w is defined to be
e(w) = min{l(z)+4(y) —€(w) | w = zy, 2% = y* = 1} where £ is the length function on
W. Here we investigate the behaviour of e(w), and a related concept reflection excess,
when restricted to standard parabolic subgroups of W. Also the set of involutions
inverting w is studied. (MSC2000: 20F55)

1 Introduction

This paper, continuing the investigations begun in [6] and [7], studies further properties of
excess in Coxeter groups. First we recall the definition of excess.

Suppose W is a Coxeter group with length function ¢, and set
W ={weW |w=zy where x,y,€ W and 2? = y* = 1}.
Then for w € W, the excess of w is
e(w) = min{l(z) + L(y) — l(w) | w = 2y, 2* = y* = 1}.

The length function is not additive in general. The relationship between ¢(wjwy) and
l(wy) + €(wg) for various special cases of wy,ws € W appears in several well-known re-
sults. For example, it is an important fact that if W is a standard parabolic subgroup of
W, then there is a set X; of so-called distinguished right coset representatives for W; in W
with the property that ¢(wz) = ¢(w) + £(z) for all w € W;, = € X; ([9], Proposition 1.10).
There is a parallel statement to this for double cosets of two standard parabolic subgroups
of W ([5], Proposition 2.1.7). Also, when W is finite it possesses an element wy, the longest
element of W, for which ¢(wg) = ¢(w) + {(wwy) for all w € W ([5], Lemma 1.5.3). Another
special feature of finite Coxeter groups is that every element can be written (in possibly

many ways) as a product xy where 2 = y? = 1, and it seems natural to ask the extent to
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which additivity of length, as measured by excess, is achieved. The hope is that investigation
into excess will yield useful additions to the techniques available for the study of Coxeter
groups.

The main result in [6] asserts that every element in W is W-conjugate to an element whose
excess is zero. In a similar vein, [7] shows that if W is a finite Coxeter group, then every
W-conjugacy class possesses at least one element which simultaneously has minimal length
in the conjugacy class and excess equal to zero. The present paper explores other properties
of excess in finite Coxeter groups. So from now on we assume W is finite, which implies that
W = W. Moreover, every element w € W may be written as xy, where 22 = y?> = 1 and
L(w) = L(z)+ L(y), where L is the reflection length function on W. This fact is established
for finite Weyl groups in Carter [3] (and easily verified for the remaining finite Coxeter
groups). This leads to the related notion of reflection excess. For w € W its reflection excess
E(w) is defined by

E(w) = min{l(z) + (y) — l(w) | w = zy,2* = y* = 1, L(w) = L(z) + L(y)}.

Clearly F(w) > e(w). However E(w) and e(w) can be markedly different — see for example
Proposition 3.3 of [7].

The first issue we address here is how excess and reflection excess behave on restriction to
standard parabolic subgroups of W — as is well-known, such subgroups are Coxeter groups
in their own right. If W} is a standard parabolic subgroup of W and w € W, we let e;(w)
(respectively E;(w)) be the excess of w (respectively reflection excess of w) considered as an
element of W;.

Our main results are as follows.

Theorem 1.1 Let W; be a standard parabolic subgroup of W and let w € W;. Then
Ej(w) = E(w).

We remark that the proof of Theorem 1.1 is very short and elementary, whereas its sister
statement for excess requires a lengthy case-by-case analysis. More than that there is a shock
in store as we now see.

Theorem 1.2 Let W; be a standard parabolic subgroup of W and let w € W;. If W has no
irreducible factors of type D, then e;(w) = e(w).

The assumption that there be no direct factors of type D,, in Theorem 1.2 cannot be omitted.
In Section 3 we give an example with W of type Do, W, of type Dy; and an element w of
W for which e;(w) = 60 but e(w) = 46. However there are a number of positive results, to
be found in Section 3, for W of type D,, provided we restrict W;.

For w € W, the set Z,,, which is defined as follows,

To={zeW|r*=1Luw"=w"}

is intimately connected with e(w) and E(w). This is because if  and y are elements of W,
with 22 = y? = 1, such that zy = w, then w® = (zy)® = yr = w™! and similarly w¥ = w1
Therefore x,y € Z,,. Thus Z,, is always non-empty.

For X C W, we define in Section 2 a certain subset N(X) of the positive roots of W. The

Coxeter length (or just length) of X, denoted by ¢(X), is defined to be |[N(X)] (see [10]). A
consequence of our next theorem is that for all w € W, {(w) < ¢(Z,).
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Theorem 1.3 For allw € W, N(w) C N(Z,).

This paper is arranged as follows. Our next section gathers together relevant background
material while reviewing much of the standard notation used for Coxeter groups. Theorems
1.1 and 1.2 are established in Section 3; the former, being an easy consequence of Lemma
2.4(ii), is proved first. Then Lemma 3.1 gives criteria for recognizing when two involutions
fail to be a spartan pair (see Definition 2.3 for the definition of a spartan pair). With this
result to hand we then prove the pivotal Propositions 3.2 and 3.3. In fact Propositions 3.2
and 3.3 mark the parting of the ways for type A, B and type D. Corollary 3.5 and Proposi-

tion 3.4 combine to pin down the 2-cycles (c*z b) of spartan pairs. With this information we
are then able to complete, in Theorems 3.6 and 3.7, the proof of Theorem 1.2. All is not
lost for type D, as Theorem 3.8 demonstrates, with various conditions which guarantee that

es(w) = e(w).

