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1. INTRODUCTION

Oscillation and comparison theorems for the linear
difference equation

CnXn+ + Cn_ X,_ b,x, n 1,2,..., (1.1)

has been investigated intensively [1-5].
Equation (1.1) is equivalent to the self adjoint

equation

A(c_Axn_) + a,x, 0, n- 1,2,..., (1.2)

where an Cn .qt_ Cn bn.
A nontrivial solution {xn} of Eq. (1.1) is said to

be oscillatory, if the terms xn of the solution are
neither eventually all positive nor eventually all
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negative. Otherwise, the solution is called non-
oscillatory. It is well known that if one nontrivial
solution of (1.1) is oscillatory, then all solutions are

oscillatory, and so we can say that (1.1) is
oscillatory.

In Section 2, we want to show some further
results on the comparison theorem and oscillation
criteria for (1.1), which improve some known
results. In Section 3, we consider the forced
oscillation.

2. COMPARISON THEOREMS AND
OSCILLATION

We assume that an > 0 and b > 0 for all large n. Let
{x} be an eventually positive solution of (1.1),
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say
transformation

xn>0 for n>N. Taking Riccati type

Sn (bn+lXn+l)/(CnXn) El N,

(1.1) becomes

(2.1)

qnsn + 1/Sn-I 1, for n > N+ 1, (2.2)

where qn Cn
It is known [1] that (1.1) is nonoscillatory if and

only if (2.2) has an eventually positive solution.
We consider (1.1) and (2.2) together with

CnYn+l -+- Cn-lYn-1 Bnyn, n- 1,2,..., (2.3)

and

QnS + 1/s_1- 1, (2.4)

where Q C22,/(BB,+l).
THEOREM 2.1 Suppose that QnQn + >_ qnqn +
and Q + Q+ > qn + qn + for all large n. If (2.3)
is nonoscillatory, so is Eq. (1.1).

Proof To prove that (1.1) has a positive solu-
tion, it is sufficient to prove that (2.2) has a

positive solution {s} for n _> N. Since qn + q + _<
Q + Q+1 for all large n, then there exists a posi-
tive integer n > N such that Ql+l > ql+l. From
(2.4), S > for n> n. Choose s, >_ S1 > and
define sl+l by (2.2). In view of (2.2) and (2.4), we
have

qn +1Snl +1 1/snl
--Qnl+lSnl+l _qt_ 1/Snl

1/S//1 Qnl+l Snl+l.

Hence

Snl+l
Qnl+l, Snl+l > 0
qnl+l

and sl&l+l > Sn, S1+1. By induction, we can

prove that (2.2) has a positive solution {s},
n_> n, which implies that (1.1) has a nonoscilla-
tory solution. The proof is complete.

Remark 2.1 Theorem 2.1 improves Theorem
6.8.4 in [1].

We write (1.1) in the form

bn Cn-
Xn+l --mXn nt-xn-1 0

Cn Cn

n-1 band let y [I-Ii=u(Ci/ i)]x,. Then (1.1) becomes

Yn+ Yn + qnYn- O. (2.5)

The oscillation of (1.1) and (2.5) is equivalent. By
known results [1, Theorems 6.20.3 and 6.20.4] or

[2], if

(2.6)lim infq > .4,

then (1.1) is oscillatory and if

(2.7)lim sup qn < 4’

then (1.1) is nonoscillatory. In particular, the
equation

Yn+ Yn + 1/4Yn- 0 (2.8)

is nonoscillatory.
Combining the above results and Theorem 2.1,

we obtain the following corollaries.

COROLAaY 2.1 If qn + qn + <_ 1/2 for all large
n. Then (1.1) is noEloscillatory.

In fact, let Qn 1/4, Corollary 2.1 follows from
Theorem 2.1.

Remark 2.2 Corollary 2.1 improves Theorem
6.5.5 in [1].

COROLLARY 2.2 If qq+ >_ 1/1 6 + 0, for some

eo > 0 and all large n, then (1.1) is oscillatory.

Proof Let el be a positive number such that

1/(4 el) <_ v/l/16 + eo and Qn 1/(4 el) for
all large n. Then

q"q"+ > i- + eo >

and

(4-- el) 2

2
q,, + qn+l >_ 2x/q,,q,,+l >_

4 el

Q,Qn+I

Q, + Q,+
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for all large n. Since Qn 1/(4-el) implies that
(2.3) is oscillatory. By Theorem 2.1, (1.1) is
oscillatory also.

Remark 2.3
6.5.3 in [1].

Corollary 2.2 improves Theorem

Example 2.1 Consider the difference equation

CnXn+l -+- Cn-lXn-1 Xn, (2.9)

where

V/14.1/15, n" even,
Cn-1

v/l/15, n" odd.

