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The aim of this paper is to investigate the stability of Hyers-Ulam-Rassias type theorems by considering the pexiderized quadratic
functional equation in the setting of random 2-normed spaces (RTNS), while the concept of random 2-normed space has been

recently studied by Golet (2005).

1. Introduction and Preliminaries

In 1940, Ulam [1] proposed the famous “Ulam stability prob-
lem,” which was solved by Hyers [2], in 1941, for additive
mappings. In 1950, Aoki [3] solved this Ulam problem for
weaker additive mappings; for some historical comments re-
garding the work of Aoki we refer to [4]. In 1978, Rassias
[5] generalized the theorem of Hyers for linear mappings
in which the Cauchy difference is allowed to be unbounded
by replacing € with a function depending on x and y in
the Hyers theorem. The generalization of Hyers theorem
was also presented by Rassias [6-9] in 1982-1989. Some
important Ulam stability problems on Cauchy equation on
semigroups, approximately additive mappings, and Jensen
equation have been investigated by Gajda [10], Gévruta [11],
and Jung [12], respectively. Until now, the stability problems
for different types of functional equations in various spaces
have been extensively studied, for instance, by Mirmostafaee
and Moslehian [13, 14], Rassias [15], Chang et al. [16, 17],
Xu et al. [18], Jun and Kim [19], Mursaleen et al. [20-22],
and many others. Also very interesting results on additive,
quadratic, and cubic functional equations have been achieved
by Mohiuddine et al. [23-29]. This paper is inspired from the
work of Alotaibi and Mohiuddine [30] in which they solved
stability problem for cubic functional equation in random 2-
normed spaces.

The pexiderized quadratic functional equation is of the
form f(x+ y) + f(x - y) = 2g(x) + 2h(y). For f = g =h, it
is called the quadratic functional equation.

The terminology and notations used below are standard
as in [31-33].

A function f: R — Ry is called a distribution function
if it is nondecreasing and is left continuous with inf, . f(¢) =
0 and sup,.g f(f) = 1. By D¥, we denote the set of all
distribution functions such that £(0) = 0.

Ifa € R;, then H, € D", where

0 ift<a
H,(t) = (Y
1 ift>a.

It is obvious that Hy > f forall f € D*.

A t-norm is a continuous mapping * : [0,1] x [0,1] —
[0, 1] such that ([0, 1], *) is abelian monoid with unit one and
cxd>axbifc >aandd > bforallab,c,d € [0,1].
A triangle function 7 is a binary operation on D* which is
commutative and associative and 7(f, H;) = f for every f €
D*.

Gahler [34] presented the following notion of 2-normed

space.
Let X be a linear space of a dimension d (2 < d < 00).
A function |-,-] : X x X — R is called 2-normed on X if

it satisfied the following conditions: for every x, y € X, (i)
llx, Il = 0 if and only if x and y are linearly dependent; (ii)
lxc, yIl = lly, x[I; (iii) lleex, yll = lelllx, yll for every « € R; and
(i) llx + y, zll < llx, 2|l + |y, z|| for every x, y,z € X. In this
case, (X, |-, -|) is called a 2-norm space.
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Golet [35] defined and studied the notion of random
2-normed space with the help of 2-norm of Gahler [34].
Recently, the notion of statistical convergence and lacunary
statistical convergence have been studied by Mursaleen [36]
and Mohiuddine and Aiyub [37], respectively, in random 2-
normed spaces.

Let X be a linear space of a dimension greater than one
and let 7 be a triangle function. A function # : XxX — D"
is called a probabilistic 2-norm on X if it satisfies the following
conditions:

(i) 9x,y(t) = Hy(t) (Vx,y € X) if x and y are linearly
dependent,
(ii) Fix,y(t) # H,(t) if x and y are linearly independent,
(i) F (1) = F,,(0),
(iv) F oy, (£) = F ., (t]|a]) forallt > 0, # Oand x, y €
V) F

> 17(F, . F,,) whenever x, y,z € X,

X+),Z

where # (t) denotes the value of % att € R and the
triple (X, 9 7) is called a probabilistic 2 normed space. If we
replaced (v) by

(V ) e?—Jﬁ}/z(tl-f_tZ) >
and t,,t, € Ry,

wt)*F, L(ty),forallx, y,z € X

then triple (X, %, ) is called a random 2-normed space
(RTNS).