Our final section investigates N(Z,) for w € W. Proposition 4.2 and Lemma 4.3 reveal
that, under certain circumstances, N(Z,) = ®* (though this is not always the case) and the
balance of this section presents a proof of Theorem 1.3.

2 Background Results and Notation

We briefly recall the standard notation used for finite Coxeter groups W and their root
systems. To begin with, by definition, W has a presentation of the form

W=(R|(rs)" =1,rs€R)

where m,s = mg € N, m,, =1 and m,s > 2 for r;s € R,r #s. Weput R = {ry,...,m,}
— the r; are called the fundamental reflections of W. The length of an element w of W,
denoted by ¢(w), is defined to be

_ min{l |w =1y -y, € Ry ifw#1
g(w)_{ 0if w = 1.

An element t of W is a reflection if t is conjugate to some fundamental reflection r. We let
T denote the set of all reflections in W. The reflection length of an element w of W, denoted
by L(w), is defined to be

[ min{L |w=t,---t,t; eT}ifw#1
L(w)_{ 0if w = 1.

Taking V' to be a real euclidean vector space with basis II = {«a, | » € R} and norm || ||,
we define a symmetric bilinear form (, ) on V' by

T
e [

TS

>,(r,seR).

Now for r,s € R we define

which extends to an action of W on V. This action is faithful and respects (, ) (see [9]).
We remark that traditionally the action of a Coxeter group on its root system is on the left,



but since in this paper we will largely be working with permutation groups, which usually
act on the right, we have chosen to act on the right throughout. The following subset of V'

o ={a, -w|reRweW}

is the root system of W. Setting ®* = {>° A\, € @ | A\, > 0 for all 7} and &~ = -7
we have the fundamental fact that ® is the disjoint union ®TUdP~ (see [9] again), the sets
®* and @~ being referred to, respectively, as the positive and negative roots of ®. Let a be
a positive root. Then o = a, - w for some w € W and r € R. Define r, = w 'rw. Then

a - r, = —a. Such an element as r, is called a reflection of W.
For X a subset of W we define

N(X)={ae€ed" |a-we d for some w € X}.

If X ={w}, we write N(w) instead of N({w}). Clearly N(X) = UyexN(w). The Coxeter
length of X, ¢(X), is defined to be ¢(X) = |[N(X)| — for more on the Coxeter length of
subsets of Coxeter groups, see [10]. The connection between ¢(w) and the root system of W
is contained in our next lemma.

Lemma 2.1 Letw € W and o € ®™.

(1) If L(rqw) > l(w) then o - w € DT and if {(row) < l(w) then o -w € ®~. In particular,
Urqw) < l(w) if and only if o« € N(w).

(1) t(w) = [N (w)].
Proof Parts (i) and (ii) are, respectively, Propositions 5.7 and 5.6 of [9]. O
Lemma 2.2 Let g,h € W. Then
N(gh) = N(g) \ [=N(h) - g7 JU[N(h)\ N(g™")] - g~".
Hence ((gh) = ((g) + £(h) = 2| N(g~") N N(h) |.

Proof See Lemma 2.2 of [6]. O

For J a subset of R define W; = (J). Such a subgroup of W is referred to as a standard
parabolic subgroup. Standard parabolic subgroups are Coxeter groups in their own right
with root system

S, ={a, - wlreJweW,}

(see Section 5.5 of [9] for more on this). A conjugate of a standard parabolic subgroup is
called a parabolic subgroup of W, and a cuspidal element of W is an element not contained
in any proper parabolic subgroup of W.

Definition 2.3 Let w € W. We call (x,y) a spartan pair for w if v,y € W, 2> = y* =1,
w = zy and {(x) + L(y) — l(w) = e(w).

A consequence of Lemma 2.2 is that if z,y € W with 2?> = y*> = 1 and w = xy, then (x,v)
is a spartan pair for w if and only if 2|N(z) N N(y)| = e(w). Letting Vy(w) denote the
A-eigenspace of w (A € R) we introduce the following subset 7, of Z,,, w € W.

Jo={zeW|z>=1uv"=w"Vi(w) CVi(z)}.



Lemma 2.4 Suppose that w € W. Then

(i) e(w) is the sum of the excesses and E(w) is the sum of the reflection excesses of the
projections of w into the irreducible direct factors of W; and

(ii) T is the set of x such that w = xy where x* = y* =1 and L(w) = L(z) + L(y).

Proof Since ¢(w), respectively L(w), is the sum of the lengths, respectively reflection

lengths, of the projections of w into the irreducible direct factors of W, (i) follows easily.
For (ii), see Lemma 3.2(i) of [7]. O

In view of Lemma 2.4(i), irreducible finite Coxeter groups appear frequently in our proofs.
Such groups have been classified by Coxeter [4] (see also [9]).

Theorem 2.5 An irreducible finite Cozeter group is either of type A,(n > 1), B,(n > 2),
D, (n > 4), Dih(2m) (a dihedral group of order 2m, m >5), Eg, E;, Es, Fy, H3 or Hy.

