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Abstract. In this paper, we discuss the numerical approximation of random periodic solutions of stochastic differential
equations (SDEs) with multiplicative noise. We prove the existence of the random periodic solution as the limit of the
pull-back flow when the starting time tends to —oo along the multiple integrals of the period. As the random periodic
solution is not explicitly constructible, it is useful to study the numerical approximation. We discretise the SDE using
the Euler—-Maruyama scheme and modified Milstein scheme. Subsequently, we obtain the existence of the random periodic
solution as the limit of the pull-back of the discretised SDE. We prove that the latter is an approximated random periodic
solution with an error to the exact one at the rate of v/At in the mean square sense in Euler-Maruyama method and At in
the Milstein method. We also obtain the weak convergence result for the approximation of the periodic measure.
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1. Introduction

Periodic solution has been a central concept in the theory of dynamical systems since Poincaré’s pioneering
work [18-21]. As the random counterpart of periodic solution, the concept of random periodic solutions
(RPS) began to be addressed recently for a C'-cocycle in [28]. Later, the definition of random periodic
solutions and their existence for semi-flows generated by non-autonomous SDEs and SPDEs with additive
noise were given in [5,6]. Denote by A := {(¢,5) € R? s < t}. Let X be a separable Banach space and
(Q, F, P, (0:)tcr) be a metric dynamical system. Consider a stochastic periodic semi-flow v : AxQxX — X
of period 7, which satisfies the semi-flow relation

u(t,r,w) = u(t,s,w) ou(s,r,w), (1.1)
and the periodic property

u(t+ 71,8+ 71,w) = ult,s,0;w), (1.2)
for all » < s <t. SDEs and SPDEs with time-dependent coefficients which are periodic in time generate
periodic semi-flows satisfying (1.1) and (1.2) [5-7].
Definition 1.1. [5,6] A random periodic path of period 7 of the semi-flow u : A x @ x X — X is an
F-measurable map Y : R x 2 — X such that for a.e. w € €,

u(t, s,w)Y (s,w) =Y (t,w), Y(s+7,w) =Y(s,0,w), for any (t,s) € A.
It has been proved that random periodic solutions exist for many SDEs and SPDEs [5-7]. Recently,

“equivalence” of random periodic paths and periodic measures has been proved in [8] and some results
of the ergodicity of periodic measures have been obtained. Note many phenomena in the real world have
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both periodic and random nature, e.g. daily temperature, energy consumption, airline passenger volumes,
CO4 concentration. The concept and its study are relevant to modelling random periodicity in the real
world.

In the literature, there have been a number of recent works such as [3] on random attractors of the
stochastic TJ model in climate dynamics; [2] on stochastic lattice systems; [4] on stochastic resonance;
[7] for SDEs with multiplicative linear noise; and [25] on bifurcations of stochastic reaction diffusion
equations. All these results are theoretical on the existence of random periodic paths.

In general, neither stationary solutions nor random periodic solutions can be constructed explicitly,
so numerical approximation is another indispensable tool to study stochastic dynamics, especially to
physically relevant problems. It is worth mentioning here that this is a numerical approximation of an
infinite time horizon problem. There are numerous works on numerical analysis of SDEs on a finite horizon,
and a number of excellent monographs [14,17]. However, there are only a few works on infinite horizon
problems. A numerical analysis of approximation to the stationary solutions and invariant measures of
SDEs through discretising the pull-back was given in [16,22-24,26]. Numerical approximations to stable
zero solutions of SDEs were given in [10, 14].

In this paper, we study stochastic differential equations, which possess random periodic solutions, and
approximate them by Euler—-Maruyama and Milstein schemes. As far as we know, this is the first paper
addressing analysis of numerical approximations of random periodic solutions. Consider the following
m-dimensional SDE

dX[* = [AX[ + f(t, X{")]dt + g(t, X[*)dW, (1.3)

with Xtt(‘; = ¢, where f: RXxR™ — R™, g : R x R™ — R™%? A is a symmetric and negative-definite
m x m matrix, W; is a two-sided Wiener process in R? on a probability space (€2, F,P). The filtration
is defined as follows: F! = o{W, — W, : s <v <wu < t}, F' = Ft =\ ., FL, the random variable
¢ is F'o-measurable. We assume that the functions f and g are 7-periodic in time. By the variation of
constant formula, the solution of (1.3) is given

¢ ¢
X{o() = e 4 e / e (s, X[")ds + e / e (s, XL0)dW.. (1.4)

to to
Denote the standard P-preserving ergodic Wiener shift by 6 : R x Q — Q, 0:(w)(s) == W(t + s) —
W(t), t,s € R. The solution X of the non-autonomous SDE does not satisfy the cocycle property, but
u(t,tg) : @ x R™ — R™ given by u(t,t)¢ = X[°(€) satisfies the semi-flow property (1.1) and periodicity
(1.2). Denote by X 7*7(¢,w) the solution starting from time —k7. We will show that when k — oo, the

pull-back X *7(¢) has a limit X* in L?(Q) and X is the random periodic solution of SDE (1.3). It
satisfies the infinite horizon stochastic integral equation (IHSIE)

I T
Xp= [ Mg xast [ Mgl X)W

We separate the linear term AX from the nonlinear term in (1.3) to enable us to represent the random
periodic solution by THSIE [5,7]. This is helpful to formulate the scheme for SPDEs for which random
periodic solutions were considered in [6].

Numerical analysis for random periodic solutions was not considered in previous work. The infinite
horizon stochastic integral equation (IHSIE) method can deal with anticipated cases [5-7]. But it is still
not clear how to numerically approximate two-sided THSIE and anticipating random periodic solutions.
The pull-back method used in this paper is a popular way to study random attractors. Here we use
this to deal with stable adapted random periodic solutions of dissipative systems for the first time. The
pull-back method has some advantages. First, stability can be obtained immediately. Secondly, it can deal
with some dissipative equations that cannot be dealt with by the IHSIE; especially, the current IHSIE
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technique requires equations to have multiplicative linear noise or additive noise and f being bounded.
Thirdly in this paper, we study numerical approximations of random periodic solutions of dissipative
SDEs and with the pull-back idea, a random periodic solution of the discretised system can be obtained
as well.

We will first study the Euler-Maruyama numerical scheme in infinite horizon and obtain an approxi-
mating r.p.s. )?: We will prove that the latter converges to the exact r.p.s. in L?(2) at the rate of VAL
when the time mesh v/At tends to zero. This result will be numerically verified. Despite its lower order
of the approximation only at the rate of v/At, the advantage of this scheme is its simplicity and it is
relatively easy to implement in actual computations. It works well for the SDE we consider in this paper.

We also consider more advanced numerical schemes, e.g. Milstein scheme [13,14,24], for high-order
convergence. We improve the rate of approximation from /At in Euler scheme to At.

We will also do some numerical simulations to sample paths of the r.p.s. (Fig. 1). However, simulation
of one pathwise trajectory is not a reliable way to tell whether or not it is random periodic though it
looks very much like to be. Here we provide two reliable methods for this from numerical simulations.
One method is to simulate { X (w),t € R} and {X](0_,w),t € R} for the same w. These two trajectories
should be repeating each other, but with a shift of one period of time. See Fig. 1 as an example. The
other way is to simulate { X} (6_,w),t € R}, which is periodic if and only if X (w) is random periodic. As
an example, see Fig. 2. These two approaches would apply to any other stochastic differential equations
should they have a random periodic solution.

It was known from the recent work [8] that the law of the random periodic solution is the periodic
measure of the corresponding Markov semi-group. Thus, we will consider the convergence of transition
probabilities generated by (1.3) and its numerical scheme along the integral multiples of period to the
periodic measure and discretised periodic measure, respectively, and error estimate of the two periodic
measures in the weak topology.

2. Assumptions and preliminary results

First we fix some notation. Let p > 1 and denote the LP-norm of a random variable £ by [|£]|, = (E |£|p)1/p,
and the Frobenius norm of any d; X dy matrix B by |B| = (Zf;l 2?2:1 ij)%.

2.1. Conditions for the SDE

We assume the following conditions.

Condition (A). The eigenvalues of the symmetric matriz A, {\;,j =1,2,...,m}, satisfy 0 > Xy > Xy >
o> A

Condition (1). Assume there exists a constant T > 0 such that for any t € R, x € R™, f(t + 1,2) =
ft,x), g(t+7,2) = g(t,x) and there exist constants Cy, 1, P2 > 0 with 1 + B2 < |A\1] such that for any
s,t e R and z,y € R™,

f(s,2) — f(t,y)| < Cols —t|"* + By ]z — g,

l9(s, ) = g(t,y)] < Cols —t["" + fa |z =yl
Condition (2). There exists a constant K* > 0 such that ||€]|, < K*.

From Condition (1) it follows that for any x € R™, the linear growth condition also holds: |f (¢, z)| <
Bzl + Cy, |g(t, )| < B2 |z| + Ca, where the constants Cy,Cy > 0 are constants. It is easy to see that

2
there exists a constant « such that Gy + ’%2 < a < |A1]. In the following, we always assume that « satisfies
this condition in all the following proofs. Set p := |Ap,|.

|1/2
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For the SDE case, the quantity p is certainly finite, and for simplicity, we choose numerical schemes
to treat the linear part explicitly, which simplify the proof of the pull-back convergence to the random
periodic solutions for the discretised systems. However, in a case of SPDEs, this technical assumption
is no longer true, but can be removed by employing exponential Euler-Maruyama method and Milstein
scheme [1,12]. This will be studied in future work.