Example A. Let (X, ||, -||) be a 2-normed space with ||x, z|| =
lx,2, — %521, x = (x1,%,), 2 = (21,2,), and a * b = ab for
a,b e [0,1].Forall x € X,t > 0,and nonzero z € X, consider

— ift>0
t+x, ]| )

0 ift<o0.

Foo(t)=

Then (X, &, *) is a RTNS.

We remark that every 2-normed space (X, |-, ||) can be
made RTNS by considering #, ,(f) = Hy(t - |x, yl), for
every x,y € X,t > 0,and a * b = min{a, b}, where a,b €
[0, 1].

The notions of convergence and Cauchy sequences have
been recently studied by Alotaibi and Mohiuddine [30] in the
setting of RTNS.

Let (X, &, x) be a RINS. Then, a sequence x = (x) is
said to be

(i) convergent in (X, F,*) (F-convergent) to L if for
every € > 0 and 0 € (0,1) there exists k, € N such
that &, _; .(¢) > 1 -6 whenever k > k; and nonzero
z € X. In this case we write F-lim; _, . x; = L;

(ii) Cauchy sequence in (X, &, ) (F-Cauchy) if for every
€ > 0,0 > 0,and nonzero z € X there exists a number
N = N(e, z) such that lim %, _, () > 1 -0 forall
k,1 > N. We say that RTNS is complete if every & -
Cauchy sequence is #-convergent. A complete RTNS
is called random 2-Banach space.
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2. Main Results

Throughout the paper, by Y, (Z, F', %), and (Y, F, %), we
denote linear space, random 2-normed space, and random
2-Banach space, respectively. Firstly, we prove the stability of
the pexiderized quadratic functional equation in RTNS for an
odd case.

Let ¢ be a function from X x X to Z. A mapping f :
X — Y is said to be g-approximately pexiderized quadratic
function if there exist mappings g,h : X — Y such that

!
F flery)+f—y)-290)-2h(pz () 2 F gy 2 (B (3)
forall x, y € X,t > 0, and nonzero z € X.

Theorem 1. Suppose that f, g and h are odd functions from X
to Y satisfying (3). If for some real number o with 0 < || < 2

¢ (2x,2y) = ap (x, y), (4)

for all x, y € X, then there exists a unique additive mapping
T:X — X such that

12— al
o‘f(x) T(x),z (t) = o‘;Z (Tt> >

63 lal (5)
I/ @
F g0 +h)-Tx),z () 2 F ( 14 — |af > ’
where
, ) t , t / t
‘G;x,z (t) = ‘G/T‘P(X,x)@ <§) ¥ 97‘/’("’0)’2 <§> ’ gqj(o,x),z (5) ’
(6)

forallx € X, t >0, and nonzero z € X.
Proof. Replacing x by y and y by x in (3), we obtain

!
F faty)-f-y)-200)-2he B) 2 F g0 (8) - (7)

forall x, y € X, t > 0, and nonzero z € X. It follows from (3)
and (7) that

! !
F flxn)-g)-h(n-g-hixz ) 2 F iy (O % Fo . (1)
(8)
Substituting y = 0 in (8), we get
! !

gf(x)—g(x)—h(x),z () = e%'(,o(x,o),z () * e%’(,o(o,x),z (t). )

From (8) and (9), we conclude that

F flery)-fo-fn,z (3
! ! !
2 F gz O *F F oy, O % F o)z () (10)
! !

*gq, (t)*g(p(yo),z(t)*g

!
(0,x),z 9(0,9),z (t) >

for every x, y € X t > 0 and nonzero z € X. Then, by our

assumption,
t
2”xz(t) xz (07> (11)
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Taking x = y in (10), for all x € X, ¢ > 0, and nonzero z € X,
we get

F fan-2f0e () = Fop (1), (12)

Putting x = 2"x in (12), we have

(G/Tf(znﬂx)/znﬂ —f(Z”X)/Zn,Z (t)
n
= F foin-frmz (2't) 13)

> gl!

n 2\"
s (271) 257;;((&) t>.

