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Abstract Dilatonic black hole dyon-like solutions in the
gravitational 4d model with a scalar field, two 2-forms, two
dilatonic coupling constants A; # 0, i = 1,2, obeying
A1 # —X, and the sign parameter ¢ = =1 for scalar field
kinetic term are considered. Here ¢ = —1 corresponds to
a ghost scalar field. These solutions are defined up to solu-
tions of two master equations for two moduli functions, when
)Liz # 1/2 for e = —1. Some physical parameters of the solu-
tions are obtained: gravitational mass, scalar charge, Hawk-
ing temperature, black hole area entropy and parametrized
post-Newtonian (PPN) parameters 8 and y. The PPN param-
eters do not depend on the couplings A; and €. A set of bounds
on the gravitational mass and scalar charge are found by using
a certain conjecture on the parameters of solutions, when
1+22%e>0,i=1,2.

1 Introduction

In this paper we extend our previous work [1] devoted to dila-
tonic dyon black hole solutions. We note that at present there
exists a certain interest in spherically symmetric solutions,
e.g. black hole and black brane ones, related to Lie alge-
bras and Toda chains; see [2—28] and the references therein.
These solutions appear in gravitational models with scalar
fields and antisymmetric forms.

Here we consider a subclass of dilatonic black hole solu-
tions with electric and magnetic charges Q1 and Q», respec-
tively, in the 4d model with metric g, scalar field ¢, two
2-forms F(V and F®, corresponding to two dilatonic cou-
pling constants 1| and A;, respectively. All fields are defined
on an oriented manifold M. Here we consider the dyon-like
configuration for fields of 2-forms

4 e-mail: ivashchuk @mail.ru

FO = 0951, FP = 0,1,

(1.1)

where 7 = vol[S?] is volume form on 2-dimensional sphere
and * = x[g] is the Hodge operator corresponding to the
oriented manifold M with the metric g. We call this non-
composite configuration a dyon-like one in order to distin-
guish it from the true dyon configuration which is essen-
tially composite and may be chosen in our case either as: (i)
FO = 0121 x t + Qot, F® = 0, or (i) FV = 0,
F® = 01e*2% % t + Q7. From a physical point of view
the ansatz (1.1) means that we deal here with a charged black
hole, which has two color charges: Q1 and Q5. The charge
Q1 is the electric one corresponding to the form F(, while
the charge Q> is the magnetic one corresponding to the form
F® . For coinciding dilatonic couplings | = Ay = A we
get a trivial noncomposite generalization of dilatonic dyon
black hole solutions in the model with one 2-form which was
considered in Ref. [1]; see also [4,10,11,14,23,28] and the
references therein.

The dilatonic scalar field may be either an ordinary one or
a phantom (or ghost) one. The phantom field appears in the
action with a kinetic term of the “wrong sign”, which implies
the violation of the null energy condition p > —p. According
to Ref. [29], at the quantum level, such fields could form a
“ghost condensate”, which may be responsible for modified
gravity laws in the infra-red limit. The observational data do
not exclude this possibility [30].

Here we seek relations for the physical parameters of
dyonic-like black holes, e.g. bounds on the gravitational mass
M and the scalar charge Q. As in our previous work [1] this
problem is solved here up to a conjecture, which states a one-
to-one (smooth) correspondence between the pair (Q%, Q%),
where Qg is the electric charge and @ is the magnetic
charge, and the pair of positive parameters (P;, P»), which
appear in decomposition of moduli functions at large dis-
tances. This conjecture is believed to be valid forall A; # Oin
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the case of an ordinary scalar field and for 0 < Xl.z < 1/2 for
the case of a phantom scalar field (in both cases the inequality
A1 # —Ap is assumed).

2 Black hole dyon solutions

Let us consider a model governed by the action

4
S = TG d*x IgI{R[g] — 8" 3,0d,9
1 1
_ Eezhwplglv)p(l)/w _ Eeﬂw Flﬁ)F(Z)MU } , .1

where ¢ = g, (x)dx* @ dx" is the metric, ¢ is the scalar
field, FO = dA® = LF{)dx* A dx" is the 2-form with
AW = Ag)dx“, i = 1,2, e = %1, G is the gravitational
constant, A1, Ay # 0 are coupling constants obeying A #
—Xz and |g| = |det(guy)|. Here we also put k,.z # 1/2,
i = 1,2, for e = —1. For A; = A the Lagrangian (2.1)
appears in the gravitational model with a scalar field and
Yang—Mills field with a gauge group of rank 2 (say SU (3))
when an Abelian sector of the gauge field is considered.