2.2. Existence and uniqueness of random periodic solution

We first consider the boundedness of the solution in L?().

Lemma 2.1. Assume Conditions (A), (1) and (2). Then there exists a constant C' > 0 such that for any
keN, r > —kr, we have E}XT,_’”|2 <C.

Proof. First, using It6’s formula to 2" ’XT_’” 2, we have
62(17" |X;k:‘r|2 _ 672ak'r |£|2 + 20 / eQas |X;k7—|2d8 +2 / e2as (X;kT)TAX;deS
—kT —kT
+2 / e2os (XS_kT)Tf(s,XS_kT)ds + / e2as ‘g(s,XS_kT)fds
—kT —kT
+2 / 2o (x5 (s, X7 )W, (2.1)

—kT

Firstly, note the sum of the second and third terms of the right-hand side is non-positive as the matrix
al + A is non-positive definite. Take the expectation of both sides of (2.1), apply the above inequality
and use linear growth conditions to obtain

12 2
FE|X < el @+ ) [ SR |X ds

—kT
r

+2(Cl + 6202) / e?ost |X;k‘r’ ds + (204)71022 (62ar o 67204167') )

—kT
2
Also, there exits € > 0, such that (ﬁl + %2) (1+¢) < a < |M]|. By Young’s inequality

Cy + 32C5)?

—kT ( 2

+e(260 + B3) | X7+

Then we have
T

2R X" <K + Ko™ + Ky / e [ X7, ds.
—kT
where
Kl :e—2ak"r ||§H§ _ (gg WMQ);) B_QQkT,
a  2ae(2B1 + 53)
~CF (C1 4 20)?

_ 2
Ky =52+ e (20 + 72)’ Ks = (261 + 33)(1 +¢) < 20
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Now applying Gronwall’s inequality, we have

e2arE’XT—/w|2 < Ky + Kpe2" + / (Kl +K262as) K3eg Kgdrds
—kr
Ky K3
200 — K3
Here we notice that K;e2**™ + Ky = ||§||§ . Therefore, by Condition (2)
20K

_kr|2 2 % QOng
E|er | §H§H2+MSK +m7

2ar

S (Kle2ak‘r + K2)€2ar +

O

In the next lemma, we will also obtain a bound on the norm ||X;1’” - X, for any fixed time
t1,ts. This will be essential for us to estimate the error of the numerical approximation in Sect. 4.

Lemma 2.2. Assume Conditions (A), (1) and (2). Then there exist constants Cs > 0, Cy > 0, such that
for any positive k € N and any t1,to > 0,t1 > to, the solution of (1.3) satisfies HXt_lkT —X[J”Hz <

Cy(ty — t2) + Cav/T1 — Lo
Proof. From (1.4), we see that

||Xt—1k-r . X£k7—||2 < eZAkT ||£||2 |6At1 o 6At2|

k‘r||
2

t to
+ [|eAt / e A f(s, X7F)ds — 2 / e A f(s, X7 ) ds
—kr —kr 9
t1 tao
+[|eAts / e A5g(s, XY AW, — etz / e Mg(s, X7F W] . (2.2)
—kr —kr 9

We evaluate each term on the right-hand side of (2.2). First, we consider the first term. By Lemma 1 in
[26], |eA — eAf2| < |A|(t; — t2). Now we estimate the third term with the Minkowski inequality, It6’s
isometry and the linear growth property:

t1 to
oAt / e~ A%g(s, XFT)aW, — eAt2 / e~ A%g(s, XFT)aw,
—kr —kr 9

to ty

< / (eAtl _ eAt2) e~ A5g(s, X )aw, | + /efA(sftl)g(S’X;kr)dWs
kT 5 2 9

to
< / (At — eAta) =452 E [By (|Xo7]) + Co)ds

—kT

ty
+ /|67A<H1>;2E (82 (| X57)) + ) ds
ta

ta
< / (At — eAt2) = As|? (25;1& x| + 203) ds
—kT
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1
/ je=ats=t)? (2038 | X4 + 203) ds

/|6At1—eAt2) —AS| ds + K4 /|6_AS t)]? ds.
—kT

—A

< T)(tl—tz)—Fsztl—tz

Here we take some constant K, because E ‘X . ’”’2 is bounded above according to Lemma 2.1.
Lastly, we consider the second term of (2.2) with Minkowski inequality

t1 to
et /efAsf(s,X;]”)ds—eAt2 / e A f(s, X7H)ds
—kT —kT 2
to t1
< / (eAt1 — eAtz)e_Asf(&Xs_kT)ds + /e_A(s_tl)f(s,Xs_kT)ds
kT 2 to 2
< / H At _ Atayo—As p(g x kT H2d$+/H —A(s— tl)f(s x| ds
2
—kT
< /| Atl_ At2 AS’Hst k) szs—l—/‘ —A(s—t1) Hst k) ||2ds
—kT
’ Atl_ At2 Aa‘d8+/‘ ~Als—t1)| g
< 2K5 tl — t2
for a constant K5 > 0. Combining the above estimates we obtain the lemma with the constants Cs, Cy
being independent of k and ¢4, ts. O

Now we continue to consider the difference of the solutions under various initial values. For simplicity,
we here study two different initial values £ and 7.

Lemma 2.3. Denote by X, %" and Y,7*7 two solutions of (1.3) with different initial values & and n, respec-
tively. Assume Conditions (A), (1) and Condition (2) for both initial values. Then || X %" — Y;kTH2 <

2
ﬁ1+g—27o¢ (r+kt)
€< ’ ) 1€ =nlly-

Proof. According to (1.4) we have
X;k‘r o erk‘r :eA(rJrk‘r) (5 o 77) + eAr / efAs (f(S,X;kT) o f(S,Y;kT)) ds

—kT

T

+ eAr / e—As (g(S,XS_kT> _ g(S,Y'S—kT)) AW
—kT
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For simplicity, denote (%™ = X 7*" — Y =% Then according to the method used in Lemma 2.1, and the
global Lipschitz condition, we have
ar —kT 2 —2akT as —kT —kT
Gy <o g =l +2 [ E[(C (£ X0 )

—kT
r

Y ds [ R, X - g(s, ¥ ds.

—kT
r

< o—20kT Hf _ 77”3 + (251 + BS) / e20s HC;I@THEdS
—kT

Then the result follows from the Gronwall inequality. O

Now we can prove the following theorem.

Theorem 2.4. Assume Conditions (A), (1). Then there exists a unique random periodic solution X*(r,-) €
L2(Q),7 > 0 such that for any initial value & satisfying Condition (2), the solution of (1.3) satisfies
limy a0 ||X;’”(§) - X*(T)H2 =0.

Proof. Condition (2) implies that the initial value & belongs to L?(f2). According to Lemma 2.1, X,7*7(.)
maps L%(Q) to itself. Now we use the semi-flow property to get that for any r, k,p > 0, X *77P7(¢) =
Xk (w) o X:,glj+p)7(w,§). Thus, we can apply Lemma 2.3 to have for any € > 0 there exists k* > 0
such that for any k& > k¥, HX;’”(Q - Xr_(k+p)7(§)“ < ¢e. This means that there exists N > 0 such

2
that for any [,m > N, we have HX;“(g) - X;"”(f)”2 < e, ie {X7F(€)}ren is a Cauchy sequence, so

converges to some X*(r,w) in L?(2), when k — oc.

Set u(t,r)(§) = X7 (&), then u(t,r) : 2 x R™ — R™ defines a semi-flow of homeomorphism (Kunita
[15]). By the continuity of X7 (w) : L*(Q,R™) — L3(Q,R™),t > r, then u(t,r,w) (X "7 (§,w)) %
u(t,r,w) o (X*(r,w)). But

u(t, ) (X747 (6,0) = X7 (6,0) 4525 X (1),
So u(t,r,w) (X*(r,w)) = X*(t,w), P —a.s.
Taking some other initial value 7 satisfying Condition (2), we have
12 = X )|y, < (1567 = X @l + (13677 (€) = X () -

Applying Lemma 2.3 again, we can make the right-hand side small enough when k — oo. Therefore, the
convergence is independent of the initial value.
Now we need to prove the random periodicity of the X*(r,w). Note by the continuity of f and g,
XA = A0H0g s [ [ XDETIT(E)ds + gl XV
—kT
where WS = (0,w)(s) = Wsyr — W,. On the other hand,
0, X", (€)= eAThTg ¢ 4 / eAlr=s) [ f(s,0- X% ds + g(s, eTX;kT)dWS} .

—kT
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By pathwise uniqueness of the solution of (1.3), we have

X (0,0, 6(0-w)) = 0, X757 (€) = X, 5 (w, £(w). (2.3)

From the proof of convergence we have

(k—1)T k—o0 * — kT k—o00
X, (w,{)WX (r+7w), X, (&w@(&w))mX (r,0;w).

