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I. ANALYSIS OF THE ¢-AXIS RESPONSE which essentially corresponds to two resistors in series,

A. Parameterization of the c-axis spectra

The frequency and the broadening of the phonon line-
shape, as displayed in Fig. 2(a) and 2(b) of the paper,
have been obtained by fitting the real and imaginary
parts of the measured spectra with the following func-
tion:

B w; ; — wp;
(W) = €oo + Ej: e - (1)

The sum consists of Lorentzian functions with a complex
oscillator strength [1]. The imaginary part of the oscil-
lator strength iwf3; enables us to describe the lineshapes
of phonons even if they are renormalized by an interac-
tion, for example, with other phonons or the electronic
background. Note that this formula satisfies the condi-
tion of Kramers-Kronig consistency e(—w) = e(w)*. It
allows us to obtain very good fits (within the noise level
of the experimental data) with only one oscillator per an
IR-active phonon mode and a few broad resonances for
the electronic background. We do not assign any physi-
cal significance to the obtained values of the parameters
but merely use them to reliably identify the anomalies
in the temperature dependence of the phonon modes, as
shown in Figs. 1(c) and 2(a-b) of the paper.

B. The multilayer model

In the paper, we analyzed our data with a model
that describes the electromagnetic response of a stack
of superconducting layers that are separated by dif-
ferent kinds of spacer layers through which they are
weakly coupled along the c-axis direction. This so-called
multilayer model [2-4] has been shown to reproduce
very well the c-axis response of the bilayer compounds
like YBaoCu3zOr_s where the conductivity between the
closely-spaced CuQOs layers (intra-bilayer region, “bl”) is
substantially different (higher) from the one between the
bilayers (inter-bilayer region, “int”). For this geometry,

there exists a frequency at which the charge density reso-
nantly oscillates between the CuOs planes of the bilayers.
This oscillation forms an electric dipole and thus is in-
frared active and shows up as an absorption band in the
spectra, the so called transverse plasma mode (TPM).
Munzar et al. [4, 5] successfully explained the interaction
of the TPM with the IR-active phonons and the resulting
phonon anomalies, in particular the one of the phonon at
320cm~!. They showed that the renormalization of the
phonons naturally results from the superconductivity in-
duced changes of the charge density oscillations.

For our analysis we used the same structure of the
interaction between the phonons and the electronic de-
grees of freedom as introduced in Ref. [4]. The electronic
background is expressed in terms of the intra-bilayer and
inter-bilayer current densities, ju; and jint, respectively,
which are related to the corresponding local fields Ey,;
and Fj,; and the local susceptibilities yp; and Ying, as

Joi(w) = —iweoxpi(w) En(w) , (2)
Jint (W) = —iweg Xint (W) Eint (w) - (3)

The susceptibilities xpi(w) and yint(w) are modeled by
the following set of Drude-Lorentz oscillators

w? 02
Xa(w) Cw? w(w +i7,)

S2 .
a,j .
. ae{blint}. (4
+zj:1/27j7w271w1ﬂa7j a € {bl,int} . (4)

The first and the second term account for the response
of the superconducting condensate and the quasiparticles
with finite scattering rate (Drude term), respectively. We
find that the broadening of the Drude term -~ of the
intra-bilayer response above T, is about 150 cm~! and
remains nearly temperature independent. In order to re-
duce the number of free parameters, we have fixed v, at
this value for all temperatures. An alternative modeling
approach where ~, is fitted at every temperature inde-
pendentely is discussed below. The spectral weight of the
Drude term, SWirtde = 02, was fitted and its tempera-
ture dependence is shown in Fig. 1(f) of the paper. In the
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Fig. S 1: a) The data and fit with the MLM from the pa-
per Fig. 1 a) shown on a broader frequency range. b) The
real part of the inter-bilayer conductivity o1 int showing the
upwards shift of the spectral weight due to the extrinsic pseu-
dogap below T™.

spectra below T¢, the weight of this Drude term is trans-
ferred to the one of the SC term SW}{~ = w?) as shown in
Fig. 1(f) of the paper. We note that in the intra-bilayer
conductivity, oy, our fit cannot distinguish between a su-
perconducting delta function at the origin and a Drude
term with a very small damping (v, < 30cm™1).