We shall employ the following explicit descriptions of the Coxeter groups of types A,, B,
and D,, and their root systems. First, W (A,) may be viewed as being Sym(n + 1) with the
set of fundamental reflections given by {(12),(23),...,(n n+ 1)}, while elements of W(B,,)
can be thought of as signed permutations of Sym(n). A cycle in an element of W (B,) is
of negative sign type if it has an odd number of minus signs, and positive sign type other-

wise. We take {(TQF), (JQF—Zg), o (n . 1 ﬁ), (n)} to be the fundamental reflections in W(B,,).
An element w expressed as a product gygs - - g of disjoint signed cycles is positive if the
product of all the sign types of the cycles is positive, and negative otherwise. The group
W (D,,) consists of all positive elements of W (B,,) and we take the fundamental reflections

++ - + 4 - o
of W(D,) tobe ry = (12), 10 = (23), ..., rpe1 = (n—1n), r, = (n —1 n). Even if w is
positive, it may contain negative cycles, which we wish on occasion to consider separately,
so when considering elements of W (D,,) we sometimes work in W(B,,).

Let {e;} be an orthonormal basis with respect to the form (, ) for V. For 0 € W(A,)
define e; - 0 = ¢;, — note that our permutations and signed permutations will always act on
the right. The roots for W(A,) are £(e; —e;) for 1 < i < j < n, with the positive roots
being {e; —e; | 1 < i < j < n}. The positive roots of W(B,,) are of the form e; + e; for
1 <i<j<mnande; for 1 <i<n. The positive roots of W (D,,) are of the form e; & e; for
1<i<j<n.

3 Excess and Standard Parabolic Subgroups

The main aim of this section is to prove Theorems 1.1 and 1.2. So let J be a subset of R.

Proof of Theorem 1.1 Let w € W; and z,y € W with 22 = y?> = 1 and zy = 1. Then,
by Lemma 2.4(ii), x € J,. Therefore Vi(w) C Vi(z). Let U = {v € V | W; C Stab(v)}.
Then for allu € U, u € Vi(w) C Vi(x). Hence U C Vi(x) and so x € W;. Thus Julw, = Juw.
Hence E;(w) = E(w). O

We direct our attention to Theorem 1.2 — first we must establish a number of preliminary
results about spartan pairs.



Lemma 3.1 Suppose x and y are involutions in W. If z is an involution centralizing both
x and y, such that ((zz) < L(z) and ((zy) < l(y), then |[N(zx) N N(zy)| < |[N(x) N N(y)]|.
Hence (z,y) is not a spartan pair for w = xy.

Proof By Lemma 2.2 and the observation that for an involution o, N(0) = —oN(0), we
obtain

N(zz) = N(2)\ (=N(z)-2)
= [=(N(z)\ N(x)) U

Similarly
N(zy) = [=(N(z) \ N(y)) U (N(y) \ N(2))] - =
Notice that ((zz) = £(z) + {(z) — 2|N(z) N N(z)|. Hence 3|N(z)| — [N(z) N N(z)| =

2(0(zz) — £(z)), and the same is true for y. Therefore

IN(zz) N N(zy)| = |[N(2) \ (N(z) UN(y)) |+ [ (N(z) " N(y)) \ N(2)]
= [N(@)| = [N(z) N N(2)| = [N(2) N N(y)| + [N () 0 N(y)|
IN(z) " N(y)| = 5 (€y) = Lzy)) — 5 (U(x) — L(z2))
< [N(z) N N(y)|.

If (z,y) were a spartan pair for w = xy, then e(w) = 2|N(z) N N(y)|. But zz, zy € Z,, with
(zx)(zy) = w and 2|N(zzx) N N(zy)| < e(w), a contradiction. Therefore (z,y) cannot be a
spartan pair for w. 0

For the rest of this section, W,, is a Coxeter group of type A,_1, B, or D,; the elements
of W, are therefore cycles or signed cycles of Sym(n). The notation W = W(ny,...,ng)
means W is of type W}, with support {ny,...,ng}. Suppose that W; is a maximal parabolic
subgroup of W,,. Then for some m with 1 < m < n, we may assume that W} is of the form
Sym(1,2,...,m)x W (m+1,...,n). Note that the case m = n is not included if W is of type
A,_1. If W is of type D, the length preserving graph automorphism means that it is not

++ ++ + + -
necessary to consider separately the case W; = ((12),(23),...,(n—2n —1),(n — 1 n)), as
this will be covered by the case m = n. We will abuse notation and deem D(ny,ns) and
D(ny,n9,n3) to be of types A; x Ay and Aj respectively.

- _
We remark that involutions in W only contain cycles of the form (—CiL_ b),(a b), (E) and (a).
That is, 1-cycles and positive 2-cycles.

For u € W, the positive support of u, denoted supp™(u), is the set of all a € {1,...,n} for
which e, - u # e,. So supp™(u), in the case of type B and D, differs from the support of u as
a permutation of the set {£1,...,+n} by only considering the elements of {1,...,n} which
are moved by u.

Proposition 3.2 Suppose W, is of type A,y or B, and let w € W,,. If (x,y) is a spartan
pair for w, then supp™(z) Usupp™(y) C supp™(w).