Therefore, X*(r + 7,w) = X*(r,0,w), P— a.s. O

3. Numerical approximation for random periodic solution
3.1. Euler—-Maruyama scheme

In this section, we will introduce the basic Euler-Maruyama method to approximate the solution on
infinite horizon. Take At = 7/n, which will be taken to be sufficiently small such that At < %, for some
n € N, in the remaining part of the paper. Let N = kn. The time domain from time —k7 to time 0 is
divided into N intervals of length At such that NAt = k7. The scheme starts from an F~*"-measurable
random variable £ at a time —k7. At each of the points iAt we set the value )?:,’j;_mt with the iteration
formula

v—kT kT
ka'rJr(H»l) =X kT—i—ZAt + AX—k‘r-i—'LAtAt +f (ZAt X—kT—HAt) At
+g (ZAt,X:]I;:HAt) (W_kriit1)ar — Wekryint) » (3.1)

where 1 =0,1,2,..., and )A(:l’;;rom =¢.
It is easy to see that for any M > 0,
M-1

Rk arae = T+ AADME + A ST (T+ AAM =1 f (8, R7fT )
=0
M—1 ) R
+ DI+ AN g (1AL KT ) Wokrrisnae = Wokeriad) - (32)
1=0

Moreover, we can set up a discrete semi-flow given by 4;;(§) = Xjﬁf(g), i >3, 4,5 € {—kn,—kn +
1,3 6 = Oay, 6" = 00---0. Then it is easy to see that u satisfies the semi-flow property U;.5(w) o
Uj1(w) = ;1 (w), for i > j > 1, and the periodic property titn,jn(w) = ﬁu(é"w) for i > j.

In order to prove the convergence of the discretised semi-flow to a random periodic solution, we first
derive some similar estimates as in Lemmas 2.1 and 2.3. Then a discrete analogue of Theorem 2.4 will
give us the result.

Lemma 3.1. Assume Conditions (A), (1) and (2). Then there exists a constant C > O such that for any
natural numbers k > 0, M > 0, and sufficiently small At, the numerical solution X- kT+MAt defined by

(3.2) satisfies E ’X:k;_MAt <C.

Proof. We still choose « such that 51 + ﬁ—z < a < |A1]. Then for any M > 0,
2
(1 —ant)™" ‘X—k‘r-HMAt’

2

N )X kr+(i+1)At = 2
(1 —aAt)” ; . ‘X*’” . ‘ . 3.3
2 1oty Wi (3.3)
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This is not hard to verify by expanding the sum and noting cancellations. Notice that

‘X k‘r+(z+1)At 7k7'
(1704At - ’ —kT—HAt‘

i I+ AAt At .
= ((Fobrun) (75050 1) + T 020 Kb

4 (Wetrstanae = Wekrying) ' gliAt, X—II;—F—HAt)T)

1 — aAt

I+ AAt At )
. << aAt I> X—k7—+zAt + mf(’éAt X—I]c€7—+zAt)

(ZAt X—£:+2At) (Wflc‘rJr(erl) W—kr-HAt) )

1 — aAt (3.4)

Note ({f‘iﬁf —I) ({f‘;‘ﬁf +I) is non-positive definite, where At satisfies 0 < At < % as
defined before, and for each i, f(iAt, X ,’j;rmt) and g(iAt, X~ ,?T_HAt) are both independent of

(W,kTJr(iH)At - W_kTHAt). Take expectation on both sides of (3.3), consider (3.4), apply the linear
growth property and Young’s inequality to have

2
—2M
(1 - aAt) ’X K7+ MAG

(3.5)
M-—1

o At 2 , .
< ligll; + Z (1—aAt)™ (1—0@5) ]E‘f(@At X—IICCT—FZAt)
i=0

2

i . At 2
+ 1—aAt)™ 5 E [g(iAt, X-
iz:; ( ) (1 B OéA ’g k‘r+zAt)
M—1
—oi 2At Gkt T kT
+ 2 (1 —aAt) m]}:‘: |:<X—k-7—+iAt) (I +AA) f(iAt, X~ “krvint)
R M- ‘
<K+ (1- ozAt)izM Ky + K3 Z (1- OfAt)izlE )X llz‘:+zAt )
i=0
where
~ 2 ~ At ~ 2 2
Ky =|¢ll3, Ks=———5(1+28) (261 + 85 + At (87 + 261 |4])) ,
(1 —aAt)
7 _ O (A1) + C2At At (C1 + 3205 + ALC (Br + |A]))°

20At — a2 (A1) 20At — a2 (At)? E(201 + 03 + At (87 + 261 |A])

Here At and £ need to be chosen small enough such that

(1+8) (261 + B3 + At (87 + 261 |A])) + o*At < 2a.
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This guarantees that (1 — aAt)2 (1 + I?g) < 1. By the discrete Gronwall inequality,

2
2M &
(1—aAt)” ‘X ket MAL

<K+ Ky (1—ant) M +M 1(K1+K2 (1 - aAt)” 2)}?3 (1+}?3)M_i_1,
=0
It turns out that
E|X= kT+MAt’ <Ro+ Ry ((1+Rs)(1- aAt)Q)M
KoK5 (1 — aAt)? (1 - ((1 n 1?3) (1- aAt)Z)M>

1— (1 + f(g) (1—aAt)?

+ g@

Note the choice of the constant C is independent of k£ and the lemma holds for sufficiently small time
step At and constant . O

The following lemma is a discrete analogue of Lemma 2.3.

Lemma 3.2. Denote by X~ kT+MAt and Y +MAt solutions of the Fuler scheme with initial values & and
n, respectively. Assume Conditions (A), (1) and Condition (2) for both initial values. Let At = 7/n,
n € 77T, be sufficiently small such that 0 < At < %. Then for any € > 0, there exists an integer M* > 0

such that for any M > M*, we have ’X:§:+Mm — )A/'__kkTT+MAt ‘ < e.
2
Proof. According to scheme (3.2) we have
X arae = Yol onar =T+ AM)M (€ =)+ AL Y (T +AM)YTTHE,
i=0
M—1 o
+ Z (I+ AAt)M_l_l G; (Wfkfr+(z'+1)At - W—Iw-‘,—iAt) .
i=0
Here F, = f(ilt, X F7 i 0)) = FGALY R 1), Gi= g(iAL XFT ) — gliAt,

and

G

According to the method used in Lemma 3.1, we get the following result similar to inequality

i}:kkTTJriAt)' Denote Cl X_,’jzﬂm Y_kk;rmt Then by Condition (1), we have |F;
B2

Gl.
(3.5)

M—1 2
i At
B oM < B 2 - 2 [ =V
(1 - aAt) ‘CM‘ I 77H2+Z(1 aAt) <1—aAt> "

i=

M—1
. A -2
+ > (1- Al 22%1@‘ i
= (1 — aAt)
M-—1
9 2At ~ ~
+ 1—aAt Q’E[ i) (I + AAt F]
> v (@) )

M—1

<lle=nl3+Ki Y (1—ant) > E
1=0

~ 12
E |G

b
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where K, = W (261 + B3 + At (8% 4 281 |A])) . We choose At small enough such that 23; + 3 +

At (B + 21 |A]) + oAt < 2a. Then, we have (1 — aAt)? (1 + 1?4) < 1. Again the discrete Gronwall
inequality implies

oM o |2 |2 2 T = 2 ~\M
(1—aat) *MECu| < ll¢=nl} [T (1+ ) = g —nl3 (1+ Ks)
i=0
. ~ |2 2 2 =\ M . .
Finally, E ‘(:M‘ <€ —nll5 ((1 — aAt) (1 + K4)) < ¢ with sufficiently large M. O

In the numerical scheme we consider the process as two parts, [—k7,0) and [0, r]. Define
X = X(r,0,w) 0 )?0_’”, (3.6)
where X (r,0,w), r > 0, is finite time Euler approximation of the solution of stochastic differential

equation with time step size At, till N’At < r, where N’ is the unique number such that N’At < r and
(N"+1)At > r. If N'At < r, define

X(r,0,w) = X(N'At,0,w) + f(N'At, X (N'At,0,w))(r — N'At)
+g(N'At, X (N'AL,0,w)) (W, — Wi ar)- (3.7)

Lemma 3.3. (Continuity of the discrete semi-flow with respect to the initial value) Denote by )}B and ?ro

the solutions of the finite time Euler scheme with the initial values & and 1 at time 0. Assume Conditions
(A), (1) and Condition (2) for both initial values. Let At be sufficiently small, p > 1. Then for any e > 0,

there exists a 6 > 0 such that for any Hf— ﬁH < 4§, we have

HXO (w,6) = YO(w m” <e. (3.8)

Proof. Note that )Z'JOV,M and f’ﬁ,,m satisfy analogues of (3.2), with initial value & and 7 at time 0 instead
of —k7. Apply the Euler scheme on the finite time ' = N’At to obtain

‘X w f) (w ﬁ)‘
o N'—1 P
< g1 ‘(1 + AAHPN ‘ |g - ﬁ‘ + 371 (AYP j([ + AAt)pN" ST 1+ AA) TR,
1=0
N'—1 B P
£+ AA)PY| |7 (T AN TG (Weasnyar — Wiad)| (3.9)
=0

where Fy := f(iAt, X0,) — fGALYY,), Gi = g(iAt, X0,) — g(iAt, Y,). Denote ¢; := X%, — Y,
For convenience, we denote C), = 3P~1, C), v = 3P~ N'P~! Taking expectation on both sides of (3.9),
and noting the Lipschitz condition of function f and g, we have