The sum in Eq. (4) represents the additional oscilla-
tors that were necessary to fit the higher energy part of
the spectra above 1000 cm™!. Since the response is only
slowly varying, two broad oscillators located at about
1500 and 3000 cm~! were sufficient. These oscillators
are almost temperature independent in the case of the
intra-bilayer response. In contrast, in the inter-bilayer
response they significantly change with temperature and
track the decrease of the low frequency spectral weight
related to the competing pseudogap as shown in Fig. 1(d)
of the paper. Supplementary Fig. 1a) shows the data and
fit on a broader frequency scale and Fig. 1b) the result-
ing inter-bilayer conductivity that demonstrates that the
missing low frequency spectral weight is shifted to higher
frequencies. This trend originates from the similar fea-
ture of the broad background in the raw data shown in

Fig. 1a) or in Fig. 1(b) of the paper.

As was outlined previously [4], the phonons at 280,
560 and 620cm™! involve predominantly vibrations of
the oxygen ions in the inter-bilayer region whereas the
320cm~! phonon is due to the bond-bending vibration
of the oxygen ions in the CuOs planes. The coupling
between these phonons, the local fields FE}, and FEj,,
and the inter- and intra-bilayer current densities is de-
scribed in detail in Ref. [5]. Here we focus on the
320 cm~! phonon and its anomalous temperature depen-
dence which is playing a central role in the analysis as
presented in the paper. We emphasize that the val-
ues of the bare oscillator strength and bare frequency
of this phonon were determined from the room temper-
ature spectra and then kept fixed for all the fits to the
spectra of lower temperatures. The large and anoma-
lous changes of the parameters (oscillator strength, fre-
quency, and broadening) of the lineshape this phonon
mode therefore arise from the coupling to the inter- and
intra-bilayer current densities and the changes of these
quantities with temperature. For the fitting, we simulta-
neously used the real- and imaginary parts of the optical
conductivity which were determined independently by el-
lipsometry.

We note that the temperature dependence of the intra-
bilayer current density, oy, affects the optical spectra
mainly below 700 cm~! where the phonon anomalies and
the TPM occur. On the other hand, the inter-bilayer re-
sponse, oy, exhibits temperature dependent changes of
the broad electronic background where the conductivity
is reduced at lower frequency and the spectral weight is
shifted to frequencies above 1000 cm ™! as the competing
pseudogap develops below T*. Therefore, the two kinds
of inter- and intra-bilayer current densities give rise to
clearly distinct spectroscopic features whose determina-
tion is well conditioned.

In the following we show that a qualitatively similar
result is obtained, concerning the increase of the coher-
ent low-frequency spectral weight in oy 1,1 below 7T°",
even if we do not fix the value of 4. In this case,
we do not need to include an additional delta function
at w = 0 below T, since it can be hardly distinguished
from the Drude term which also gets very narrow with
Y1 < 10em™t at T << T,. All the spectral weight of
the coherent low frequency response is thus contained in
the Drude term, i.e. in SWPrude = Q2 . Supplementary
Fig. 2(a) shows that this modified MLM model also pro-
vides a good description of the experimental data and
supplementary Figs. 2(b) and 2(c) confirm that the ob-
tained spectra of oy exhibit a similar trend as it was
presented above where we fixed vy, to 150cm™!. In par-
ticular, the spectral weight of the Drude response is es-
sentially constant above T°" ~ 160 K, while it exhibits
a clear increase below T°"%. This increase is even more
pronounced here since in parallel the value of v, also in-
creases slightly below T°"%. As such it can be concluded
that the model with a fixed broadening of the Drude
term, as presented in Figure 1 of the paper, provides
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Fig. S 2: a, Comparison of the measured spectra of the c-
axis conductivity of underdoped Y-123 with 7. = 58 K and
the fits with the MLM where the width of the Drude term
in 01,51 has not been fixed. b, The obtained spectra of the
intra-bilayer conductivity, o1 1. ¢, Temperature dependence
of the spectral weight, SWE'4® and the width, 4,1, of the
Drude term.