Thus,

a\” "
‘9:_f(2"“x)/2"“—f(2"x)/2”,z <(E> t) 2 (G/:x)z (t) . (].4)

Therefore, for eachn > m > 0,

n « k-1
o
F frx)2n-fmx)/2m 2 Z <§> g

k=m+1

n k-1
(04
= Fyr o (F@r)25 - f2 00,2/ (2k-1)) < Z <5) t)

k=m+1
n k-1
a
2 H F (2025~ f(21x) ) 2k-1),2 ((5) t>
k=m+1
.
>F,, (1),

(15)

where H;.':laj =a, *a,*---*a, Lete > 0and ¢, > 0be given.
With the help of the definition of RTNS, we have #, (1) = 1
and, therefore, we can find some t; > ¢, such that # ;"Z(tl) >
1 — €. The convergence of the series ) >, («/2)"t; gives some

ny € N such that for eachn > m > n,, Zzzm)rl(oc/Z)k_lt1 < tg.
Therefore,

F tar—famsynz (t)

n o k-1
2 F fam2-fr)2n.s < Z <5> t (16)
k

>7 (t)>1-e

It follows that (f(2"x)/2") is a Cauchy sequence in (Y, F, ).
Since (Y, &, =) is complete RTNS, this sequence converges to
some point in Y; that is, T'(x) € Y. Therefore, a mapping T

from X to Y is defined by T(x) = F-lim,_, . (f(2"x)/2").
Fix x, y € X and t > 0. From (10), we get that

F @) 20— F@0)[2-F29) 22 <z£1 )

= 9f(2n(x+y))_f(2"x)—f(2"y),z <27nt>
g;(x)y)’z (122_7:;> * 9;(y,x),z <122_'Z”> 17)
* F o0z ( 12;,1 ) * F g0 <122_r:;’>

2"t 2"t
! !
* T o0 < 120c"> *Foons < 120c”>

for all n. Moreover,

[\

gT(x+y)—T(x)—T(y),z (t)
o £\ o t
2 F T(xty)-f2 (x+y))/ 2"z 1 * FT(x)- f(2x) 2"z 1
t
* Frg)-rere | g

. t
* F f@r - f@-fe e\ g
(18)
for all n. From (17) and (18), we obtain

F I (et y)-T(0)-T(y),z (F) = 1. (19)

Thus, T(x+ y) = T(x) + T(y). Now by taking (15) with m = 0,
we get

F 1)~ f ),z (£)

t t
2 gT(x)—f(Z”x)/Z",z (E) * gf(z"x)/Z"—f(x),z <5>
t " t
2 F (- f2rx)/2",z (5) *F oz (2 S (a2 )
k=1

> g ; - g (2_—“1?)
= X,z 2 22(:]1 (“/z)k_l X,z 4

(20)
It follows from (9) and (20) that
F gx)+h(x)-T(x).z <141—;“t)
> F ((0-T)z (O * F gy ehix)-f(x),2 (2;_2“t>
> <¥t> * F g0 <21__2‘xt> @)

2-«
!
i J‘/’(O”‘)’Z( 12 t)



Thus, we obtained (5). Now we will prove the uniqueness of
T. For this, we assume that T’ is another additive mapping
from X into Y, which satisfies the required inequality. Since,
foreachn € N, T(2"x) = 2"T(x) and T' (2"x) = 2"T" (x), then

F1e0)-1 (x),2 (£)

= F 1T @z (27t)

2"\ 2"t
T'(2"x)-f(2"x),z T *‘/'f(Z"x)—T(Z"x),z 7

1 (G021 g (e Clebt)
’ 8 ’ 8
(22)

N

>

v
9

We obtain with the help of the definition of RTNS that

o /)" (2 - lal)t _
F <———§———)—L (23)

X,Z

(t) = I, forallx € X, t > 0, and
T'(x) for all x € X. L]

Therefore, F 1)1 (x)..

nonzero z € X. Hence, T(x) =

Now, we are going to prove the stability of the pexiderized
quadratic functional equation in RTNS for an even case.

Theorem 2. If (4) holds for 0 < |«| < 4, let f, g, and h be three
even functions from X to'Y such that f(0) = g(0) = h(0) = 0
and satisfies (3). Then there is a unique quadratic mapping C :
X — Y such that, for every x € X, t > 0, and nonzero z € X,

(4 - |a])
F et B = Fo, <—16 t)»

F C—gxz () 2 F (Mt> (24)

52 — |«
F (12 - 3 |al)

where F (t) is defined by (6).