/

(1 —adty N o <, €= + Cuneaty 3 (1 - ann =g G
=0

’

1
F G (2 Y (1 - ant e |
P

=0

:cpr_

N’ —1
P~ o~
nll +K 1—aAt)™"
) ;:O ( )



119 Page 12 of 32 C. Feng, Y. Liu and H. Zhao ZAMP

Cpn ((ADPBY+(ADP/?5Y)
(1—aAt)P

~ P ~ P ~ N’ ~

ol <o Hg—nH ((1 TR —aAt)p) . Note (1 + K)(1 — aAt)? < (1 -

p p

alt)? + Cp nr ((A)PBY + (At)P/2B5) < 1+ Cp nv. Result (3.8) at ' = N'At follows by taking § =

& (1+ CP,N/)_NI . Finally, (3.8) at time r follows from (3.7) and the estimate at ' = N'At. O

where K = , which is bounded for any 1 < p < 4o00. Then by the Gronwall

inequality, we have

Theorem 3.4. Assume that Condition (1) and At is fized and small enough. The time domain is divided
as T = nAt. Then there exists X} € L? () such that for any initial values & satisfying Condition (2),
the solution of the Euler—-Maruyama scheme satisfies

lim || X5 (6) - X7
k—oo

= .1
) 0, (3.10)

and )A(;f satisfies the random periodicity property.

Proof. Firstly, we note that the proof of the convergence of the process )A(O_ kT can be made similarly as
that of Theorem 2.4. According to Lemma 3.1 we know that for any M, we have X:I]§:+MA1& € L?(Q).
We use a similar construction of a Cauchy sequence as in Theorem 2.4. As we assume that 7 = nAt and
kT = knAt =: NAt, we have the following result by using semi-flow property, for any m > 1,

v—(k+m)T _ G—(N+mn)At _ H-—NAt o —(N+mn)At
X, =X, =X, o X_Nar .

It is a same process as )/(:6 NAt with a different initial value. By Lemma 3.2 we have that for any ¢ > 0

there exists N* such that for any N > N* At > 0, we have

[R5t - x5 -

2

S_NAt _ g—(N+mn)At
‘XO - XO

.=
Then we construct the Cauchy sequence X; = )?0_ T which converges to some X*in L2 (©2). We now use
the same method to prove the convergence is independent of the initial point. Note for fixed At,

v v—kT Tk v—kT oS-kt S—kr N—
|2 - %% )|, < | & - X @), + [ Xt © - Ko, 2=,
where N — o0 is equivalent to k — oc.

Define )?*(r, w) = )A((r, 0,w) o )A(*, r > 0. According to Lemma 3.3, we have

X7 (w) = X(0.0) 0 Ko M7(w) 55 K(10.0) 0 X7 (@) = X7 (0,

50 (3.10) holds. On the other hand, similar to the proof of (2.3), we obtain
X7y (@,6W)) = XD (070, £(070) = 0 XD (w,6(w)).

Therefore,
X (0,0) = X(r,0,0,w) 0 X5 (0,w) % X(r,0,0,w) 0 X*(0,w) = X*(r,0,w).
But,
)?;f:+T<w) % X*(r 4 7,w), and )A(;ff”(w) = X (0,w),P — a.s;
thus, we have )A(*(r +T,w) = )?*(r, 0,w),P—a.s. O

Ezxample 3.5. Consider a specific SDE
dX}° = —wX[odt + sin(rt)dt + X[ dW;. (3.11)

According to Theorem 2.4, (3.11) has a random periodic solution. By Theorem 3.4, its Euler-Maruyama
dissertation also has a random periodic path. To see the “periodicity” numerically, we provided two
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FiG. 1. Simulations of the processes { X (w), =5 < t < 0} and {X;(0_sw), -5 <t < 2}

methods. One approach is to simulate the processes X; (w) = X; ®(w,0.5),—5 < t < 0, and X} (f_ow) =
)?[G(H,Qw, 0.5), =5 <t < 2, with the same w and step size At = 0.01 (Fig. 1). One can see that these two
trajectories exactly repeat each with a time shift of one period (only comparing the graph of X';‘ (0_ow)
for —3 < ¢ < 2). The second method is the simulation of {X}(_w),0 < t < 6} for the same realisation w
and step size as before (Fig. 2). One can easily see that Fig. 2 is a perfect periodic curve. This agrees with
the fact that if X;*(w) is a random periodic path iff X;(_,w) is periodic, i.e. X;+T(9_(t+7)w) = X7 (0_w).
Note in theory X = X[ °° but we take pull-back time —6 as this is already enough to generate a good
convergence to the random periodic paths X;‘() for t > —5 by the solution starting at —6 from 0.5 for

both cases. The choice of the initial position does not affect random periodic paths, but the time to take
for the convergence.

3.2. Modified Milstein scheme

We will consider the Milstein scheme which will increase the convergence order for the infinite horizon
problem.
Condition (1'). Assume there exists a constant T > 0 such that for anyt € R, x € R™, f(t + 7,2) =

flt,x), g(t+7,2) = g(t,z), and there exist constants Cy, 51,2 > 0 with 81 + %S < |A1] such that for
any s,t € R and x € R™,

|f(s,2) = f(t,9)| < Cols —t|+ Bi |z —yl,

lg(s,2) —g(t,y)| < Cols —t|+ Balz —yl.

Meanwhile, we assume the boundedness of first-order partial derivative of function f and g with respect
to x.



119 Page 14 of 32 C. Feng, Y. Liu and H. Zhao ZAMP

08
0.6
04

LN AN\
-6 -4 -2 / \Z/ \/ \J’

-02
-04
-0.6
-08

Fic. 2. Simulation of the process {Xz‘ (—1w),0 <t <6}

The iteration formula for the modified SRK scheme is

v—kT v—kT v—kT . v—kT
X iryar = Xprpiae T AXTT A AU+ fOAL XTT A AL
(At X757 ay) (AWS) (3.12)
AZ; . % v—kT . % v —kT
SV /(a6 T (R 00) = 1 (180T (R4 00|
(AWZ)Q — At . ~ v—kt . A v—kt
WAL {g (ZAta T+(X_k7—+iAt))) -9 (ZAt7 T—(X—kT+iAt)):| )
with
Yo (X5 ine) = X ine + AXTT 0 A+ AL XTET 1A
+ g(iAt, XFT A VAL
and
—k7+(i+1)At
AW, = / AWs = W_rry+nar — Wekrtiae,
—kT+iAt
—kr+(i+1)At s
AZ; = / / dW,ds,
—kt+iAt —kT+iAt
where 7 = 0,1,2,..., and X:::+0At = £. Here we used the approximation of AZ; by the method of

Kloeden and Platen in [14].

Theorem 3.6. Assume that Conditions (A), (1') hold and At is fized and small enough. The time domain
is divided as T = nAt. Then there exists X} € L? () such that for any initial values ¢ satisfying Condition
(2), the solution of the Milstein scheme satisfies

lim || X5 (6) - X7

k—oo

=0, (3.13)

and )?;f satisfies the random periodicity property.

Proof. The proof is by a similar argument as Theorem 3.4. As it is tedious and there is no special difficulty,
so omitted here. 0
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Remark 3.7. For the Milstein scheme, the existence of constants as K 1, K 2, I?;;, IA(4 in the proof of Euler—
Maruyama scheme is guaranteed by the boundedness of partial derivatives of functions f and g. Then we
still have the convergence for different initial values and the boundedness of the discrete processes. The

addition term QA\/% lf (iAt, ?Jr()?:,flﬂm))) —f (iAt, ?_()A(:,’j;mt))] in the scheme does not influence
the result of the convergence. However, when we analyse the error between approximation and the exact
solution of random periodic solutions, this term is necessary for infinite horizon case to satisfy the order

of error.

4. The error estimate
4.1. Euler—-Maruyama method

In the last two sections, we proved the existence of random periodic solutions of SDE (1.3) and its
discretisations as the limits of semi-flows when the starting times were pushed to —oc. The next step
is to estimate the error between these two limits. Now we need to consider the difference between the
discrete approximate solution and the exact solution. The exact solution at time —k7 + MAt is as
follows

MAt—kt
X:I]§:+MAt(w7§) _ eAMAtg + eA(MAtfkT) eiASf(S,X;kT)dS
—kT
MAt—kt
+eA(MAt7k‘r) / 67A8g(5, X;kT)de (41)
—kT

Lemma 4.1. Assume Conditions (A), (1) and (2). Choose At = 7/n for some n € N and N = kn. Then
there exists a constant K > 0 such that for any sufficiently small fized At and N’ € N, , we have

< KVAt,

2

: —kT v—kT
lim sup HXN,At — XNiAs

k—oo

where X yi%, and )A(;,fzt are the exact and the numerical solutions given by (4.1) and (3.2), respectively,
K is independent of N’ and At.