a lower limit for the increase of the coherent spectral
weight below T°" =~ 160 K. Finally, below T, the value
of Y1 decreases sharply and almost vanishes at T << T
thus confirming that the vast majority of the low-energy
intra-bilayer spectral weight participates in the supercon-
ducting condensate.

C. Doping dependence of the far-infrared c-axis
conductivity

Supplementary Fig. 3(a-e) displays the spectra of the
far-infrared c-axis conductivity of a series of Y-123 single
crystals whose doping level decreases successively from
optimally doped (a), to strongly underdoped (e). The
graphs show representative spectra well above T°" (red
line), near T°" (black line), at 7. (green line), and at
10 K (blue). For the near optimally doped sample Y-123
with T, = 90 K [see supplementary Fig. 3(a)] the spec-
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Fig. S 3: a-e, The c-axis conductivity of samples with dop-
ing gradually decreasing from optimally doped one (a), to
extremely underdoped one (e).

tra show no evidence of any anomalous features above
T. = 90 K, i.e. the spectrum at 140 K almost overlaps
with the one at 90 K. This is already very different for
the moderately underdoped sample with T, = 75 K, as
shown in supplementary Fig. 3(b). The pseudogap below
T* = 260 K gives rise to a clear suppression of the elec-



tronic conductivity, i.e. the broad electronic background
of the spectrum at 120 K is already significantly lower
than the one at 220 K. In comparison, the features re-
lated to T°" = 120 K are still fairly weak and difficult to
identify from the inspection of the spectra. Nevertheless,
the softening of the 320cm™! phonon mode is obvious
from the fits of the data as shown in Fig. 1 of the pa-
per. The same applies to the TPM which becomes most
pronounced below T, (blue line) where it gives rise to a
band around 500 cm~!.

In the strongly underdoped sample Y-123 with T, =
58 K [see supplementary Fig. 3(c)], the effects related to
T°" =160 K are already very pronounced. One can see
that the spectral weight of the lineshape of the 320 cm™!
phonon is substantially reduced and the frequency is soft-
ened when going from 180 K (black) to T.=60 K (green).
The same applies for the TPM at 450 cm™! which is al-
ready noticeable at 60 K. In the very underdoped sample
Y-123 with T, = 34 K [see supplementary Fig. 3(d)] the
competing pseudogap is already fully developed above
300 K, therefore there is hardly any difference between
the spectra at 270 K and 210 K. Nevertheless, the spec-
trum at 40 K right above T, (green) differs drastically
from the one at 210 K (black). The TPM merges here
with the phonon at 320cm™!. Below T°" = 180 K, the
phonon-TPM band broadens dramatically and is shifted
to higher frequencies. The main effect occurs here above
T, while only a slight additional increase of the frequency
occurs below T¢.

Note that the magnitude of the changes associated
with the TPM and the phonon anomalies at T, < T <
T°" becomes relatively large in the strongly underdoped
regime. While in the sample with T, = 58 K the changes
have about the same magnitude or are smaller than
the ones below T, this is reversed for the sample with
T. = 34 K where the largest changes already occur be-
tween T°" and T.. With decreasing doping, the effects
related to T°™ become stronger while the ones below
T, become relatively much weaker. Notably similar re-
lation between the magnitude of the changes below 7"
and below T, has been observed in independent experi-
ments, like the Nernst effect [7], dilatometry [8], specific
heat [9, 10] and can also be noticed from the temperature
evolution of the intensity of the magnetic resonance mode
in inelastic neutron scattering measurements [11, 12]. Fi-
nally, even for the sample Y-123 with 7, = 0 K and
p &~ 6% [see supplementary Fig. 3(e)], we still observe
a noticeable increase of the frequency and broadening of
the phonon-TPM band between 180 K and 10 K.