We consider a family of dyonic-like black hole solutions
to the field equations corresponding to the action (2.1), which
are defined on the manifold

M= Q2u, +00) x §? x R, (2.2)

and have the following form:

_ - 2
ds? = guudxtde” = H)" Hé”{—hr1 Mg (1 - —“) di?

R
(2.3)
dRr? R2402
+ T + R*dQ3 1,
R

hiiie ;,—hohpe
exp(p) = H""1°Hy "2 2.4)

D _ Q1 ,,-2,-Ap
FO = w2 Hi“Hy 12 AdR, (2.5)
F® = 0. (2.6)

Here Q; and Q; are (colored) charges—electric and mag-
netic, respectively, © > 0 is the extremality parameter,
dQ% = d6? + sin® Od¢? is the canonical metric on the unit
sphere 2 (0 < 0 < 7,0 < ¢ < 27), T = sin@dO A d¢ is
the standard volume form on S 2,

hi =K' _ ! 2 2.7
=K Ki=g+erd, @.7)
i=1,2,and

A = (1 —2A1A28)hy. 2.8)

@ Springer

The functions Hy; > 0 obey the equations

%) an,

4 - _K.02 H Y 2.9
iR AT 0[] A 2.9)

=12

with the following boundary conditions imposed:

H; — Hso > 0 (2.10)
for R — 2u, and
Hy — 1 (2.11)
for R > +o0,5 =1, 2.

In (2.9) we denote
(Asy) = <12421 ;“2> : 2.12)
where A1 is defined in (2.8) and
Ao = (1 =211 h28)hy. (2.13)

These solutions may be obtained just by using general for-
mulas for non-extremal (intersecting) black brane solutions
from [19-21] (for areview see [22]). The composite analogs
of the solutions with one 2-form and A1 = A, were presented
in Ref. [1].

The first boundary condition (2.10) guarantees (up to a
possible additional requirement on the analyticity of H;(R)
in the vicinity of R = 21) the existence of a (regular) horizon
at R = 2u for the metric (2.3). The second condition (2.11)
ensures asymptotical (for R — +00) flatness of the metric.

Remark 1 1t should be noted that the main motivation for
considering this and more general 4D models governed by
the Lagrangian density L,
L£/V1gl = RIgl = hapg" 3,6 "

m

— % Z exp(2hiap®) F ) FOm, (2.14)

i=1
where ¢ = (¢%) is a set of [ scalar fields, F) = dA®
are two forms and A; = (Xj,) are dilatonic coupling vec-
tors,i = 1, ..., m,is coming from dimensional reduction of
supergravity models; in this case the matrix (h,p) is positive
definite. For example, one may consider a part of bosonic
sector of dimensionally reduced 11d supergravity [16] with
| dilatonic scalar fields and m 2-forms (either originating
from the 11d metric or coming from a 4-form) activated;
Chern—Simons terms vanish in this case. Certain uplifts (to
higher dimensions) of 4d black hole solutions corresponding
to (2.14) may lead to black brane solutions in dimensions
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D > 4, e.g. to dyonic ones; see [16,17,20,24,25] and the
references therein. The dimensional reduction from the 12-
dimensional model from Ref. [31] with phantom scalar field
and two forms of rank 4 and 5 will lead to the Lagrangian
density (2.14) with the matrix (h,p) of pseudo-Euclidean
signature.

Equations (2.9) may be rewritten in the following form:

dyS
=— ex
dz P

s = 1, 2. Here and in the following we use the following
notations: y* =1In Hy, z =2u/R, g = Qs/(2u) and Kg =
hs_1 for s = 1, 2, respectively. We are seeking solutions to
Egs. (2.15) for z € (0, 1) obeying

Z Asly )

=12

41 2.15
d—z[( —2) (2.15)

y*(0) =0,
Y (1) =y,

(2.16)
(2.17)

where y; = In Hy are finite (real) numbers, s = 1, 2. Here
z = 0 (or, more precisely z = +0) corresponds to infinity
(R = 400), while z = 1 (or, more rigorously, z = 1 — 0)
corresponds to the horizon (R = 2u).