Proof. In the following proof, we always denote by K. the constant derived from the underlining compu-
tation unless otherwise stated. For any M € N, we have

MAt—kT
> SITTIVED GHITINES (BAMM -+ AAt)M) ¢ + eAMAITRT) / e f(s, X *T)ds
—kT
M1 MAt—EkT
=Y I+ ATy (iAt, )?:,f;mt) At 4 AWM AL=ET) / e~ Mg(s, X)W
1=0 —kT
M—1

- Z (I+AA)M 1y (iAt,)?:,f;mt) (W_prsirnyar — Weprrine) -
1=0

Similar to the method of Lemma 3.1, firstly consider
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2

—2M —k v—k
(1 — aAt) ‘X,;WTJFMM b, SN (42)
_1 ‘ —kT . )/(\'—kT ( ) 2
—9i —kT+(i+1)At —kr+(i+1)At —k Sk
= (1—alAt)™™ (1—ant)? - ’Xw;mt — X iat
1=0

For simplicity we denote

(i+1)At—kT
1 —A(s+kT—(i+1)A —kr ; X kT
Bl :m / (e ( + ( * ) t)f(s3 Xs ) - f(ZAt’X—kT-‘riAt)) dS,
1At—kT
(i+1)At—kT
1 —A(s+kT—(3 A —kT ; kT
By - / (e (s+kT—(i+1) t)g(&Xs ) — g(ZAt’ka‘r+iAt)> dWs.
iAt—kT
Therefore,
kT v—kT
ka'rJr(iJrl)At - X7k7+(i+1)At
= AMXTET L~ ([ AA) X T+ (1= alt) (B + By).
Now we consider
kT v—kT 2
‘ka‘rJr(i«Fl)At - kar+(i+1)At’ - ‘ka'r _ X*k‘r
(1 ~ aAt)Q —kT+iAt —kT+iAt

; - T ANt ANt ; .
= (X—kr+z'At - X—kT+iAt) (1 — alt - I) (1 — alt + I) (X—k7'+iAt - X—k’T+iAt)
. T (AN T AN /o
—kT € —kT T T
+ (ka‘r+iAt) ( 1 — aAt ) (X—errmt) + By B1+ B; B
o X—kT | B 5{*—1@7— ‘ T eAAt eAAt — T — AAt )?—lm— |
—kT4+1AL —kT4+1iAt 1 — aAt 1 — alAt —kT4+1At
AAt - T (T4 AAt
—kT T € —kT +
+2 ((XkTJriAt) (1 — aAt) - (karfrJriAt) (1 — aAt)) B

AAL - T [T+ AAt
—kT T € —kT + T
+2 <<XkT+iAt) (1 _ OéAt) - (ka‘rJriAt) <1 _ OlAt)) By + 2Bl Bs. (43)

We note that the matrix (% -1 ) (% + I') can be non-positive definite when we choose the At

small enough. Now we consider each term in (4.3). First,

o T (AT AN o
E (ka'r+iAt> T aAr ) Nokr+ine
142 2|2
- 142 (A0 ) = _
—kT 2 —kT 4
= HX_’”HMHQ 1— alAt HX_’”HMH2 < Ks(A)"
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Next,
(i+1)At—kT 2
2(1 + —A(s+kT—(2 —kT
E [B1TBl} = ]E|B1|2 < (1(2)2 / ’6 A(s+kT—(i+1)At) _ [’ Hf(SaXs k )H2ds
H “ iAt—kT
( ) (i+1)At—kT 2
21+ p e . e
(1 — o) / [/ (s, XTF7) = FALXZFTL 0], ds
iAt—kT
(i+1)At—kr 2
1 + M y —RKT . S T
A= ant? [ Jraaexcizs) - rase Xt ) o | o @
iAt—kT

where g is a small number from Young’s inequality, which will be fixed later. By linear growth property
of f and Lemma 2.1, we know that Hf(s, Xg’”)”2 is bounded. So for the first term in (4.4) we only need
to estimate

(i+1)At—kr 2
/ ‘e_A(s+kr—(i+1)At) — I‘ ds < %TT (=4).

iAt—kT

By Condition (1) and Lemma 2.2, the second term in (4.4) becomes

(i+1)At—kT
/ [/ (s, X7F7) = FOAL X LT )|, ds
iAt—kT
(i+1)At—kT
< [ X - s X
iAt—kT
+ || A XTFT) = fliat, XZETL a0 ,)ds
(i+1)At—kT (i+1)At—kT
< / Cols — it + kr|Y%ds + / b1 HX;'”—XiferHgds
iAt—kT iAt—kT
(i+1)At—kT
< (Co +5104)\/md3
1At—kT

< Ko (A)? .
Applying the global Lipschitz condition, the third term of (4.4) becomes

(i+1)At—kT
/ Hf(iAt, X:II:-:-i-iAt) — fiAt, X::TT‘*‘iAt)Hz ds
iAt—kT

—kT v —kT
< fiAt HX—kT—&-iAt - X—kr-}-iAtHQ'
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We summarise the above inequalities to have

_ 1+ )32 (A || o _por Sk 2
E [BifBl] < Ky (At)g + % HX—II:T-&-Z’At - X—il:rﬂ‘AtH : (4.5)
(1 — aAt) 2
This term is of the third order of At and second order of At with HX:};TTH.N — )A(:,ljzﬂ.m .
2

Similar to the E [Bf By ], the following term can be estimated as

E By B] = E|By[*

(i+1)At—kT
. 2
< 2(1+p) e AGHRT=0a0 _1[*0(s kar)H? ds
2 g b S 2
(1 — aAt)
iAt—kT
( ) (i+1)At—kT
21+ p ke . kT 2
PR / Hg(S7Xs b ) - g(ZAt7Xfllc€'r+iAt)H2dS
(1 — aAt)
iIAt—kT
(i+1)At—kT
1+p / H . K N, Tk 2
g NG XTET Y it X TR H ds, 4.6
(1704At)2 . g( frriae) — 9( frtiat) ) (4.6)

where g is a small number from Young’s inequality, which will be fixed later. By the linear growth
property of g and Lemma 2.1, we know that ||g(s, X;’”)Hz is bounded. So we only need to estimate

(i+1)At—kT
. 2
/ ‘e—A(S-‘rkT—(z-‘rl)At) _ I‘ ds < ; (At)3 Tr (A2) _

iAt—kT

By Condition (1) and Lemma 2.2, the second term in (4.6) becomes

(i+1)At—kT
kT . kT 2
Hg(87 Xs b ) - g(lAt? X7]’:7—+iAt)H2 ds
iAt—kT
(i+1)At—kT
< / 2(C2 + B2C2) |s — it + kr| ds < Ks (At)>.
iAt—kT

The third term follows from the global Lipschitz condition

(i+1)At—kr
2
. —k . v —k
[ otine Xzl - gtne X2l 00| ds
iIAt—kT
2 —kT v—kT 2
< By At Hka'r+iAt - kaTjLiAt 9

Conclude the above results to obtain

_ A i
E[BI By < Ry (At)? + LT HBAL X7 e - KL

(1 - OéAt)2 —kT4+1At —kT+iAt

) .
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The fifth term of (4.3) can be estimate as follows

N T AAtL AAL I — AAt -
—kT —kT € € —kT
E {2 (X—kr+z‘At - X—kT+iAt> <1 — aAt) ( 1 — aAt > (X—k7'+iAt>:|

<o|x—k Tk 3|47 (A ) oy

= —kT+iAt T P —kT+iAt 9 (1—aAt)2 —kr+iAt||,
< KA || X b — Xk

— 10 —kT+1At —kT+i1At 2'

To estimate the sixth term of (4.3),
E [2 ((X_II::ﬂAt)T (16_14:;t> B (‘)A(:II::HAt)T (%)) Bl] (4.8)
2200 (7o~ Toanr)
+E [2 (X one~ X m) (ifﬁf) Bl} :

Now we discuss these two terms separately,

AAL 142 (At)?
her T e I+ AAt hr ’2
. [2 (X iar) (1 —oni  1oant) B S 2Tl = 1Bl
7> V 1+ ,uﬁlf?ll(At)B —kT v—kT
< Kip(A)7? + (1 — alt)? HXflmuH’At = X pine .

And,

. . T (] 4+ AAt
E [2 (X_§T+m - X—ETHN) (1—aAt) Bl]

NN
< T 1 aAt Hka‘r+iAt — X hrtiae ) (14 At|A|) (4.9)
2\/m 1At kT S kr 2
(1 - aAt)? HX—’WHM — Xk, (1 + At]A]).

We use the conditional expectation to eliminate the seventh term
Ant BN T (14 AAt
—kT T € —kT +
E [((Xk-r+iAt) (1_am> - (ka'r+iAt) (1—aAt>) 32]
Ant > T (T4 AAt ,

—kT T € —kT + iAt—kT
=E |:<(Xkr+iAt) (1 — aAt) - (ka'rJriAt) (1_(1&)) E [Ba|F ]}
=0.