Proof. Substitute x by y and y by x in (3). Then, forall x, y €
X, t > 0, and nonzero z € X, we obtain

!
g:f(x+y)+f(x—y)—Zg(y)—zh(x),z () 2 gq,(y,x),z (). (25)
Again substituting y = x in (3), we get

!
F flax)-29(x)-2hxz () 2 F 2 (B) - (26)
Putting x = 0 in (3), we get
!
Faf-aniye () 2 F g, () (27)

For y = 0, (3) becomes

Faf-29002 (8) 2 Fpegy . (). (28)
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It follows from (25), (27), and (28) that

F fey)-fxp)-2f)-2f ),z (E)

i t ! t ’ t
> Fyne (3) Foos () Foans (3):

(29)
By substituting y = x in (29), we get
Faf-afoe () = Fo, (1), (30)
From (4), we obtain
T =71 (), &

for every x € X, nonzero z € X and for each n > 0. It follows
from (30) and (31) that

t
F rrtasen: © 2 Fh (). (32)

From (32), we obtain

gf(Z"“x)M"“—f(2"x)/4”,z (t)

()= 5L

= gf(Z”“x)—4f(2"x),z
or, equivalently,

Olnt "
‘G/Tf(z"“x)/4"“7f(2”x)/4",z <W> 2 ‘G/:x,z (t) . (34)

Therefore, for all x € X, t > 0, and nonzero z € X and for
eachn>m=>0

n k-1

ot
gf(z”x)/4”—f(2'”x)/4’",z < Z 4k >
k=m+1

n k-1
ot
:9zzmﬂ<f<2kx>/4*—f<2k1x>/4k1>>z< 2 i )
k=m+1

k-1
ot "
(4k>2g““%

(35)

n
2 1_[ Lo/:f(zkx)/zlk_f(zkflx)/4k—l’z

k=m+1

where [] is the same as Theorem 1. Given € > 0 and ¢, > 0,
since F# °‘" ,(t) = 1, there is some t; > t, such that 97;')201) >

1-e.By the convergence of Y o, (k71 /4F )t,, we can find some
nysuchthat Yr_ . (a*7 /4, < t,foreachn > m > n,. This
gives that

F rmy - famsyanz (o)

n (Xk_l
2F f<2"x>/4"—f<2mx>/4m,z< Z DTS ty (36)

k=m+1
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We see that (f(2"x)/4") is a Cauchy sequence in (Y, &, *)
and so it is convergent to some point C(x) € Y. Therefore,
a mapping C from X to Y is defined by C(x) = %-
lim,, _, ,(f(2"x)/4"). Fix x, y € X and t > 0. Thus, (29) gives
that

t
gf(Z"(Hy))/4"+f(2"(X—y))/4"—2(f(2”X)/4")—2(f(2"y)/4"),z ( g >

4"t
=F ¢y n n n
FRMx+yN+fQ (x=y)-2f(2"x)-2f (2" y),2 5
4" 4"t
! !
2 ‘frp(x,y),z < 15‘xn> * ‘f¢(x,0),z < 15“n>

4"t
ot
* J‘P(OJ’)’Z ( 150" ) >

for all n. Furthermore,

F et y)+0(x—y)-2C(x)-2C(),z (E)

Y

t
Z F Claty)- F2(x+y) /472 < 3 )

t
* F Q) f@ ) 42 <g>

o AV t
* Facw-af@nine\ 5 ) * Facm-are e\ 5

o t
@ ) 4 F @M ) 2 f @) A2 @) 4\ 5 )
(38)

Equations (37) and (38) give that

F Claty)+Clx-y)-20(x)-2C().z () = 1, (39)

forall x,y € X,t > 0, and nonzero z € X. Thus, C(x + y) +
C(x — y) = 2C(x) + 2C(y). Using (35) with m = 0, we get

F o)),z (F)

t t
>F Clx)-f(2"x) /4" z (5) * F f@"x)/4"=f(x),z (E)
t " 4t
2 F o) f ) 40,2 (5) *F o ( ‘2 37 (/4)F! )
k=1

gu 4t :gn <4—06t>
= X,z 2 2;20 (0(/4)k X,Z 16

(40)

for sufficiently large n. From (28) and (40), we conclude that

52—«
F Clx)-g(x),2 (—48 t)

4—-«
> F c-fz () * F fx)-gx),2 ( t)

48
4 s (41)
" - ] -
27 (o) T (T 1)
" 4-«
> 7 (55)
Thus,
" 12 - 3«
eg(f(x)—g(x),z (t) = gx,z ( 5 _ o t) . (42)