Then

substitution, we have

2 {14.1/15,qn Cn_
1/15,

Hence qq+ 14.1/(15) 2 > / 16. By Corollary
2.2, every solution of (2.9) is oscillatory.

Oscillation criteria in [1] are not valid for (2.9).
Define two sequences {Rn} and {r,} as follows:

which contradicts the assumption. The proof is
complete.

COROLLARY 2.3
is oscillatory.

If lim sup R > 1, then (1.1)

It is easy to see that limsuprn> 1, then
lim SUpn Rn > 1.
Example 2.1 satisfies conditions of Corollary 2.3.

2Rn q + qn- -+- qnqn+ -+- qn- qn-2 + qnqn+
2 2

nt- qnqn+lqn+2 nt- qn-lqn-2 nt- qnqn+lqn+2

2+ qn-9.qn-1 qn-3 + qn- qn-zqn-3, n >_ 4,

(2.10)

and

rn q + q- + qnqn+ + qn-lqn-2, n > 3. (2.11)

Remark 2.3
6.5.11 in [1].

Corollary 2.3 improves Corollary

3. FORCED OSCILLATION

We consider the forced equation

A2Xn + pnXn+l fn, n O, 1,...,

and the homogeneous equation

THEOREM 2.2 Assume that there exists an

increasing sequence {nk} such that R > 1. Then
(1.1) is oscillatory.

Proof Suppose to the contrary, let (1.1) be non-
oscillatory. Then (2.2) has a positive solution {sn}
defined for n _> N. From (2.2), by the iterating

A2Xn +pnX+l O. (3.2)

LEMMA 3.1 Let {qSn} be a solution of (3.2) and
{Xn} be a solution of (3.1). Let x- dyn, then {yn}
satisfies

A(qnn+lAyn) qn+lfn. (3.3)
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Proof Clearly,

q.Ax A.y + .+Ay..

Hence

A qnqSn+ Ayn

(x)

+2x. + Ax. ++y

+(fn Pnn+Y+l)

n+ln+lYn (n+ln + (n)2)yn
=.+f.-]+Y+P
+ .+y.(. +.+1) +.+2+.y.

+f ]+y.+p

+.+if. Y.+ +.+ (P..+ + +n)

The proof is complete.

THEOREM 3.1 Let {} be a positive solution of
(3.2). Assume that there exists a positive integer N
such that
(i)

lira inf g+ -i=N

(ii)

(iii)

and

lim sup i+1 OO,
n- i=N

n i-1

liminf ZqSJ+J)-- i=c)ii+=N

lim sup i-
i=N (i)i/

Oj+ fj
n--,c j=N

Then every solution of (3.1) is oscillatory.

Proof Suppose to the contrary, let {x11} be a

positive solution of (3.1) and x11- blly11. By
Lemma 3.1, y11 satisfies (3.3).

Summing (3.3) from N to n- 1, we obtain

n-1

(gn(gn+l /kyn N(gN+I /kyN Z (fii+lfi. (3.4)
i=N

Condition (i) implies that

lim inf 1111-+-1 Ayn

Let N1 be a large integer that qNINI+IAyN1
-M, M > 0. From (3.4), we obtain

Ay11 N1CN1+1AYN1 11- i+1JqSnq,+l Onqn+ .=

M n-1

Z qi+1J" (3.5)<
Onn+l n(gn+l

i:N1

Summing (3.5) from N1 to n- 1, we obtain

11-1

Y11 YN <_ M
i=N1 ii+l

i-1

(3.6/2r- Z qiqi+l
i=N1 j=N1

Condition (iii) and (3.6) imply that there exists a

sequence {ni} such that y11; < 0 for all large i, which
is a contradiction.
We can prove this theorem in a similar manner

for negative solutions of (3.1).
From (3.6), we obtain the following result.

THEOREM 3.2 Let {q511} be a positive solution of
(3.2) with -ie__N 1/(ii+l ( oo. Assume that (iii)
of Theorem 3.1 holds. Then every solution of (3.1)
is oscillatory.

Example 3.1 Consider

2A2Xn + Xn+l
(n + 1)2(n + 3)

(-1)11 (2n 1)(n + 2)
n+l

n- 1,2,... (3.7)
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It is easy to see that the equation References
2Axn + xn+l 0 (3.8)

(n + 1)2(n + 3)

has a solution {qS,-n/(n + 1)}, which satisfies (ii).
On the other hand,

Z i+lJ Z(-1)i(2i- 1) (-1)"n -+- c, (3.9)
i=N i=N

where c is a constant. Then (3.9) implies that (i) is
satisfied. Also, (iii) is satisfied. By Theorem 3.1,
every solution of (3.7) is oscillatory.

Remark 3.1 Theorems 3.1 and 3.2 treat the oscil-
lation of (3.1), which is caused by the forced term.
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