For the last term,
E [2B{ By] <2 ||Bir||2 Bzl

2

< f(l?)(At)s/2 + IA{lél(At)S/2 “X:£I+iAt - )A(:}j;mt

) .
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Combining all the estimation above, we have
2

kT kT
‘X Er+(G+1)A - X —kr+(i+1)At - ke 2
(1 B OéAt) —kT-HAt —kT+iAt
_ [+ mBAL m/ﬂmm B2 ) |- s 2
= (1 — OéAt) + (1 — OéAt) ( kT+1At —kT4+iAt
7> 2 2 V I?7(At)3/2 kT kT
+ K5 (At)” + T aAt + Ki7(At)? HX kit X—k¢+mt”2
Now we notice that the term HX ler it - X~ ,’j: N has coefficients, the largest of which contains a

constant multiplied by At. The largest free term contains a constant multiplied by (At)?. Choosing p

and At small enough and applying Young’s inequality for the term (At)3/2 ’ X ,f;rmt X_,lj;_mt
and from (4.2) we get
2
—2M v—kT
(1—aAt) HX kr4MAt — X kit MA
<3 (1-ann (f«goAtHX WATNED G iy +fﬁs<At>2)
i=0
M-
< Rio(At)(1 — alt)™2M 4 Koo (Al) Z (1—adt) || xF7, .\, - X0 HM’ (4.10)

where

[? o I?lg(l—aAt)Q ( )_ I?lg(l—aAt)Q = - (1+u)(2ﬁ1 —|—ﬁ%+€)
T 2aAt—a2 (A 2a—aZ(At) T (1— aAt)?

Here p, € and the time step At are chosen small enough such that (I?QOAt + 1) (1 — aAt)? < 1. Now

using the discrete time Gronwall inequality, from (4.10), we have
2

—kT v—kT
HX—kT+MAt - X—kT—H\/IAt 9

1+ f{zom) (1- aAt)2)M

~ ~ -~ 1 - fs
S KlgAt+K19Kzo(At)2 (( 21At~

1— (1 + 1?20At) (1— alt)?

We can find a constant IA(gl which is independent of M and At. Finally, we take M = N + N’, where
NAt = k7, N' € Z, then

. . —k -k kT
hin P HXN/& - XN'& = hmwp HX k(N4 N)AL X—k7—+(N+N’)AtH
<\ Kn VAL
So we get the result. O

We have proved the estimation of error from —k7 to N'At as k — oo can be controlled under the 1/2
order of the time step. And the upper bound is uniform in time. The following theorem will give us a
more general result, which is from —k7 to time r. Let X 7*7, » > 0 be given by (3.6).



ZAMP Numerical approximation of random periodic solutions Page 21 of 32 119

Theorem 4.2. Assume Conditions (A), (1) and (2). We choose At = 7/n for some n € N, N = kn. For
any r > 0, there exists a constant K > 0 such that for any sufficiently small fized At,

< KVAL,
2

lim sup HXT_kT — )/(:T_kT

k—o0

where X7*7 is the exact solution, while )A(T_’” is the numerical solution and K is independent of At and
T.

Proof. Assume for any r > 0, N’ is the unique integer such that N'At < r, (N’ 4+ 1)At > r. According
to the semi-flow property, we have

XM (W) = X (@) =XV A () 0 XiE, () = XYV w) o XFIE,(w),

T T

where )A(T],V 'At s finite time Euler approximation of solution of (1.3) from N’At to r and )A(X,fzt is defined

as before. So,

HX:]CT _ ka'r

r

i (4.11)

N'A —k N'At | p—k
< HXr To Xk, — X o X,

N'At _ p—kr CN'At  p—kr
) + HXr o Xyiar — X, o XAt

) .

< K+v/At. By the

For the first term on the right-hand side, by Lemma 4.1, we have HXJQF& — )?]szt
continuity of XN'*(.) with respect to initial values in L2(2) [15], then

< CsV AL,

2
where Cj5 is independent of At. For the second term on the right-hand side of (4.11), it is finite time
Euler approximation with same initial value. By Theorem 10.2.2 in Kloeden and Platen [14], there exists
a constant Cg > 0 such that for sufficiently At > 0,

N'At —kT N'At _ p—kr
HXr o Xniar — X, o XNrAt

—kT v—kT
9 <C HXN’At - XN’At

N'At _ p—kr ON'At  p—kT
HXr o Xyrar — X, o Xn/at

) < CsV AL,

where the choice of Cg is independent of At. The result follows by taking K= Cs + Cs. O

Corollary 4.3. For any r > 0, the ezact and numerical approximating random periodic solutions of
Eq. (1.3), X} and X}, given in Theorems 2.4 and 3.4, respectively, salisfy

Hx: - % < &var

Proof. The result follows from

HX;k —Xr , <limsup {HX: - XT_IWH2 + HXT_’” — )?r_’”
k—oo

e

)

T

4.2. Modified Milstein method

For Milstein method, we can use the similar calculation as Euler-Maruyama scheme to get an improved
error estimate between discrete approximate solution and the exact solution.

Theorem 4.4. Assume Conditions (A), (1') and (2). Then there exists a constant K* > 0 such that for
any sufficiently small fired At, the error between the evact solution X *™ and the numerical solution
)?;’” given by Milstein scheme (3.12) is limsupy,_, “X;}” - )/(\'f’” ) < K*At, for allr > 0, where K*
is independent of At.
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Proof. In the following proof, we always denote by K. the constant derived from the underlining compu-
tation unless otherwise stated. We consider the error in the similar way as Lemma 4.1.

(1 — aAt)~M ’X"”

2
— Xk
—kr+MAt T X _frMAL

N 2
1 ’ka’r ) o kar ) 9
—92; —k74+(i+1)At —k7T+(i+1)At ket S—kr
- 1 - aAt)? —‘X Xk L (412
Pt ( ) (1 _ O[At)Q —kT4+i1At —kT4+iAt ( )
For simplicity we denote
(i+1)At—kT
». 1 —A(s+kt— (i A —kT . v—kT
L N / [e (A= DB £ (5, XTM7T) - JOEAL X7 iae)
iAt—kT
1) -kt
- / Fi( )(ka‘rqtiAt)dWU ds.
iAt—kT
(i+1)At—kT
5, 1 —A(s+kT—(1 A —kT . v—kT
B, = 1— aAt / [e (T DAY g (5, X TT) — g(int, X5l vine)
iAt—kT
(1) -kt
G; (X—kr+iAt)dWU dws,
iAt—kT
with
1 ~
FY(x 7< (zAt,T x)— zAt,T,x) ,
@) = s (£ (8010 @) - 1 (@)
1 . ~
GW(z) = —— <zAt,T T ) —giAL, T _(z )
D) = = (9 (30 11@) - g (@)
Therefore,
—kT v—kt
ka'r+(i+1)At B kar+(i+1)At
= AN Ty — (T AA) X7 + (1 — A (Bl T BQ) :
Now we consider
N 2
—kT —kT
‘X_lm-+(i+l)At - X—kr+(i+1)At B ‘X_’” s ‘2
(1 _ OéAt)Q —kT+iAt —kT+iAt

T AAt AAt
= (X:I]c€:+iAt - )?:I’c€:+iAt) (16_O[At - I) (16_0[At + I)
X (X:l]cc;——&-iAt - )?:::+iAt)
(Bt (W) (R4 ,ia) + BI B+ BY By
+2 (X:;f;rmt - )?:l?:—&-iAt)T < - ) <6AAt - AAt) (

)/(\'—kT ) )
1 — aAt 1 —aAt —kT+iAt
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AAt
kT T e kT I + AAt ~
+2 <(X—Ic7—+zAt) <1—0At) (X—kr+zAt> <1—cht B,
. T [ eABt . I+ AAt
+2 <(X I];—JrzAt) <1—04At) (X /’;TJr’LAt) <1 _ OzAt)) B2 + QBTBQ (413)

By the similar analysis as (4.5) and (4.7), we have

cral o s, (LB AN | s P
E [BfBl} <Kz (At)" + W HX—IlccT-i-iAt X—Iljr-i-zAtH
2
—kT
+K23 (At)? HX kr it X—kr—i—iAt‘ 5’
and
=7 = 3 (L+pB3AL || o _pr kT 2
E [3532} < Koy (At)" + ﬁ HX—kT-i-iAt X—k‘r-i—zAtH

2

- k
+ K5 (At)? HX kr it - X k77:+zAt

The crossing product terms in (4.13) are estimated similar as (4.8) as follows:

e T [ eABt N I+ AAE\ =
E |:2 <(X—]]€CT+1:At) (1 _ aAt) (X—IIcCT-HAt) <1 _ OéAt)) B1:|

= V14 51K27 At kT
= K26(At)4 (1 —alA HX k'rJrzAt X —kT+iAt
21/ Koo (A2 .
1 — aAt H erﬂ'At X~ I’:‘r+zAt (1 + At |A]) (4.14)
2 AV - T HRPLE 1 + 1At kT kT
1 _ OéAt HX—k‘T—'rlAf X—k7'+zAf (1 + At |AD
+2Rog (A0 [ XTHT oy~ Xl 1+ At A

The seventh term remains 0 under conditional expectation.