Equations (2.15) with conditions of the finiteness on
the horizon (2.17) imposed imply the following integral of
motion:

—(l—z) 3 hsAszdy dy + Z

s,1=1,2

— > qlexp

s=1,2

- Z Aslyl =0

1=1,2

(2.18)

Equations (2.15) and (2.17) appear for special solutions to
the Toda-type equations [20-22]

fus =K, Qlexp | Y Ay . (2.19)
=12

for the functions

2 (u) = —y* — ub’u, (2.20)

s = 1,2, depending on the harmonic radial variable u:

exp(—2uu) = 1 —z, with the following asymptotical behav-
ior for u — +o0 (on the horizon) imposed:

ZS (M) —

—ub’u + zy + o(1), (2.21)

where 750 are constants, s = 1, 2. Here and in the following
we denote

b =2 Z A

1=1,2

(2.22)

where the inverse matrix (A*') = (Ay) ! is well defined due
to A1 # —Ao. This follows from the relations

1
Ag = 2lehl» By = E + SXSXI)\'S)\'lv (223)

where x1 = 41, x2 = —1 and the invertibility of the matrix
(Byp) for A1 # —X», due to the relation det(By;) = %8(A1 +
)»2)2.

The energy integral of motion for (2.19), which is com-
patible with the asymptotic conditions (2.21),

dz® dz!
Z hASle dZ
rl 1,2 u

—% Z 0% exp Z AgZ | = %M2 Z hib®,

s=1,2 1=1,2 s=1,2
(2.24)

leads to Eq. (2.18).

Remark 2 The derivation of the solutions (2.3)—(2.6), (2.9)—
(2.11) may be extracted from the relations of [19-21], where
the solutions with a horizon were obtained from general
spherically symmetric solutions governed by Toda-like equa-
tions. These Toda-like equations contain a non-trivial part
corresponding to a non-degenerate (quasi-Cartan) matrix A.
In our case these equations are given by (2.19) with the matrix
A from (2.23) and the condition detA # Oimplies A1 # —A.
The master equations (2.9) are equivalent to these Toda-like

equations. Fortunately, for A = —A, and ¢ = +1 the solu-
tion does exist. It obeys Egs. (2.3)—(2.6) and (2.9)-(2.11)
o

with H; = HQ%+Q%,i = 1,2, where H = 1—|—%andP >0
satisfies P(P+2p) = K1(Q3+03), K1 > 0.Fori; = —A2
the solution reads

2 dRr?
ds?2 = H" a2 (1 - L) a2 4 + RM93 Y,
R -2
R
Hh|)\.1€

H2dt ndR, FP = Q1.

exp(y) = F = %

We have verified this solution by using MATHEMATICA. It
is also valid for ¢ = —1 and A% < %

@ Springer
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3 Some integrable cases

Explicit analytical solutions to Egs. (2.9), (2.10), (2.11) do
not exist. One may try to seek the solutions in the form

%) 1 k
k
H5=1-+§:P;>(E> : 3.1
k=1
where Ps(k) are constants, k = 1,2,...,and s = 1, 2, but
only in few integrable cases the chain of equations for Ps(k)

is dropped.

For ¢ = +1, there exist at least four integrable configura-
tions related to the Lie algebras A| + Ay, Az, B, = C3 and
Go.

3.1 (A; + Ay)-case

Let us consider the case ¢ = 1 and

20
(Asy) = (0 2) : (32)
We obtain
1
AMA2 = 3 3.3)

For A1 = A, we get a dilatonic coupling corresponding to
string induced model. The matrix (3.2) is the Cartan matrix
for the Lie algebra A1 + A1 (A1 = s/(2)). In this case

H——1+PS (3.4)
s — R ) o

where

Py(Ps +2u) = K, 03, (3.5)

s = 1, 2. For positive roots of (3.5)

Py = Py = —p+/1? + K 02, (3.6)

we are led to a well-defined solution for R > 2u with asymp-
totically flat metric and horizon at R = 2u. We note that in
the case A1 = A, the (A1 + A1)-dyon solution has a compos-
ite analog which was considered earlier in [7,10]; see also
[15] for certain generalizations.