Proof Suppose for a contradiction that there exists ¢ € supp™(y) \supp*(w). Then e;-y =
+e; for some j with either ¢ # j or e; - y = —e;. Now ¢; - w = ¢; forces e; - = ¢; - y. Define



a positive root a as follows:

ei—e; ite-y=ej j>1
ej—e ite-y=ej <y

“= e; +e; ife -y=—e;j#1; and
e ife;-y=—e;.
Then o« - = a -y = —a. This means that r, centralizes both x and y. Moreover

Urox) < l(x) and l(ray) < {(y). By Lemma 3.1 this contradicts the fact that (z,y) is
a spartan pair. Hence supp™(y) C supp™(w). The same argument with x and w™! implies
that supp™(x) C supp™ (w™!) = supp™ (w). Therefore supp ™ (z) Usupp™(y) C supp™(w). O

Proposition 3.3 Suppose W, is of type D,, and w € W,,. If (z,y) is a spartan pair for w,
then |supp™(y) \ supp™(w)| < 1 and if i € supp™(y) \ supp™(w) then e; -y = ¢; - x = —e;.
Furthermore supp™ (y) \ supp™ (w) = supp™(z) \ supp™ (w).

Proof Suppose i € suppt(y) \ supp®(w) is such that e; - y = +e; for some j # i. Then
e;-x = e; -y and we define the positive root « as in the proof of Proposition 3.2, noting that
the possibility o = e; does not occur, and so « is indeed a root of D,,. Again, {(roz) < {(z)
and {(r,y) < ((y), contradicting the fact that (x,y) is a spartan pair.

Therefore, supp* (y) \ supp* (1) C {é | ¢y = —¢:}. Suppose {4, k} € supp*(y) \ supp* ()
with i # k. Let 8 = e; + e, € ®T. Then f-y = -2 = —f and hence {(rgz) < {(z)
and £(rgy) < {(y), contradicting the fact that (z,y) is a spartan pair. Hence supp™(y) \

suppt(w) contains at most one element i, and e; - y = —e;. Since e; - © = e; - y, we have
suppt(y) \ supp™ (w) C supp™(x) \ supp™ (w). Repeating the argument with z and w™! gives
the reverse inclusion, forcing supp™(y) \ supp™(w) = supp™(z) \ supp™(w). O

Note that there are examples of spartan pairs (z,y) for w where supp™ (y) is not contained in
supp™ (w). These examples are the source of (infinitely many) cases in which e;(w) > e(w).

44+ + -+ A+
One such is the following: w = (2468 1012119 7 5 3) € D15. As a product of fundamen-
tal reflections w = [468.10.3456789.10.11.12.10.987654323579.11] where 10 is the branch node
of the Dy, diagram, and in this expression for w we have written ¢ instead of r;. Clearly w lies

in a standard parabolic subgroup W of type Dy;. It can be shown that e;(w) = 60, whereas

b U e e S S S
e(w) = 46, given by the spartan pair (z,y) where z = (1)(2 3)(4 5)(6 7)(8 9)(10 11)(12),

y = (1)(2)(3 4)(5 6)(7 &)(9 10)(11 12).

€1

ek
Proposition 3.4 Suppose (x,y) is a spartan pair for w € W,,. If (c;rl . a+k) and (by - - by)

are disjoint w-cycles for which (c;rl _ Jk)y = (211 . bZ)_l, then max{a;} > min{b;}.

Proof Without loss of generality, assume a1y = +bg, ..., a;y = £bpi1-4, ..., ary = £by.
Let T = {1,...,n} \ {a1,...,ax,b1,...,0}. Then y = y,y» for some involution y; with



L P p P L PE—1 o1
supp(y1) € T and ys = (51 bg) - - - (5’;C bi) Define z = (5’] bi)(pagl by )-- (5k bi). Now

k _ k
Pi pi Pht1—q Pht1-i
Yz = NY22 =1 H(ai brt1- Z)H( a; b )
i=1 i=1
k/2
o pzpz PiPi /2] Pi pk+1 i PiPk+1—1i
N ylH Gi' Q1) H bi  brti-i)
=1
e /2]

pzpk+1 i szkJrl i

= U H azakJrl i H b; brt1- z)
=1

Therefore yz is an involution. Next we show that zz is an involution. We know that
wY = w~!. Hence for 1 <i <k,

eai_l - eai : ywy
= Pi€oyyq_; WY
= Ek+1-iPiChyo ;" Y

= Pi-1Pi€k+1—i€a;_; -

Therefore p; 1p; = €x1-4. Similarly prp; = €. This allows us to calculate e,; - zwz and
€y; * ZWZ for1 <j<k:

eaj cZWZ = pk+1—j5jpk—j€aj+1 = 6aj+1 = €aj - w

Cp; * 2FWZ = Pk+1—jPk—jCaj1 = €5 = Cp; " W

Hence zwz = w and so z centralizes x = wy.
Suppose for a contradiction that max{a;} < min{b;}. We will show that ¢(zy) < ¢(y) and

Pk+1—t

((zx) < 0(x). Write z = [T_,("@ " b ). Now

k
pi , Pi
(€&¢+1 - pk*iebiﬂ) Y = (eai+1 - pk*iebiﬂ) Y= (eai+1 ’ H(al bk+1*i) - pk*iebiﬂ)
=1
= pir1€h_; — Pk—iPk—iCay_; = —€ay_; T €p,_, € P,

Hence by Lemma 2.1 ((zy) = ((z1y) < l(zp—1y) < --- < l(z1y) < {(y). Similarly

-1

(€a¢+1 - pk*iebiﬂ) C 2T = (_eakﬂ' + ebkﬂ') W= T Cap iy + €1 € ®

and so ¢(zz) < ¢(x). But by Lemma 3.1 this contradicts the fact that (z,y) is a spartan
pair. Therefore max{a;} > min{b;}. O

Corollary 3.5 Suppose w € W, 1is contained in a maximal parabolic subgroup Wy of W,
which is of the form Sym(l 2,....om) X W(m+1,...,n). If (z,y) is a spartan pair for w,

then for every 2-cycle (a b) ofx orvy, either {a,b} C {1 ,m} or{a,b} C{m+1,...,n}.