D. Bilayer splitting and the c-axis hopping matrix
elements

In bilayer cuprate superconductors like Y-123, the con-
duction band of the copper-oxygen planes is split into
bonding band (B) and antibonding band (A), respec-
tively. Their dispersions are conveniently parameterized

as

epralky, k) = e(k) F
\/ti bl(k\l) + ti int (k\l) +2t, bl(kl\)tJ- int (kl\) cos(k.d) .
(5)

Here € is the in-plane component, that can be expressed
in terms of hopping matrix elements between orbitals of
a single plane. The parameters ¢ ) and Z i are the k-
dependent hopping matrix elements between the closely-
spaced planes and the widely-spaced planes, respectively,
that can be expressed in terms of hopping matrix ele-
ments between orbitals of different planes. The magni-
tude of £, 1,1 is much higher than that of ¢ j,. It follows
from Eq. (5) that the splitting of the conduction band is
approximately equal to 2t y:

AGZEA—GBQQtJ_bl. (6)

According to the analysis by O. Andersen and cowork-
ers [13], the inter-plane hopping proceeds mainly through
the copper 4s orbitals. Considerations of this hopping
channel yield [13]

t1 int/b1(X)

L1 int/b1 = 1 [cos(kza) — Cos(kya)]2 ) (7)

where X stands for (7/a,0) and a is the lattice param-
eter. The inter-bilayer hopping in Y-123 involves the
apical oxygen 2p, orbitals, that can be accessed from the
copper 4s only. This suggests that Eq. (7) provides a
realistic approximation to ¢, jns. The hopping thus can
be expected to attain its maximum at the X-point (in
the so-called antinodal region where the extrinsic pseu-
dogap prevails) to vanish along the BZ diagonal and to be
small around the diagonal, in the so called nodal region,
where well-defined quasiparticles persist even in strongly
underdoped samples. The calculated kj-dependence of
t1p (see Fig. 7 (b) of Ref. [13]) exhibits a maximum
close to the X-point, consistent with the considerations
of the copper 4s channel, but the magnitude of ¢, 1, at
the BZ diagonal is only by a factor of about 2 smaller
than that at the X-point. Photoemission experiments
on Y-123 [14, 15] suggest an even weaker anisotropy of
the effective intra-bilayer hopping which, consistent with
Eq. (6), is defined as one half of the bilayer splitting.

E. Formulas for the local conductivities

Starting from a perturbative treatment of the c-axis
coupling, one arrives at the following equations for the
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Fig. S 4: Magnetic field dependence of the c-axis response of an underdoped Y-123 sample with 7. = 56 K. a-e, Spectra of
the c-axis reflectivity in the magnetic field parallel to the c-axis, R.(B); shown is the ratio with respect to the spectrum at

zero field. The spectra at 8 T at T' > 46 K have been shifted up for clarity. The feature at around 185 cm™

! is marked by the

arrows. f, Temperature dependence of the magnitude of the 185 cm™' feature.

real parts of the local conductivities [16, 17]:

1nt/b1
th_ int /bl (ky) -
K

Re oine/pi(w) = k

. / do Ak, w + ') Ay, &) np (') — np(w + )],
(8)

where k is a constant, di,; and dy,) are the distances be-
tween the closely-spaced and the widely-spaced planes,
respectively, A(k|,w) is the quasiparticle spectral func-
tion of the copper oxygen plane, and np the Fermi-Dirac
function. For the sake of simplicity, we have limited our-
selves to the normal state, an extension of Eq. (8) is
needed to describe the response of the superconducting
state. The fact that the conductivities are expressed in
terms of the quasiparticle spectral function, allows one
to correlate the c-axis infrared data with the ones from
photoemission [18]. The Eqgs. (8), together with the prop-
erties of the hopping matrix elements as described above
and the well known dichotomy between the antinodal and
the nodal region in the underdoped regime [19], provide
a background for interpreting the difference between oy,
and oy, as obtained by fitting the data. Below T°", the
difference is probably enhanced due to a partial phase
coherence within the bilayer units as suggested in [4, 20].