3.2 Aj-case

Now we put ¢ = 1 and

a=(2,5"):

@ Springer

(3.7)

We get

M=A =i A2=3)2. (3.8)
This value of dilatonic coupling constant appears after reduc-
tion to four dimensions of the 5d Kaluza—Klein model. We
gethy = 1/2 and (3.7) is the Cartan matrix for the Lie algebra

As = sI(3). In this case we obtain [20]

P, PY
Hs=1+E+—R2, (3.9)
where
20 = Py(Ps +21)(Ps + 4p) (3.10)
$ Pi+P+4p '
P _ Ps(Pg +2p) Ps (3.11)

S 2P+ P +4p)’

s=1,2GG=2,1).

In the composite case [1] the Kaluza—Klein uplift to D =
5 gives us the well-known Gibbons—Wilthire solution [5],
which follows from the general spherically symmetric dyon
solution (related to A, Toda chain) from Ref. [4].

3.3 C, and G cases

If we pute =1 and

= (2,5") o @wo=(25") e

we also get integrable configurations for k = 2, 3, corre-
sponding to the Lie algebras By = C and G, respectively,
with the degrees of polynomials (3,4) and (6, 10). From
(2.8), (2.13) and (3.12) we get the following relations for the
dilatonic couplings:

! +22 =k ! + 22 1 — 2y = ! A3, (3.13)
2 2 — 2 1 9 1A2 = 2 9 .

or

1 1 1
544%:k<§+xg, L—nuaz—z—xi (3.14)

Solving Eq. (3.13) we get (A1, Ap) = :I:(ﬁ, %) fork =2

and (A, A2) = * (%, 3\/§> for k = 3. The solution to

Eq. (3.14) is given by permutation of A; and A;.

The exact black hole (dyonic-like) solutions for Lie alge-
bras B, = C, and G, will be analyzed in detail in separate
publications. They do not exist for the case A; = Ap. We
note that for the B, = C» case (k = 2) the polynomials H;,
i = 1,2, were calculated in [32].
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3.4 Special solution with two dependent charges

There exists also a special solution

P bS
H, = (1 + E) , (3.15)
with P > 0 obeying
Ky
5. & =P+ 2u), (3.16)
S

s = 1, 2. Here b* # 0 is defined in (2.22). This solution is a
special case of more general “block orthogonal” black brane
solutions [33-35].

The calculations give us the following relations:

2hs
$= 0 (3.17)
A+ A2
(A1 + A2) 1
QL2 p(p 4 2p) = =02, (3.18)
205 2

where s = 1,2 and 5 = 2, 1, respectively. Our solution is
well definedif A; 1> > 0, i.e. the two coupling constants have
the same sign.

For positive roots of (3.18)

1
P=P, =—p+ M2+§Q2

we get for R > 2 a well-defined solution with asymptoti-
cally flat metric and horizon at R = 2u. It should be noted
that this special solution is valid for both signs ¢ = £1. We
have

(3.19)

2 dR?
ds? = B2 -4 (1- L) a2 + + R24Q2 1,
R 1— TM
(3.20)
¢ =0, (3.21)
01
FO = Wd: AdR, F® = Qyr, (3.22)
where H =1+ % with P from (3.19) and
A A
2 2 2 2 1 2
— , - . 3.23
Qi A+ A2 2 A+ Ao 0 ( )

By changing the radial variable, r = R + P, we get

ds? = — f(rde> + f(r)~'dr? + r2d3, (3.24)
FO =2 ndr, FD =0y, p=0, (3.25)
r

r

Ptu=\/u?+30"> 5|0l

where f(r) = 1 — 264 1 & 02 — 02 4 02 and GM =

The metric in these variables is coinciding with the well-
known Reissner—Nordstrom metric governed by two param-
eters: GM > 0 and Q2 < 2(GM)?. We have two horizons in
this case. Electric and magnetic charges are not independent
but obey Egs. (3.23).

3.5 The limiting A-cases

In the following we will use two limiting solutions: an electric
one with Q1 = Q #0and Q> =0,

P
H| = l—l—?, H, =1, (3.26)
and a magnetic one with Q1 =0and Q> = Q # 0,
Py
H =1, H, = 1+E' (3.27)

Inboth cases Py = —u++/1? + K; Q2. These solutions cor-
respond to the Lie algebra A. In various notations the solu-

tion (3.26) appeared earlier in [2,6,7], and it was extended to
the multidimensional case in [6,7,12,13]. The special case
with )L% = 1/2, ¢ = 1, was considered earlier in [3,8,9].