Proof Since r = wy, it is enough to prove the result for 2-cycles (5 b) of y. Without loss
of generality, assume a < b. Suppose that {a,b} € {m +1,...,n}. Then a € {1,...,m}.
If b lies in the same w-cycle as a, then b is forced to lie in {1,...,m} (since w € W) and
we are done. If b lies in a different w-cycle then since w¥ = w~!, the w-cycles containing a

and b respectively are of the form (c‘{l . c—LZ) and (b; e b;) By Proposition 3.4, we see that
max{a;} > min{b;}. Since max{a;} < m, we get {by,...,bx} C {1,...,m}. In particular,
{a,b} C{1,...,m}. O

Theorem 3.6 Suppose W =W (A,)) and w € W; <W. Then e;(w) = e(w).

Proof We may assume that W, is maximal and hence of the form Sym(1,2,...,m) X
Sym(m +1,...,n) for 1 < m < n—1. Let (z,y) be a spartan pair for w. Note that
since * = wy, x and y lie in the same right Wj-coset. It is therefore enough to show
that y € W;. By Corollary 3.5, for every 2-cycle (a b) of y, either {a,b} C {1,...,m} or

{a,b} C {m +1,...,n}. Hence y is a product of commuting reflections each of which lies
in W, forcing y € W;. Thus every spartan pair for w is already to be found in W; and so
es(w) = e(w). O

Theorem 3.7 Suppose W = W (B,) and w € W; < W. Then e;(w) = e(w).

Proof We may assume that W is maximal and hence of the form Sym(1,2,...,m) X
Bm+1,...,n) for 1 <m < n. Let (z,y) be a spartan pair for w. Again we will show

that y € W,. By Corollary 3.5, for every 2-cycle (a b) of y, either {a,b} C {1,...,m}
or {a,b} € {m+1,...,n}. Let S = {a € {1,...,m} | e, -y € & }. Assume for a
contradiction that S is nonempty. Now define z = [[,.¢(a). Repeated applications of
Lemma 2.1 show that ¢(zy) < £(y) and furthermore £(zz) < £(z) (since e, - © = e, - yw™?
and e, - w™' € ®F for all « € {1,...,m}). Note also that z centralizes y. To show
that z centralizes x, suppose a € S. Then ¢, -y = —e, for some b € {1,...,m}. So

(g w) - y=ceq-ywt =—e,-wt € d". Therefore a € S implies aw € S and hence for any

w-cycle (51 : Ek) with {aq,...,ax} C {1,...,m}, either e,, - 2 = ¢, for all 1 < i < k or
€q; - 2 = —€q, for all 1 <14 < k. Consequently z centralizes w. We deduce that z centralizes
x as well as y, and so by Lemma 3.1, (z,y) cannot be a spartan pair, a contradiction. Thus
S is empty and e, -y € @ for all a € {1,...,m}. Taken with the fact that the 2-cycles of
y do not interchange elements of {1,...,m} and {m + 1,... ,n}, this shows that y € W.
Hence x = wy € W;. Thus every spartan pair for w is contained in W, which implies
es(w) = e(w). O

Proof of Theorem 1.2 By Lemma 2.4(i), it is enough to prove the result for W an
irreducible finite Coxeter group not of type D,,. Types A, and B, have been dealt with in
Theorems 3.6 and 3.7. Theorem 1.2 trivially holds for dihedral groups. Types Eg, E7, Es, Fy,
Hj and H, have been checked using the computer algebra package MAGMA[2]. We discuss the
details of these calculations using W = W (Eg) as an example. If for each maximal parabolic
subgroup W; of W we know that for all K C J and for all w € W, ej(w) = ex(w), then it
suffices to verify Theorem 1.2 for all the maximal parabolic subgroups of W — that is, that



ej(w) = e(w) for all maximal parabolic subgroup W of W. So, for example, if W} is of type
A, then we may apply Theorem 3.6 for Wi C W;. However we must beware of standard
parabolic subgroups of W of type D,, — these must be checked directly. Among the standard
parabolic subgroups of W, the most challenging calculation occurs when W; is of type E7.
Set £ ={y | y € W; and y has order greater than 2}. We note that |E| = 2,892,832. We
need to check that e(y) = e;(y) for all y € E (this is because we know that e(w) = 0 = e;(w)
for all w € W;\E). Below we give the MAGMA code which was used for the calculations in
the groups of types Fg, Fr, Es, Fy, H3 and H, (with ans = {0} being the output obtained in
all cases).

In the routine H denotes the standard parabolic subgroup of the Coxeter group W.