The perturbative approach leading to Eq. (8) is justi-
fied if both ¢ j,¢ and ¢, ) are smaller than any relevant
in-plane energy scale. For Y-123, the bare values of ¢ 1,
are fairly large, of the order of 0.1eV, and it is thus not
obvious that op; can be discussed using Eq. (8). Below
we present arguments suggesting that in strongly under-
doped Y-123 the bilayer splitting is drastically renormal-
ized and the use of Eq. (8) is thus meaningful.

(a) Some of us have recently studied the c-axis response
using a nonperturbative approach involving the bilayer
split bands [21]. The calculated superconducting-state
spectra of the real part of the conductivity display two
superconductivity-induced features due to the presence
of the bilayer unit:

(i) a collective mode T} at an energy given by a Brillouin
zone average of Ae, somewhat blue-shifted by virtue of
the Coulomb interaction and

(ii) a pair-breaking bonding-antibonding peak 75 well
above the superconducting gap 2A. The smaller the bi-
layer splitting the smaller the spectral weight of T5.
Experimental spectra of moderately underdoped Y-123
also display two superconductivity induced features: the
TPM, that is the subject of this study, and a maximum
around 1000 cm~! [22]. A detailed comparison between
theoretical and experimental spectra provides the follow-
ing assignment: 77 belongs to the TPM and T, to the



maximum around 1000cm~!. With decreasing doping,

the frequency of the TPM decreases dramatically, and
for doping levels below ca 10% the maximum around
1000 cm~! vanishes (see supplementary Fig. 3 and Fig. 13
of Ref. [21] ). These experimental results indicate that in
strongly underdoped Y-123 with the hole doping around
10 % the effective intra-bilayer hopping is very small. The
intra-bilayer conductivity can then be approximated by
Eq. (8) (see the discussion of Fig. 15 in Ref. [21]).

(b) Results of photoemission experiments on Y-123 sam-
ples with the surface doping controlled through in situ
deposition of potassium atoms reveal a collapse of the
bonding and antibonding Fermi surfaces into four nodal
Fermi arcs for doping levels below ca 10 % [23, 24], con-
sistent with the findings based on infrared.

II. MAGNETO-OPTICAL MEASUREMENTS

The magneto-optical measurements were performed in
a split-coil superconducting magnet. First, the power
spectra of the sample in magnetic field were measured.
The time stability of the measurement was ensured by
normalizing the signal to the one of an in-situ stainless-
steel reference mirror. Secondly, the sample was in situ
coated with Au and the measurements in the magnetic
field were repeated in order to subtract any instability of
the setup with the change of the magnetic field. In such
a way, it is possible to reduce the systematic errors in the
R(B)/R(B = 0) ratio to the level of about 1073.

Supplementary Fig. 4 shows our magneto-optical spec-
tra for a YBCO sample with T, = 56 K and 7°" = 175 K
which is a bit more strongly underdoped than the sam-
ple, whose spectra are presented in Fig. 3 of the paper.
It shows that the magnetic-field-induced anomaly of the
185cm ™! phonon mode (the dip marked by arrows) per-
sists up to at least 120 K [see supplementary Figs. 4(a)-
(d)] and is absent at 210 K [supplementary Fig. 4(e)];
therefore it confirms the magnetic-field induced effect
that is presented in the paper.