4 Physical parameters

Here we consider certain physical parameters corresponding
to the solutions under consideration.

4.1 Gravitational mass and scalar charge

For ADM gravitational mass we get from (2.3)

1
GM = p+ E(hlpl + ha o), 4.1)

where the parameters Py = PX(D appear in Eq. (3.1) and G
is the gravitational constant.
The scalar charge just follows from (2.4):

Qp =e(Aih1 Py — Aaha Py). (4.2)
For the special solution (3.15) with P > 0 we get
GM =pu+P=u>+0% Q,=0. 4.3)

For fixed charges Q; and the extremality parameter u the
mass M and scalar charge Q, are not independent but obey
a certain constraint. Indeed, for fixed parameters P; = Ps(l)
in (3.1) we get

P
yY=InHy=—"z+ 0@,

o’ 4.4)

@ Springer
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for z — 40, which after substitution into (2.18) gives (for
z = 0) the following identity:

% Z hsAg PP +2p Z hs Py = Z Qz

s,0=12 s=1,2 s=1,2

(4.5)

By using Egs. (4.1) and (4.2) this identity may be rewritten
in the following form:

2GM)? + 60, = 07 + 05 +2u>. (4.6)
It is remarkable that this formula does not contain A. We note

that in the extremal case u = +0 this relation for ¢ = 1 was
obtained earlier in [14].

4.2 The Hawking temperature and entropy

The Hawking temperature corresponding to the solution is
found to be

1

Ty = —
" 8T

—hy zy—h
H,'" Hy, 2, 4.7
where Hyo are defined in (2.10). Here and in the following
weputc=h =« =1.

For special solutions (3.15) with P > 0 we get

Ty = ! 1+P N
H_Sn,u, 21 ’

In this case the Hawking temperature Ty does not depend
upon A and &, when p and P (or 0?) are fixed.

The Bekenstein-Hawking (area) entropy S = A/(4G),
corresponding to the horizon at R = 2u, where A is the
horizon area, reads

(4.8)

4 u?
Spy = T“H{’Ol Hl2. 4.9)
It follows from (4.7) and (4.9) that the product
"
TuSpy = — 4.10
HSBH = 7~ (4.10)

does not depend upon X;, ¢ and the charges Q. This product
does not use an explicit form of the moduli functions H(R).

4.3 PPN parameters
Introducing a new radial variable p by the relation R =

p(1 4+ (11/2p))? (p > 1/2), we obtain the 3-dimensionally
conformally flat form of the metric (2.3)

@ Springer

1— 2 2 4
g = U{—Ulwdt ®dr + <1 + i)
(14 (u/2p)) 2p
x 8;jdx’ ®dxf}, 4.11)
where p? = |x|? = §;;x'x/ (i, j = 1,2,3) and
U= ]_[ H's, U = ]_[ H s, (4.12)

s=1,2 s=1,2

The parametrized post-Newtonian (PPN) parameters § and
y are defined by the following standard relations:

g0 = —(1 =2V +28V2) + 0(V?),
gij =8;;(L+2yV)+ oW?),

(4.13)
(4.14)

i,j=1,2,3, where V. = GM/p is Newton’s potential, G
is the gravitational constant and M is the gravitational mass
(for our case see (4.1)).

The calculations of PPN (or Eddington) parameters for
the metric (4.11) give the same result as in [23]:

B=1+ +0%), y=1 (4.15)

b 2
Wome
These parameters do not depend upon X and ¢. They may
be calculated just without knowledge of the explicit relations
for the moduli functions H,(R).

These parameters (at least formally) obey the observa-

tional restrictions for the solar system [36], when Qs /(2G M)
are small enough.

5 Bounds on mass and scalar charge

Here we outline the following hypothesis, which is supported
by certain numerical calculations [1,37]. For h; = h, this
conjecture was proposed in Ref. [1].