E:={y: y in H |Order(y) gt 2};

ans:={ };for x in E do NH:=Normalizer (H,sub<W|x>);

CW:=Centralizer(W,x);

CH:=Centralizer(H,x);

SH:=Sylow(NH,?2) ;

RH:=sub<W|SH,CH>;

TT:=Transversal (RH,CH) ;

for i:=1 to #TT do

if x"TT[i] eq x"-1 then inverter:=TT[i];end if;

end for;

CosH:={c*inverter : c¢ in CH};CosW:={c*inverter : c¢ in CW};

tempW:={y: y in CosW |Order(y) eq 2};

tempH:={y: y in CosH |Order(y) eq 2};

lenx:=CoxeterLength(W,x) ;

minW:=Min({CoxeterLength(W,x*y)+ CoxeterLength(W,y) - lenx : y in tempW});
minH:=Min({CoxeterLength(W,x*y)+ CoxeterLength(W,y) - lenx : y in tempH});
ans:=ans join {minH - minW};end for;

The final result in this section shows that excess does behave well in type D,, with respect
to certain parabolic subgroups and cycle types of elements.

Theorem 3.8 Suppose W = W(D,) and w € W; < W, where Wy is of the form
Sym(1,2,....,m) x D(m +1,...,n). Write w = wyws, where wy € Sym(1,2,...,m) and
wy € Dim+1,...,n). If either m = n, or we contains a 1-cycle, or wsy consists only of
even, positive cycles, then e;(w) = e(w).

Proof Let (z,y) be a spartan pair for w. We will show that y € W,. By Corollary 3.5,

for every 2-cycle (a b) of y, either {a,b} C {1,...,m} or {a,b} C {m +1,...,n}. Let
S={aec{l,....m}|e,-yec P}
We first consider the case where |S| is even. Define z =[], _s(a) € W. Now

Niz)={{e.te |1 <a<b<n,ac S}

Since e, -y € &~ for every a € S, at least one of e, + ¢, and e, — ¢, will be in N(y) for
all b > a. Therefore ¢(zy) = ((z) + {(y) — 2|N(2) N N(y)| < £(y). Similarly ¢(zz) < {(z).
Moreover, by the same reasoning as that in the proof of Theorem 3.7, z centralizes both x
and y. Therefore, by Lemma 3.1, we either have a contradiction (forcing S to be empty and
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x,y € Wy) or another spartan pair (zz, zy), this time contained in W;. Hence e;(w) = e(w).

We are left with the possibility that |S| is odd. If m = n, then since y € W(D,,) we must
have |S| even. So m < n. Suppose, for a contradiction, that ws consists only of even,
positive cycles. By thinking of W as a subgroup of W(B,,), we can write y = y;y2, where
supp™(y1) € {1,...,m} and supp™(y2) C {m + 1,...,n}. Since |S| is odd, y; contains an
odd number of sign changes, and since y € W(D,,), y, must also contain an odd number of

sign changes. However yywoys = w, '. (This is because for every 2-cycle (Ekl b) of y, either
{a,0} C{1,...,m}or{a,b} C {m+1,...,n}.) But ws consists only of positive, even cycles.
This means there are two conjugacy classes in D(m + 1,...,n) with that signed cycle type,
but only one in B(m+1,...,n). Therefore any element of B(m+1,...,n)\D(m+1,...,n)
(such as y,) must interchange the conjugacy classes. This contradicts the fact that w,' is
conjugate in D(m + 1,...,n) to we. Hence if wy consists only of even, positive cycles, |S|
must be even.

+
Therefore the only possibility remaining is that we contains a 1-cycle (b) or (b). Define

z=(b)[],es(a) € W. Now
N(z)={este.|1<a<c<naecS}U{eyLe.|b<c<n}.

Let A\={eate. |1 <a<c<m,aeS}. Then |N(z)| = A+ 2|S|(n —m)+ 2(n —b). Now
forc>manda€ S, e, +e. € N(y) and e, —e. € N(y). For ¢ < m, at least one of ¢, + e,
e, —e. € N(y). Hence

IN(z)N Ny > A +2[S|(n—m) = (A +4[S|(n —m))
> LN +2[8](n —m) + 2(n — b)) = £(2).

Hence ¢(zy) < {(y). Similarly ¢(zz) < ¢(x). An almost identical argument to that in the
proof of Theorem 3.7 shows that z centralizes both x and y. By Lemma 3.1 (z,y) cannot be
a spartan pair, a contradiction. Hence S is empty. This implies that x,y € W, and hence
ej(w) = e(w). O

4 The Set of Roots N(Z,)

The main result of this section is the proof of Theorem 1.3. First we look at the case when
w is a cuspidal element. We require a technical lemma before we can start the proof of
Proposition 4.2.

Lemma 4.1 Suppose w € W and let Qy, ...,y be the set of (w)-orbits on ®. For x € T,
if Qi -xN® £, then ;NOT C N(Z,).