Similarly, one can show that the above inequality also holds
for h. We obtain the uniqueness assertion of this theorem by
proceeding the same lines as in Theorem 1. O

Theorem 3. Suppose that (4) holds with 0 < |&| < 4. If a map
f: X — Y satisfies
!
F fertfmp2f-2f(e ) 2 F oz () (43)

forallx,y € X, t > 0, and nonzero z € X with f(0) = 0.
Then, there are unique mappings T,C : X — Y such that T is
additive, C is quadratic, and

2-« 4-«
% uo-cme 0 2 Mes (1(557) < (557} ).

(44)
forall x € X, t >0, and nonzero z € X, where
' t ' t
Mz ® =i (5) * Focns (5)
] t ' t
* ‘G/T(p(x,o),z (5) * ‘G/T(p(O,x),z (g) (45)

« F'

t ’ t
w02 (3) * Frans (5)

Proof. Passing to the odd part f° and even part f° of f, we
deduce from (43) that

F ol f (e—y)-2f)-2f ),z ()

N N (46)
2 F oy ) * F o5z ().
On the other hand,
F felxry)t feemy)-2f(0)-2f (). ()
(47)

! !
> gfp(x,y),z (t) = gtp(—x,—y),z (t).

With the help of the proofs of Theorems 1 and 2, we

obtain unique additive and quadratic mappings T and C,

respectively, satisfying

2 — |af

—t
4

4 — |of
16

>

F o 0)-T().z ) = M, (
(48)

F fe(-Claye () 2 M, ( t) -
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Therefore,
F f(x)-T(x)-Cx).z (£)
t
>F —T(x)z( ) * F fe_Ox),z <2>
49)
2 - |af 4 - |of (
> Mx,z <Tt) * Mx,z (3—2t>
2-« 4-«
=m({(557) - ()
e 8 32

forall x € X,t > 0, and nonzero z € X. O

Remark 4. Let (X, (-, | -)) be a 2-inner product space. We
can define a 2-norm on X X X by [|x;, x,|| = /{xp, %, | x,)

for all x,, x, € X. In this case, parallelogram law is given by

- xz,x3H2 =2 ||x1,x3||2 +2 ||x2,x3||2,
(50)

21 + x5, x3||2 + [

for all x;,x,,x; € X (for more details of 2-inner product
space we refer to [38]).

Now we give the following illustrative example.

Example 5. Let (X, (-,- | -)) be a 2-inner product space. Let Y’
be a 2-normed space such that || x, z|| = ||x,z, — x,z, [, where
x = (xy,x,) and z = (2z;,%,). Suppose that a = b = ab for all
a,b € [0,1]. Suppose that ¥ and F " are two random 2-norms
on Y and R, respectively, which are given by Example A.
Suppose that the random 2-norm & makes Y into an random
2-Banach space. Fixing x,, y,,z, € Y and a € X, we define

fx) =

(a1 s) 5+ [xs Py, + s,

gx)=(xals)x + “’C’Slll2 Vo>

h(x) = ||x, 51”2 ¥ + /%51

(x,5,) = <\/||x+52,51|| + \/”x—sz,sl"

2ls2 sl =

(51)

for each x,s;,s, € X. Using parallelogram law, one can easily
verify that

flr+s)+f(x=5)-29(x)-
= <\/||x+52,sl|| + \/||x—52,51|| (52)
2w sil) 2.

for all x, s;, s, € X. Therefore,

2h(s,)

F Flersy)tfx—s)-29(x)2h(s,)z () = F sz () 5 (53)

for each x,s, € X, t € R, and nonzero z € X. Moreover,
0(2x,2s,) = \/§¢(x, s,) foreach x, s, € X. We can see that the
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conditions of Theorems 1 and 2 for f, g,h and |a| = V2 < 2
are satisfied. It follows that odd and even parts of f can be
approximated by linear and quadratic functions, respectively.
Infact f°,theodd partof fand f°(x) = (x,a | s,)x,, islinear.
The even part of f is f¢, and f(x) = [lx, 5,1y, + Vx5, 2.

contains a quadratic C(x) = ||x, s, ||* ¥,. Also

F stiede ®
" (4— V2 ) (>4)
t).

F fe0-cnyz () =

> %\ "o
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