Conjecture. For any h1 > 0, hy > 0, ¢ = £1, Q1 # 0,
0> # 0and u > 0: (A) the moduli functions Hg(R), which
obey (2.9), (2.10) and (2.11), are uniquely defined and hence
the parameters Py, P», the gravitational mass M and the scalar
charge Q, are uniquely defined too; (B) the parameters Pj,
P, are positive and the functions P; = P; (QZ, Q%), P, =
PZ(Q%, Q%) define a diffeomorphism of Ri Ry = {x]x >
0}); (C) in the limiting case we have: (i) for Q% — +0:

P — —pu+/u*+ K103, P, - +0 and (ii) for 0} —

+0: Py — 40, P, - —p + ./ + K203,

The conjecture could be readily verified for the case e = 1,
A1r2 = 1/2. Another integrable case ¢ = 1, A1 = Ap = A,
A2 = 3/2 is more involved [37].

The conjecture implies the following proposition.
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Fig. 1 Graphical illustration of bounds on M and Q, fore = 1,1 =1 /N2, ;= 1and Q% + Q% = 2. The only difference between the two

diagrams is Ay = 1/2 (left panel) and Ly = —1/4 (right panel)

1.0
0.5 /
0, 00 \
-0.5 .
H:I,A1=V0.499,A2=E,8=—1
.0

-0.5 0.0 0.5 1.0 1.5 2.0 2.5

V2 GM

1.0
0.5 /

0, 00
-0.5 p=L 4 =V0499, Ay = -1 e=—1
-1.0

-0.5 0.0 0.5 1.0 1.5 2.0 2.5

V2 GM

Fig. 2 Graphical illustration of bounds on M and Q, for e = —1, A} = +/0.499, u = 1 and Q% + Q% = 2. The only difference between the two

diagrams is Ay = 1/2 (left panel) and Ay = —1/4 (right panel)

Proposition 1 Forhy > 0, Qs #0, Ay #0 (s = 1,2) and
A1+ X2 # 0 we have the following bounds on the gravita-
tional mass M and the scalar charge Q:

hmin _
wt = (—u + \/hmi‘n(Q% +03) + uﬂ) <GM
1
S\/E(Q%+Q§)+M2, (5.1)
10| < [AlmaxPmin (—u + \/h;;n@% +09) + ;ﬂ) :
5.2)
fore =41 (0 < hy < 2) and
1
\/E(Q%+ 0)+u><GM < p
hmax —
+ =5 (—u + \/hmix@% + 03+ /ﬂ) , (5.3)
1Qpl < [Xmaxhmax (—u +Jhk (02 + 0% + u2) :
5.4)

fore = —1 (hy > 2). Here hpin, = min(hy, hy), hpax =
max(hy, o), and |A|lmax = max(|Al1, |A]2); Amin = (% N
M2~ for & = +1 and hpay = (4 — |12, for e =
—1.

Here we illustrate the bounds on M and Q, graphically
by four figures, which represent a set of physical parameters
GM and Q, for Q3 + Q3= Q> =2and u = 1.

The left panel of Fig. 1 corresponds to the case ¢ = +1,

Al = \/g and A, = 1/2, while the right panel of this figure

describes the case ¢ = +1, A1 = \/g and A = —1/4.

On Fig. 2 the left panel illustrates the case ¢ = —1, A} =
4/0.499 and A, = 1/2, while the right panel represents the
case ¢ = —1, A1 = 4/0.499 and 1, = —1/4.

Two arcs on the left panels of Figs. 1, 2 contain the points
with Q, = 0 corresponding to the special solution from Sect.
3.4.

In proving Proposition 1 we use the following lemma.

Lemma Let

h
Fuhs @) = u+ 5 (—u+VhTQ7+122).

(5.5)

be a function of two variables w > 0 and h > 0 with
fixed value of Q* > 0. Then: (i) for fixed value of |
the function f(w, h; Q%) is monotonically increasing with
respect to h; (ii) for fixed value of h € (0, 2) the function
f(u, h; Q%) is monotonically increasing with respect to

and f(+0,h; Q%) = 5VhQ? < f(u. h; Q).

@ Springer
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The proof of the lemma is trivial: item (i) just follows from
the identity

Q2
2+ V7T + )

while item (i1) could be readily verified by using the relation

Flu h; 01 =+ (5.6)

of (. »
@_Hz( 1+m>>o (5.7)
forh € (0,2).