Next, we would like to elucidate the origin of the dip
at 185cm~!. Supplementary Fig. 5(a) and (b) shows the
c-axis reflectivity and the real part of the conductivity
of the Y-123 sample with T, = 58 K (the one presented
in Fig. 3. of the paper) on a magnified scale. It is
clear, that the relatively weak phonon structure in the
range of 185-195cm ™! exhibits very large and anoma-
lous changes with temperature. This is due to the fact,
that the phonon eigenvector involves a sizeable displace-
ment of Yttrium ions [6] and that the intra-bilayer local
fields are strongly modified by the depolarization charge
density dynamically accumulated at the CuOgy planes.
Results of a simulation of the behaviour of a phonon cor-
responding to a vibration of intra-bilayer atom are given
in Fig. 4(c) of Ref. [5]. It shows that the phonon lineshape
exhibits a large softening upon entering the SC state, just
as observed for the Y-mode in our present sample. Con-
sequently, one can expect that this mode should exhibit
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Fig. S 5: Spectra of the c-axis reflectivity (a), and the op-
tical conductivity (b), showing the anomalous temperature
dependence of the 185 ¢cm ™! phonon for strongly underdoped
Y-123 with T.=58 K.

fairly large magnetic-field induced changes.

In the paper, it is discussed that the field induced ef-
fects at T, < T < T°" are fairly small since the phase
is strongly disordered already in the absence of the field
and the field can be expected to have only a minor ef-
fect on the extent of the disorder. It is therefore es-
sential that the measurements have a sufficient signal to
noise. The signal to noise issue may be the reason why it
was concluded that the magnetic field effects fade away
within 20 K above T, based on the microwave conductiv-
ity data [25] which were measured on some of the same
Y-123 crystals with a lower signal to noise ratio of about
102 as compared to about 1072 in our experiment. We
note that field induced changes in a field of only 1 T ob-
served in transport measurements with excellent signal
to noise persists up to very high temperatures [26].



IIT. SIGNATURES OF THE PRECURSOR
SUPERCONDUCTING STATE IN THE a-AXIS
RESPONSE

In this paragraph we show that the temperature- and
frequency dependence of the a-axis response of the un-
derdoped Y-123 crystals is consistent with the scenario
of a precursor superconducting state below T°". In par-
ticular, the a-axis conductivity is found to undergo very
similar spectral changes as the intra-bilayer conductivity
op) discussed in the paper.

In the infrared range it is well known that the in-plane
conductivity exhibits a dip-like feature with a minimum
around 400-500 cm ™! [27-32]. This feature is well known
to be directly related to superconductivity since it be-
comes most pronounced below T,.. It is furthermore well
explained in terms of a Holstein-model of Bogoliubov-
quasiparticles that are strongly coupled to a bosonic
mode (phonons or spin fluctuations) [33, 34]. A weak
dip feature was even previously shown to persist above
T, but its temperature dependence was not accurately
determined [28, 31, 32]. In the following we show that
this dip feature develops indeed at T°"° and that it gives
rise to a downward shift of the spectral weight, similar
as it is reported in the paper for the local conductivity
within the bilayer unit, oy,.

Supplementary Fig. 6 displays our spectra of oy, for a
strongly underdoped Y-123 crystal with 7.=61(2) K and
T* > 300 K. They confirm that a dip with a minimum
around 400 cm ™! develops already well above T.. The
inset of supplementary Fig. 6 details its temperature de-
pendence in terms of the spectral weight between 250 and
1500 cm~!. Its decrease below about T°" =~ 160 K con-
firms that the dip in o1, develops concurrently with the
TPM and the phonon anomalies in the c-axis response
[see Fig. 1(f) of the paper]. Our data also show that
the missing spectral weight due to the dip formation is
transferred to lower frequency, as expected for a PSC.
In agreement with a previous report [29], we observe no
significant increase of o1, above 1500 cm™'.