AAt
kT T (& kT I + AAt ~ -
E [((X k'rJrzAt) <1 — aAt) <X kr+zAt) (1 —alt By| =0.
For the last term,
B 257 5,] <257, ||,

~ ~ 2
< Ko (A1)/? + Kag(At)*/? HX Mrine X—l}cC:+zAt

Combining all the estimation above, we have
2

‘X kT _ Xk ,
kr+(i+1)A —kT+(i+1)At . e
(1 — aAt)? ’X—kT-HAt X—kT+zAt‘ (4.15)
1+ wBEAL 2/ 0+ wbhAt . e
< = aAzt) 0= aney? + Kao(At)*/? HX A~ X_§T+1At
+ 1?41 (At)3 + I?42 (At) HX f:—HAt :1§:+1At H
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Choosing p and At small enough and applying Young’s inequality to the term
—k Tk
(At)2 Hka‘L»iAt B ka‘:+iAt

X and from (4.12) we get

2
—2M —kT v—kT
(1—aAl) HXJ;TJrMAt - XflfrJrMAtHQ (4.16)
M—1 R R .
<Y (1-ann™ <K43At HX:II:-:—HAt ~ X vine , T K44(At)3)
i=0
M—1 )
7> — > —21 —kT v—kT
< Kas (AP (1= aAt) M 4 Kag(At) 3 (1= adt) ™ || XTET o = X5,

where
I?44(1 — aAt)2
45 =

_ ( ):f(44(1—04A?f)2 Ro o (LH10)(28 + 53 +¢)
2aAt — a2 (At)? 20— a2 (At) " T (1— aAt)?

=)

Here p, € and the time step At are chosen small enough such that (I?43At + 1) (1—aAt)? < 1. Applying
the discrete time Gronwall inequality, from (4.16), we have
2

—kT v—kT
foerrMAt - kar‘rJrMAt

2
1- ((1 n I?43At) (1- aAt)Q)M
1- (1 n 1?43At) (1 - aAt)?

< Kus(A1)? + Ky Ky3(At)? < Kys(A1)2. (4.17)

We can find a constant 1?46 which is independent of M and At. We take M = N, where NAt = k7, then

1 —kT v—kT 7>
y limsup HX—kT+NAt - X—kT+NAtH2 <\ KAt

N—oo

lim sup HX(;’” - )?akT

k—o0

The discussion about the convergence from time —k7 to r is the same as Theorem 4.2 as we know that
the Milstein scheme with addition term also has strong order 1.0 for finite horizon. 0

Remark 4.5. Compared with Euler-Maruyama scheme, the order 1.0 Milstein method improved the
order by replacing terms By and Bs with more accurate approximation By and Bs. If we did not have
the additional term

AZ;
2WAL

we would only have the result with By and Bg.
Here if we compare the scheme without additional term, it is important to notice that the term

HX#” — Xk , in (4.14) is multiplied by (At)?. But in (4.9) it is multiplied by (At)3/2. When

—kT4+1iAL —kT4+iAL
we apply the Young’s inequality in (4.15), to make sure the free term with (At)?, we have

[f (iAt7’/f+(X:I]::+iAt))) —f (iAt’T*(X:l]:jr—+iAt))} )

~ 2
% X:kT _ kaT

Ky (At) kT+iAt —kT+iAt

= = —k Sk
) < Kyr(At)? + Kys Hka‘;iHAt = X ia

.
This will influence the constant K45 in (4.16) to fail the inequality (I?43At + 1) (1 —aAt)? < 1. On the

finite horizon, IA(46 is still bounded by the boundedness of M. But in the case of the infinite horizon, the
scheme is under the risk of instability. For this reason, we modify the scheme with the additional term
from higher-order scheme.
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F1G. 3. Root-mean-square error versus step size as log—log plot for the SDE (3.11)

Corollary 4.6. For any r > 0, the exact and numerical approximating random periodic solutions of
Eq. (1.3), X} and X, given in Theorems 2.4 and 3.6, respectively, satisfy

|x: - %

< K*At.
2
Here K* is independent of At and r.

FEzxzample 4.7. To illustrate the errors in Theorems 4.2 and 4.4, we simulate the random periodic solution
of Example 1 with 2000 different noise realisations by both Euler-Maruyama method and modified
Milstein method. We then apply Monte Carlo method to obtain the root-mean-square errors between
the exact random periodic solution and the respective numerical schemes with 12 different step sizes:
1x1075,2x107°,3x107°,4x107°,1x107%,2x107%,3x1074,4x1074, 1x1073,2x1073,3x 1073, 4x 1073,

t

where the exact one is given explicitly as X; = [ e~ ("+2)(=s)+We=Ws gin(75)ds. The relationship
— 00

between the root-mean-square errors and the step size is shown in the log—log plot in Fig. 3. The difference

of the orders of convergence between the Euler-Maruyama method and Milstein method is clear from the

numerical simulations.

5. Periodic measures

Let P(R™) denote all probability measures on R™. For P;, P, € P(R™), define metric dy, as follows:

(MHJ@:%E/meMw—/WW%M@,
m an

where

L={p:R"™ = R:|p(z) - ¢(y)| < |z —y| and |p(-)] < 1}.
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From [11], it is not difficult to prove that the metric dy, is equivalent to the weak topology. This useful
observation was made in [27].

We can define the transition probability of the semi-flow w which is generated by the solution of (1.4)
as follows:

P(t+s,56T) = P({w:u(t+s,s,w){ €I'}) = P(X7, () €T), (5.1)
for any I' € B(R™). For any ¢ being bounded and measurable

Pt + 5, 9)p(€) = / Pt + 5,5, €, dn)p(n) = Eo(X7,,(€)
]Rm

defines a semi-group satisfying
P(t+s+r,s+r)oP(s+r,s)=Plt+s+rs), rnt>0, seR.
Recall the following definition of periodic measure given in [8] .

Definition 5.1. [8] The measure function p. : R — P(R™) is called periodic measure if it satisfies for any
s€R, t>0,and " € B(R™),

Ps+1 = Ps; /P(t + s, 87;U,F)ps(dx) = pt+s(r)~
RmM

From Theorem 2.4, we know that the random periodic solution of (1.4) exists. So by the result in
[8], we know that the periodic measure p exists, which can be defined as the law of random periodic
solutions, i.e.

pr(D)=P(X)el). (5.2)
Similarly, we can define the transition probability of the discrete semi-flow @ from Euler—Maruyama
scheme by
P(t+s,5,6T) = P({w: a(t +s,s,w)€ € T}) = P(X;,(€) € T). (5.3)
For any ¢ being bounded and measurable

Pt +5,9)6(€) = [ Plt-+ 5,5, dmpln) = Bo(Xz,,(©)
R?n
defines a semi-group satisfying
P(t+s—|—7‘,s+r)op(s—|—r,s) :P(t+s+r,s), rt>0, s €R,
Similar to the result in [8], the measure function defined by
pr(T) = P(X; €T) (5.4)

is a periodic measure for Markov semi-group P(t+s, s). It satisfies for any s € R, ¢ > 0, and I’ € B(R™),

ﬁs-‘rT :ﬁsa P(t+5737xvr)ﬁs(dx) :ﬁt+s(r)'
RTTL

We have following error estimate of p. and p.. Consider the Euler-Maruyama scheme (3.1) first.

Theorem 5.2. Assume Conditions (A), (1) and (2). Then periodic measures p. and p. of the Markov
semi-group generated by the exact solution of (1.3) and approzimation (3.1) are weak limits of transition
probabilities along integral multiples of period, i.e.

P(T’, 7k7—’ 5) — Pr P(Ta 7]{:7_3 5) - ﬁ?“a as k — o0, (55)
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weakly and the error estimate is
di(py. pr) < KVAL, (5.6)
where K is independent of At and r.

Proof. To prove (5.5), by (5.1), (5.2), Theorem 2.4 and Jensen’s inequality, we have
d]L(P(Ta _kT7 E)a pT)

:Ss;gi /gp(m)P(r,—kT,f,dm)— /gp(x)pr(dx)

m Rm™

= sup [E[p(X, ) — o(X))]]

< sup Elp(X, ") — o(X)|
pel

<E|X; % - X
< [l = X7

— 0,

as k — oo. So P(r,—k7,§) — p, weakly as k — oo from the well-known result in [11]. Similarly, we can

have for the discrete system, P(r, —kT,&) — p, weakly as k — co. Now we consider the metric between
these two periodic measures p. and p,

lpr.) = sup / (@) pr(dz) — / ()7, (dz)

R™ R™

< sup / (@) pr(da) — / (@) P(r, —kr €, dz)

pel

R R™

+§£ /@($)P(7’,—k7’,f,d1‘)—/(p(x)ﬁ(’r‘,—kﬂf,dﬂj)

R Rm™

+ sup / (@) B(r, —kr €, dz) / () (de)

pel

R™ R™
— sup [E[p(X) — ¢(X,*)]| + sup [Blp(X, ) — o(X, 7))
e €L

-~

+ sup [Elp(%,47) = o)

T T
p€elL

<E|X; - X "|+E ’X;’” — Xk

+E ‘)A(;’” —Xr

S HX: _ Xr_kTHQ + HXT—kT _ )’(\'T—k'r

+ HX;’” —- X7
2

) (5.7)
By Theorems 2.4, 3.4, 4.2, we have for any € > 0, there exists N > 0 such that when k£ > N,

€
<

X* _ x kT < € X—kr X <=
H T I HZ ? T r )
3 2 3

and

HX—kT o )?—kT

< KVAL+ %
2
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Then taking £ > N in (5.7), we have
du(pr,pr) < KVAt + .