Proof of Proposition 1 Let us prove Egs. (5.1), (5.2), (5.3)
and (5.4) using the conjecture. The right inequality (or equal-
ity) in (5.1) just follows from Eq. (4.6), while the left inequal-
ity (or equality) in (5.3) follows from (4.6) and M > 0, which
is valid due to Eq. (4.1), & > 0 and the inequalities P; > O,
P> > 0 (due to the conjecture.).

Now let us verify the left inequality in (5.1). We fix the
charges by the relation Q%—i— Q% = 02,0 > 0,and put Q% =
10%(1+x), 03 = 1 0*(1 —x), where —1 < x < 1. Dueto
(4.6) and M > 0 we can use the following parametrization:

R = Q*+2u%

(5.8)

V2GM = Rcosy,  Q, = Rsiny,

where || < 7 /2. Due to the conjecture and Egs. (4.1), (4.2)
we see that ¢ = ¥ (x) is a smooth function which obeys
Y1 —=0) =y,

Y(=140) = yn. (5.9)

Here Rcosy; = +2(u + % P;) and Rsiny; = Aih; Pixi,
where P = —u +K; Q2 + 12, (K; = h; )i = 1,2, and
xi=1x=-L

We put A1 > 0 without loss of generality. The limit x —
+1 — 0 corresponds to a pure electric black hole while the
limit x — —1 4 0 corresponds to a pure magnetic one.

To prove Egs. (5.1) and (5.2) one should verify the inequal-
ity
Vo <¥(x) <y (5.10)
for all x € (—1,1). Indeed, due to Egs. (5.10) the points
(V2GM, Q) describe an open arc in the circle (see Fig.
1). One of the endpoints of this arc with ¥ = ;,, ip =
1, 2, gives us the lower bound for GM and upper bound for
|Qyl. Due to the lemma this point corresponds to i obeying
hiy = hmin = min(hy, h2), Py = —p + /Kiy 0% + n? and
P = 0.

Let us suppose that (5.10) is not valid. Without loss of gen-
erality we put ¥ (x,) > | for some x,.. Then, using (5.9) and

@ Springer

the smoothness of the function ¥ (x), we get for some x| #
x2: ¥ (x1) = ¥ (x). This follows from the intermediate value
theorem which states that if f(x) is a continuous function on
the interval [a, b], then, for any d € [ f(a), f(D)], there is a
point ¢ € [a, b] such that f(c) = d. (Here for f(a) > f(b),
[f(a), f(b)] is meant to mean [f(b), f(a)].) Hence for
two different sets (Q%, 03)1 # (0%, 03)> we obtain the
same coinciding sets: (GM, Qy)1 = (GM, Q)2 and hence
(P1, P2)1 = (P1, P2)2; see (4.1), (4.2) and A1 # —X,. But
due to our conjecture the map (Q%, Q3) > (Pi, P») is
bijective (i.e. it is one-to-one correspondence). This implies
(P1, P2)1 # (P1, P2)2. We get a contradiction which proves
our proposition for ¢ = 1 and arbitrary Q% + Q% > 0.

The proofs of the right inequality in (5.3) and the bound
(5.4) for ¢ = —1 are quite similar to that for ¢ = 1. The only
difference here is the use of the parametrization

R=+0%+2u?,

(5.11)

V2GM = Rcoshyy, Q, = Rsinh,

instead of (5.8). Due to Eqs. (5.10) the points (W2GM, 0y)
describe an open arc in the hyperbola (see Fig. 2). One of the
endpoints of this arc with ¢ = v, jo = 1, 2, gives us the
upper bound for GM and the upper bound for [Q|. Due to
the lemma this point corresponds to jp obeying 4 j, = hmax =

max(h1, ho), Pjy = —p+,/ K j, 0* + n? and Py = 0. Thus,
Proposition 1 is proved.

Proposition 1 and the lemma imply the following propo-
sition.

Proposition 2 In the framework of the conditions of Propo-
sition 1, the following bounds on the mass and scalar charge
are valid for all u > 0:

1
Ey/hmin(Qf + 03) < GM, (5.12)
[Qyl < |)\|maxy/ hmin(Q% + Q%), (5.13)
fore =410 < hg < 2), and
1 2 2
,/5<Q1 + 0% <GM, (5.14)
104l < [Almaxy/ Amax (0% + 03), (5.15)

fore = —1 (hy > 2).

In proving (5.13) and (5.15) the following (obvious) rela-
tion was used:

2

h(—p +vVh= 102+ p?) = o :
w4 Vh=10% 4 u?