Proof Suppose that Q; -2 N®~ # (. Then for any « € €;, there is an integer j such that
a-wiz € d™. If a € T, then a € N(w'z). Since wz € Z,,, we get o € N(Z,). This holds
for each o € Q; N ®T, so the lemma is proved. O

Proposition 4.2 If w is a cuspidal element of W, then N(Z,) = ®*.
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Proof Assume that w is cuspidal in W and let €, ..., be the set of (w)-orbits on .
For x € I, suppose 3 € €;-x and write 3 = a-x. Then for any integer j, f-w’/ = a- 2w’ =
a-wlz € Q; - x. Therefore Q; - z is also a (w)-orbit. Suppose Q = (3,8 - w,...,3 - wk)
is any (w)-orbit of roots. Then v = Zf:oﬁ -w' is a fixed point of w. It is well-known
(and follows from Ch V §3.3 of [1]) that the stabilizer of any non-zero v € V' is a proper
parabolic subgroup of W. Since w is cuspidal, therefore, we must have v = 0. Hence 2 must
contain both positive and negative roots. In particular, for 1 < i < k, €2; - x must contain at
least one negative root. Therefore, by Lemma 4.1, Q; N ®* C N(Z,) for 1 <1i < k. Hence
N(Z,) = ®T, and the result holds. O

Lemma 4.3 Suppose W has a non-trivial centre. Then for all w € W, N(Z,) = ®*.

Proof Let wy be the non-trivial central involution. Let z € Z,,. Then zwg € Z,,. Now

N(zwo) = N(x)\ [=N(wo) - ] U [N(wo) \ N(z)] -
= N(z)\[® -2z]U[®"\ N(z)] -
= QU \ N(z) ="\ N(z).

Hence N(Z,) 2 N(zwy) U N(z) = ®*. Therefore N(Z,) = 7. O

Lemma 4.4 Suppose W is of type A,_1. Then for allw € W, N(w) C N(Z,).

Proof Now W is isomorphic to Sym(n), so we may write w as a product of disjoint cycles.

Consider a cycle A\ = (a1az...a,) of w. Let A = {ay,...,a,}. We will define o) and o} €
Symy NZy. If m is odd, let oy = 0\ = (a2am)(a3am—1) - - (Q(m+1)/20(m+3)/2)- 1 m is even, let
O\ = (alam)(CLZam—l)(a3a'm—2) to (am/2am/2+1) and 0-3\ = (a2am)(a3am—1) T (am/2am/2+2)~

Note that every involution in Sym, N Z, is of the form oy or ¢ for some choice of a;. Fur-
ther, note that o) contains the 2-cycle (a[m/2)@[m/21+1), which is of the form (a aw).

Let e, — a, € N(w). Suppose a and b appear in the same cycle A of w. Write w = \w’
where supp(w’) N A = ). Let 7 be an arbitrary element of Z,, N Sym(supp(w’)). If a,b are
separated by an even number of a;, then by a judicious choice of a;, we can ensure that (ab)
is a 2-cycle of o). Otherwise we can ensure that (ab) is a 2-cycle of o). Let x = o7 or o}7
accordingly. Then z € Z,, and e, — e, € N(x).

Now suppose that a and b appear in different cycles A; and Ay of w. We may choose o), and
o), such that o), contains the 2-cycle (a aw) and o), contains the 2-cycle (b bw). Writing
w = A Aw’ and choosing any 7 € Z,» N Sym(supp(w’)) we see that for z = oy,0),7 € L,
(ea —ep) -z = (eq —ep) -w € ¢~. Hence e, — e, € N(w) and therefore N(w) C N(Z,,). O

Note that there are examples in type A,,_; where N(Z,,) # ®*. For instance, in W (A4g) =
Sym(7), for w = (1234)(567) we have e, — e5 ¢ N(Z,).

Proposition 4.5 Let W be of type D,,. For allw € W, N(w) C N(Z,).
We work in the environment of W(B,), as we will be dividing w into a product of cycles,
some of which may be negative. We write ZZ for Z,, when we are considering w as an element

of W(B,), and Z) = Z7NW(D,). Let W(B,,) be the Coxeter group of type B over supp(w)
and define Z,, = Z8 N W(B,,). For w € W(B,,), we write w for the corresponding element
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of Sym(n). For example, if w = (1 2), then w is an even, negative cycle and w = (1 2).
For every w € W(B,), ZZ # (. If w is negative, then for any 7 € ZZ, exactly one of 7

and wT is negative, so ZZ contains both positive and negative elements. If w is positive,
then w € W(D,,), and so Z2 is non-empty, whence ZZ contains at least one positive element.

Before we can prove Proposition 4.5 we need the following lemma.

Lemma 4.6 Let g be an m-cycle of W(B,).

(i) Suppose m is odd and write § = (ayaz -+~ a,,). Then there exists T, € I, such that T, is
positive and Ty = (a2am)(a3am-1) - - - (A(m+1)/20(m+3)/2) -

(ii) Let a € supp(g). Then there exist 7,7, € T, and 7,, € T, such that (er) is a cycle of
7 and (a) is a cycle of Tga- Moreover, 7t s negative if and only if m is even and g is

g,a g,a
negative; ngfa is negative if and only if m is odd and g is negative; 7, , is positive if and only

if m s even and g s positive.
Proof We consider the cases m odd and m even separately.