Note in the above inequality, the left-hand side does not depend on k and e is arbitrary. So (5.6) is
obtained. 0

Remark 5.3. There are a number of works about approximating of invariant measures for SDE using
Euler-Maruyama method and Milstein method [16,22,23,27]. For finite horizon, the order of weak con-
vergence of Euler—-Maruyama method was proved to be 1.0, a significant improvement from the order 0.5
in the strong convergence (c.f. [14]). However, the order of 1.0 is not guaranteed in the infinite horizon
case, see [16] for the case of the invariant measures. On the other hand, in some work such as [22,23],
the order of error of Euler-Maruyama method was managed to increase to 1.0 under the non-degenerate
condition. Here we do not have such an assumption, and we have order 0.5 in the weak convergence
formulation. However, in the case of the modified Milstein method, we will see that the error is of order
1.0 in the next theorem. Note that the error estimate with the Milstein scheme is also 1.0 in the weak
convergence formulation even in the non-degenerate case [22,23].

Theorem 5.4. Assume Conditions (A), (1') and (2). Consider the modified Milstein scheme (3.12). Then
the periodic measure p. of the Markov semi-groups generated by the discretised semi-flow is the weak limit
of its transition probability along integral multiples of period, i.e.

15(7’7 —k1,£) — pr, as k — o0,

weakly and the error estimate between the approrimating periodic measure p. and the exact periodic
measure 18

d]L(Pr, ﬁr) S K*Atv
where K* is independent of At and r.

Proof. The proof is similar to the proof of Theorem 5.2, but using Theorem 4.4 instead of Theorem 4.2. [

6. Transformation of the periodic SDE via Lyapunov—Floquet transformation

In this section, we consider the following m-dimensional system
dXlo = A@t)XTodt + f(t, XI)dt + G(t, XL°)dW,, t > to, (6.1)

with X;° = ¢. We assume that the matrix A(t) is a continuous 7-periodic m x m real matrix and the

functions ]?and g are both 7-periodic in time, i.e.

A(t+1) = A®t), ft+7,-) = f(t,), gt +7,-) = g(t,-), for any t € R.
To solve this problem we need to apply the Floquet theorem to transfer this system to a system with
the linear part having a time-invariant generator.

6.1. The transformation

The well-known Floquet theorem can be found in many books, such as [9]. It says that if ®(¢) is a
fundamental matrix solution of the periodic system X = A(t)X, then so is ®(t + 7). Moreover, there
exists an invertible 7-periodic matrix P(t) such that ®(t) = P(t)ef®, where R is a constant matrix.
The matrix P(t) is called the Lyapunov-Floquet transformation matrix, and X = P(t)Z is called the
Lyapunov—Floquet transformation.
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Proposition 6.1. Under Lyapunov—Floquet transformation X (t) = P(t)Z(t), periodic system (6.1) is trans-
ferred to the following system with constant coefficient matriz linear part

dzle = Rzl dt + P(t)~L f(t, P(t)Z{°)dt + P(t)~'g(t, P(t) Z°)dW, (6.2)
with Z{® = P(ty)*¢.
Proof. The proof follows some elementary calculations. O
From the periodicity of P, we know that
Ot +7) = P(t + 7)) = P(t)ef e = d(t)e.
R+27kil R

= efte?™ ] = ef for any k € Z, the constant matrix R is not unique. It is also not
R is real. So we need the following corollary to guarantee such a real constant

Since e
necessarily real, even if e
matrix exists.

Corollary 6.2. Let B = £EE  S(t) = &(t)e B!, Then S(t) is real and 27-periodic. Under the transforma-
tion X[° = S(t)Z}°, pemodzc system (6.1) is transferred to the following system with constant coefficient
matriz linear part

dzto = Bzdt + S(t)"Lf(t, S(t)ZL)dt + S(t) " g(t, S(t) ZL°)dW,, (6.3)
with Z{® = S(to) 1€,

Proof. Because A(t) is real, so the matrix C' = ef'm = ®(7)®~1(0) is real. Thus, for the real matrix
B = #, 2 = eRTeR™ — ¢2BT Note S(t) is real since B is real. And notice that

S(t 4 27) = ®(t 4 27)e B+ = o(1)C%e 2B Bt = & (1)e B = S(t).

Then we can obtain the time-invariant system in a similar way as in the Corollary 6.1. The only difference
is that the system with real constant coefficient matrix linear part becomes 27-periodic. O

6.2. Convergence theorem of the periodic parameter matrix system

Condition (A’). The matriz function A(t) is T-periodic, the corresponding matriz B is symmetric with
eigenvalues satisfying 0 > A1 > Ao > ... > Ay

Because S(t) is continuous and periodic, so S(t) is bounded. The periodicity and continuity of S(¢)~!
are obtained from the properties of S(t), and it is concluded that S(¢)~! is bounded as well. Thus, there
exists a constant M such that |S(t)~'|[S(t)| < ~. For the periodic parameter matrix system, we give the
following condition
Condition (1'). Assume there exists a constant T > 0 such that for any t € R z €R™, f(t+1a) =

f(t,z), §(t+ 7,2) = §(t,x). There exist constants Co,B1, B2 > 0 with Byy + ﬁ2 < M1, such that for
any s,t € R and x,y € R™,

Fls,2) = J(t.9)| < Cols — 1" + B o~y

[§(s,2) =3t )| < Cols —t'"* + Ba |z —y].
From this condition it follows that for any x € R™, the linear growth condition also holds ’f(t,x)’ <
By || + Ch, lg(t,z)] < B2 || + Cs, where the constants C1,Ca > 0, which are independent of time t.

Theorem 6.3. Assume that Conditions (A’), (1'). Then there exists a unique random periodic solution
Xx € L2(Q) of period 27 such that for any initial value &(w) satisfying Condition (2), the solution of
(6.1) satisfies klim HX;QkT(f) - X, =0.
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Proof. We only need to verify that the corresponding time-invariant system

dzj° = BZ{°dt + f (t, Z}°) dt + g (¢, Z;°) dW, (6.4)

with Z{0 = S(to) "¢, where f (t,2) = S(t)~! F(t,S(t)x), g(t,z) = S(t)"1g(t, S(t)z), satisfies the condi-
tions of Theorem 2.4. It is easy to see that f(t + 27,2) = f(t,x), g(t + 27,2) = g(t,x). For Condition
(1), the largest eigenvalue of the matrix B is A\1. By the Lipschitz condition on function fand g, we have
following result in the time-invariant system |f(¢,z) — f(t,y)| < /fé’vl'y |z — y|. This means the function f
will preserve the Lipschitz property with constant 5, = fﬁ}y. Similarly, we can prove that the function
g possesses the Lipschitz condition with constant (5, = :8;'7. Meanwhile, from Condition (1’), we have

B+ %ﬁ < |A1]. Moreover, for any x € R™,
£t =[SO F(t. S| < B 57190l + [S0) 7| G < Bu ol + .

Therefore, we can verify the linear growth property of f and g with the constants Cy,Cs > 0.
The constants $; and (2 are both independent of time ¢. For Condition (2), the initial value of the
time-invariant system will preserve the boundedness because of the boundedness of S(¢)~'. Accord-
ing to Theorem 2.4, there exists a random periodic solution Z € L?(Q) with period 27 such that
limy o0 ||ZT_2’”(§) — ZJ||, = 0. It turns out that

Jim [ X727 (€) = X7|, < (1S Jim |22 (€) - Z; ], = 0.

The 27-periodicity of S(r) and Z2*7 give us the random periodicity of solution X*(r,w). So X is a
random periodic solution of (6.1) of period 27. O

6.3. Numerical approximation scheme and error estimate

With the existence of the random periodic solutions, we now consider the scheme to simulate the process
Z of equation (6.3). Similar as before, we can consider strong and weak convergence in Euler-Maruyama
and modified Milstein methods. Due to the length of the paper, we only consider strong convergence in
the Euler scheme given by

Z:221]:77——+(i+1)At = 2T i+ IBZ5T ny + SGAD T AL S(ANZ5T 0] A
+S(A) T GIAL SGANZZET ine) (Woskrsisnyar = Weakriat) . (6.5)

Theorem 6.4. Assume Conditions (A’), (1) and (2), S(t) € C*(R). Then there exists 2:, which is a
random periodic solution of period 27 for discrete random dynamical system generated from (6.4), such
that

lim 'X;Ql” — 8(r)Z7%T

k—o0

< KvVAt, and Hx;f —S(r) 2
2

,< KVAt, rel0,T),

for a constant K > 0, which is independent of At, where X is the exact random periodic solution of
(6.1).

Proof. By Theorem 3.4, there exists Z* € L2(2) such that lim sup HZ.‘”” - Zr

k—oo
= 0, where Z* is the random periodic solution of period 27 for discrete random dynamical system
generated from (6.4). According to Theorem 4.2, we have the conclusion that there exists a constant

2
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K7 > 0 such that limy_, HX;%T — S(r)Z; 2k

, < K ||S(r)||, VAE < K+/At. Thus, it follows that

Hx: — S(r) 2

, <limsup || X — X 2T

k—o0

+ lim sup HX;%T — S(r)Z; kT
k—o0

LS KVAL.

I

+ lim sup HS(T)Z\T_%T —S(rZ:

k—oo
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