In Ref. [1] Propositions 1 and 2 were proved for the case

A1 = Az (hy = hy).Inthis case the bound (5.12) is coinciding
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(up to notations) with the bound (6.16) from Ref. [11] (BPS-
like inequality), which was proved there by using certain
spinor techniques.

Remark 3 When one of hg, say hi, is negative, the conjec-
ture is not valid. This may be verified just by analyzing the
solutions with small enough charge Q».

We note that here we were dealing with a special class of
solutions with phantom scalar field (¢ = —1). Even in the
limiting case Q2 = +0 and Q1 # O there exist phantom
black hole solutions which are not covered by our analysis
[38] (see also [39].)

Remark 4 The inequalities on the mass (5.1) and (5.3) in
Proposition 1 can be refined when 111> < 0. For both cases
which are considered in Proposition 1, we get (see right pan-
els of Figs. 1, 2)

F (s hmin: Q%) < GM < f (1, hinaxs Q7). (5.16)
where 02 = 02 + Q3 and f (11, h; Q?) is defined in (5.6).
The bounds on mass (5.16) are a specific feature of the model
with two different dilatonic couplings of opposite sign. For
Ar2 > 0, e.g. for Ay = X, one should use Egs. (5.1) and
(5.3). We also note that in the proof of Proposition 1 the
condition A; # —A; was used. For the case A} = —A; the
arcs on the right panels of Figs. 1, 2 reduce to points and we

get GM = f(u, hy; Q7).

6 Conclusions

In this paper a family of non-extremal black hole dyon-like
solutions in a 4d gravitational model with a scalar field and
two Abelian vector fields is presented. The scalar field is
either ordinary (¢ = +1) or phantom (¢ = —1). The model
contains two dilatonic coupling constants A; # 0, s = 1, 2,
obeying A1 # —Ajp.

The solutions are defined up to two moduli functions
Hi(R) and H>(R), which obey two differential equations of
second order with boundary conditions imposed. For e = +1
these equations are integrable for four cases, corresponding
to the Lie algebras A; + A1, A2, B = C3 and G». In the first
case (A1 + Ap) we have A1 Ar = 1/2, while in the second
one (Az) we get A1 = A = A and 22 = 3/2. Two other
solutions, corresponding to the Lie algebras B, = C, and
G2, will be considered in separate publications.

There is also a special solution with dependent electric
and magnetic charges: 1| Q% = A Q%, which is defined for
all (admissible) Ay and & obeying LAy > 0.

Here we have also calculated some physical parameters of
the solutions: gravitational mass M, scalar charge Q,, Hawk-
ing temperature, black hole area entropy and post-Newtonian

parameters B, y. The PPN parameters y = 1 and 8 do not
depend upon A and ¢, if the values of M and Q, are fixed.

We have also obtained a formula, which relates M, Q,,
the dyon charges Q1, Q», and the extremality parameter
for all values of A; 7# 0. Remarkably, this formula does not
contain Ag and coincides with that of Ref. [1]. As in the case
A1 = Az, the product of the Hawking temperature and the
Bekenstein—Hawking entropy does not depend upon &, A
and the moduli functions H;(R).

Here we have obtained lower bounds on the gravita-
tional mass and upper bounds on the scalar charge for
1 +222¢ > 0, which are based on the conjecture (from
Sect. 5) on the parameters of solutions P; = P (Q%, Q%),
P, = Pg(Q%, Q%). In [1] we have presented several results
of numerical calculations which support our bounds for
A1 = A. A rigorous proof of this conjecture may be the sub-
ject of a separate publication. For ¢ = +1 the lower bound
on the gravitational mass is in agreement for A; = A, with
that obtained earlier by Gibbons et al. [11] by using certain
spinor techniques.

It was noted in Sect. 3.3 that for A1 # Aj there exist two
integrable cases corresponding to the Lie algebras C, and
G2, which will be analyzed in separate papers. They do not
occur for A; = As.

An open question here is to find the conditions on the dila-
tonic coupling constants Ay which guarantee the existence of
the second (hidden) horizon and the existence of the extremal
black hole in the limit 4 = 40. For ¢ = 41, A; = X, this
problem was analyzed in Refs. [14,28]. This question can be
addressed to a separate publication.
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