Suppose first that m is odd. Since Tg is non-empty, there exists 7 € fg, and 7 inverts g by
conjugation. Hence 7 is of the form (asam)(asan—1) - - (a(m+1)/20(m+3)/2) for some labelling
(ay---ay) of g. The 7 resulting from any choice of labelling for g are conjugate via an
element of the centralizer of g, and hence for any labelling (ajas - - a,,) of g, there exists
T € I, with 7 = (a2a,,) (a3, 1) - (@(m+1)/20(m+3)/2)- Let z be the central involution in

W(B,), so z = (a1)(az) - - - (a,) and z is negative. Exactly one of 7 and 27 is positive. Let
74 be the positive one. Moreover, setting a; = a, define 7,7, = 7, and 7, = 27,. since 7, is a
positive involution containing exactly one 1-cycle, the 1-cycle must be positive. Hence 7';7— "

contains (5) and is positive, and 7, contains (a) and is negative. Finally g7,

and only if g is negative. This establishes part (i), and (ii) for m odd.

is negative if

)

Now suppose that m is even. Then ¢ is conjugate either to h = (a+1 drg--~afn) or to

-+ + — Fo, oA+ + o+ =
(a1 az---ap) = (a1)h. Let 0 = (a1)(am/2)(a20m)(a30m-1) - - (Qm/20m/242). Then o € Iy,

and hence (a;)o € @ Therefore Z,, contains an element 7 with two 1-cycles, at least one
1

of which is positive. By choice of labelling of g, we can ensure that (5) is a 1-cycle of 7. In
addition, 7 is positive if and only if g is positive. Let z be the central involution in W (B,).
Note that because m is even, z is positive. Now set 7, = 7 and 7., = 27. Then 7/, is
negative if and only if ¢ is negative, ng‘f o 18 always positive, and 7, is positive if and only
if g is positive. This establishes part (ii) for m even, so completing the proof of the lemma. O

We may now give the

Proof of Proposition 4.5 Suppose a = +e,+e, € N(w). We must find a positive z € 2
such that a € N(x). There are two cases to consider, depending on whether a and b are in
the same or distinct cycles of w.

We first consider the case that {a,b} C supp(g) for some m-cycle g of w. Suppose m is odd,
then by Lemma 4.6 and judicious choice of ay, there exists 7, € Z, such that (ab) is a 2-cycle
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of 7,. Hence «a - 7, = £a. Therefore either a € N(7,) or a € N(7,9). Replacing 7, by 7,¢ if
necessary, we have o € N(7,) and 7, is positive whenever g is positive. Write w = gw'. If 7,
is positive, then choose a positive o € Z,,. If 7, is negative, then g is negative, forcing w’ to
be negative (recall that w is positive), thus we may choose a negative o € Z,,. Finally, let
r = 1,0. Then z € ZP, z is positive and a - x = —a. Hence a € N(x). If m is even, just
pick any positive ¢ € ZB. Let 2 be the central involution in W (B,). Since m is even, z is
positive. Then zo € Z,, and a € N(0) U N(z0) C Z,,.

We must now consider the case where a and b appear in different cycles of w. So assume
a € supp(g1), where g; has length m;, and b € supp(g2), where g, has length my. Write
w = gigow’. Let 7 = T$7a917;7bg2. Note that a- 7 = a - w. If 7 is positive, then let o be
any positive element of Z,,. If 7 is negative and w’ is negative, then let ¢ be any negative
element of Z,. Set z = 7o. Then x is a positive element of ZZ, and a € N(x). The only
case not covered is where 7 is negative and w’ is positive. Hence g;g- is positive. Without
loss of generality, we must have 7% g; negative and 7, ,g» positive, which means m, is odd,
and ¢, is negative; hence ms is even and g, is negative. In this case we let ¢ be any positive

element of Z,,, and set 7 = ToraT 0 We see that z is a positive element of ZB. Furthermore

a -z = —a and hence a € N(z). For each possibility we have found a positive z € ZB such
that « € N(x), so the result holds. O

Proposition 4.7 Suppose W is finite with trivial centre. Then for all w € W, N(w) C
N(Zy,).

Proof It is enough to consider the finite irreducible Coxeter groups W with trivial cen-
tre. These are precisely the Coxeter groups of type A,, n > 1, D,, n > 4 and n odd, Ej
and Dih(2m) for m odd. In Dih(2m) the non-trivial conjugacy classes are either classes of
reflections or cuspidal classes. In either case the result is trivially true. For Eg the result
was checked with a computer using MAGMA[2]. Types A,, and D,, have been dealt with in
Lemma 4.4 and Proposition 4.5 respectively. 0

Theorem 1.3 is an immediate consequence of Lemma 4.3 and Proposition 4.7.

Theorem 1.3 raises the question as to whether, for w € W, N(w) C N(z) for some = € Z,,.
However we do not have to look very far before alighting upon the following example. Choose
W to be the Coxeter group W (A4) = Sym(5) and let w = (235). Now N(w) = {es —es5, 5 —
eq,e3 — es,e4 — e5}. Also Z,, = {(23), (35), (25), (14)(23), (14)(35), (14)(25)} and we have

r€Z, N(x)

(23) {62 - 63}

(35) {es —eq,e3 —e5,e4 — €5}

(25) {62 — €3,62 — €4,€2 — €5,63 — €5,64 — 65}

(14)(23) {e1 — e, €1 —e3,61 — €4,63 — €3,69 — €4,€3 — €4}

(14)(35) {61 — €9,€61 —€3,€1 — €4, — €4,€E3 — €4,€3 — 65}

(14)(25) {61 — €3,61 — €4,€1 — €5,62 — €3,€E9 — €4,€69 — €5,€E3 — €4,€3 — 65}.

From the above we observe that for each € Z,,, N(w) € N(x).
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