The increase of the low-frequency weight below 160
K is confirmed by the temperature dependence of the
real part of the dielectric function, €;,. Supplementary
Fig. 7(a) shows €1,(125 cm~!) whose decrease (towards
larger negative values) with decreasing temperature re-
flects the increase of the spectral weight at frequencies
below 125cm~!. Its gradual decrease towards larger
negative values above 160 K is due to the well known
narrowing of the very long Drude tail which occurs as
well in optimally doped samples [30, 35]. The increased
slope below T°" = 160 K confirms that the dip-feature
gives rise to a faster increase of the spectral weight below
125 em~!.

Furthermore, supplementary Fig. 7(b) shows the tem-
perature evolution of €, above the gap, at 1500 cm™!.
Between 300 and 200 K, €1, also exhibits the gradual de-
crease due to the narrowing of the long tail of the Drude
response. However, this trend is interrupted around
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perature dependence of the spectral weight (SW%?SO) in the
dip-region between 250 and 1500 cm ' normalized to 300 K
(circles) which starts to decrease below T°%*° ~ 160 K due to

the formation of the dip-feature.
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Fig. S 7: Temperature dependence of the real part of the
dielectric function along the a-axis of the T.=61 K sample at
125cm ™! (a) and above the gap at 1500 cm ™! (b).

160 K where the decrease slows down and is partially
compensated by a positive contribution to €1,. As shown
in supplementary Fig. 8, this feature is a Kramers-Kronig
counterpart of the dip-formation in o1, and the related
spectral weight shift to lower frequencies. Supplemen-
tary Fig. 8(a) shows the experimental oy, at 180 K and
80 K, i.e. right above T°" =~ 160 K and 7.=61 K, re-
spectively. As shown in supplementary Fig. 8(b) we have
approximated the dip-feature in o1, and the downward
shift of the spectral weight (with a conserved total spec-
tral weight) with triangular functions. Supplementary
Fig. 8(c) shows €1, as computed from o4, of supplemen-
tary Fig. 8(b) by using the Kramers-Kronig relationship.
Additionally to the pronounced decrease of e; at low
frequencies, the “80 K” spectrum exhibits an overshoot
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Fig. S 8: Experimental data (a) and simulation with trian-
gular profiles (b) for the formation of the dip-feature due to
the precursor superconducting gap in the a-axis response of a
strongly underdoped Y-123 crystal with 7c=61 K. ¢, The real
part of the dielectric function calculated via Kramers-Kronig
transformation of the spectra in (b). d, The difference of the
spectra shown in (c).

above the one at “180 K” at about 1500 cm ™!, which is

better seen in the difference €1,(80 K) — €1,(180 K) as
shown in supplementary Fig. 8(d). This overshoot is a
consequence of the gap formation because the theoreti-
cal spectra of o1, [supplementary Fig. 8(b)] are identical
above 1500 cm~!. This overshoot is the reason of the up-
ward trend seen in the supplementary Fig. 7(b). Note
that the magnitude of this feature compares rather well
to the experiment one (especially given the crudeness of
our approximation): the maximum of the simulated over-
shoot is 2 [see supplementary Fig. 8(d)] and the magni-
tude of the wave in the experimental €1, measured from
the extrapolated trend from 200-300 K is about 1 [see
supplementary Fig. 7(b)].

We note that previous sub-THz spectroscopy measure-
ments of the in-plane response of BiaSraCaCusOsys5 [36]
resolved the SC fluctuations only at considerably lower
temperatures. The difference between the sub-THz study
and our analysis may be related to the difference in the
probed frequency range since in our case we employ the
TPM at 400-450 cm ™! (12-13 THz) in the c-axis response
and the gap feature at about 400 cm™! in the a-axis con-
ductivity. For example, the fluctuating SC state can be
spatially inhomogeneous, i.e., it can be formed by fluctu-
ating SC domains in a normal state matrix. The effective
response of such medium will not exhibit the delta func-
tion but the Drude term with finite broadening. However
the effective response will exhibit the gap feature weak-
ened proportionally to the ratio of the volume of the SC
and normal state.
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