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This paper is concerned with the problem of robust stabilization and H, control for a class of uncertain neural networks. For the
robust stabilization problem, sufficient conditions are derived based on the quadratic convex combination property together with
Lyapunov stability theory. The feedback controller we design ensures the robust stability of uncertain neural networks with mixed
time delays. We further design a robust H_, controller which guarantees the robust stability of the uncertain neural networks with a
given H_ performance level. The delay-dependent criteria are derived in terms of LMI (linear matrix inequality). Finally, numerical
examples are provided to show the effectiveness of the obtained results.

1. Introduction

Neural networks have received a great deal of attention
due to their successful applications in various engineering
fields such as associative memory [1], pattern recognition
[2], adaptive control, and optimization. When designing or
implementing a neural network such as Hopfield neural
networks and cellular neural networks, the occurrence of
time delays is unavoidable in the processing of storage and
transmission. Since the existence of time delays is usually one
of the main sources of instability and oscillations, the stability
problem of neural networks with time delays has been
widely considered by many researchers (see [3-13]). Gener-
ally speaking, stability criteria of neural networks with time
delays are classified into two categories: delay-independent
stability criteria and delay-dependent stability criteria. Delay-
dependent stability criteria are less conservative than delay-
independent ones. Therefore, people always consider the
delay-dependent stability criteria. Neural networks usually
have a spatial extent due to the presence of many parallel
pathways of a variety of axon sizes and lengths [7]. Thus,
there will be a distribution of conduction velocities along
these pathways and a distribution of propagation delays [14],

and both the discrete and the distributed delays should be
considered in the neural network model [6, 7, 15-18].
However, in practical application of neural networks,
uncertainties are inevitable in neural networks because of
the existence of modeling errors and external disturbances.
Parameter uncertainties will destroy the stability, so that
taking uncertainty into account is important when studying
the dynamical behaviors of neural networks (see [12, 19-21]).
To facilitate the design of neural networks, it is important
to consider neural networks with various activation func-
tions, because the conditions to be imposed on the neural
network are determined by the characteristics of various
activation functions as well as network parameters [22]. The
generalization of activation functions will provide a wider
scope for neural network designs and applications [23].
Stability and stabilization results for delayed neural networks
with various activation functions can be found in [22-26].
References [24, 25] investigated the stability problem of
neural networks with various activation functions. Phat and
Trinh [23] dealt with the exponential stabilization problem
for neural networks with various activation functions via
the Lyapunov-Krasovskii functional. Nevertheless, the results
reported therein do not consider the parameter uncertainties



and disturbances. Sakthivel et al. [26] studied the problem of
robust stabilization and H,, control for a class of uncertain
neural networks with various activation functions and mixed
time delays by employing the Lyapunov functional method
and the matrix inequality technique. In recent years, control
of time-delay systems is a subject of both practical and
theoretical importance. The performance of a neural control
system is influenced by external disturbances. Thus, it is
important to use the H_, robust technique to eliminate the
effect of external disturbances. The H,, control problem for
time-delay systems has been addressed in [6, 26-34]. How-
ever, to the best of our knowledge, the robust stabilization and
H_, control for uncertain systems with time-varying delays
have not yet been fully investigated.

In this paper, we consider the problem of robust stabiliza-
tion and H,, control for a class of uncertain neural networks
by employing a new augmented Lyapunov-Krasovskii func-
tional and estimating its derivative from a novel viewpoint.
Our aim is to obtain a H,, control law to guarantee the
robust stability of the closed-loop system with parameter
uncertainties and a given disturbance attenuation level y >
0. The results employ the quadratic convex combination
technique, which is different from the linear convex combina-
tion and inverse convex combination techniques extensively
used in other literature studies. The criteria are derived with
the framework of LMIs, which can be easily calculated by
the MATLAD LMI control toolbox. Numerical examples are
provided to illustrate the effectiveness of the results.

Notations. The notations used throughout the paper are fairly
standard. R" denotes the n-dimensional Euclidean space;
R™™ is the set of all n x m real matrices; the notation A >
0 (<0) means A is a symmetric positive (negative) definite
matrix; A™' and AT denote the inverse of matrix A and
the transpose of matrix A; I represents the identity matrix
with proper dimensions, respectively; a symmetric term in
a symmetric matrix is denoted by (x); sym(A) represents
(A+A"); diag{-} stands for a block-diagonal matrix. Matrices,
if their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2. Problem Formulation

We consider the following uncertain neural networks with
discrete and distributed time-varying delays:

%(t) = — (A + AA) x () + (M, + AM,) f (x ()

+ (M, + AM,) g (x (t —d ()
+ (M, + AM,) L_ ) h(x(s))ds -

r(
+(B+AB)v(t) +u(t),
z(t) =Cx (1),

x(@)=¢(), te[-70],
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where x(t) = [x,(£), x,(F),... ,xn(t)]T € R" is the state
vector of the neural networks, u(t) € R" is the control input
vector of the neural networks, v(t) € R’ is the disturbance
input vector, and z(t) € R™ is the output vector; f(x(t)),
g(x(t)), and h(x(t)) denote the neuron activation function;
A = diag{a;,a,,...,a,} with a; > 0,i = 1,2,...,n
is the positive diagonal matrix; C € R™" represent the
output matrix; My, M;, M, € R™ and B € R™" denote
the connection weights, the delayed connection weights, the
distributively connection weights, and the disturbance input
weights, respectively. d(t) and r(t) represent the discrete and
distributed time-varying delays that satisfy the condition

0<d@®)<T,
d@) <u, 2)
0<r(t)<r,
where T, 7, and p are constants. The function ¢(t) is continu-
ous, defined on [-7,0], T = max(7, 7).
In order to conduct the analysis, the following assump-

tions are necessary.

Assumption 1. The parametric uncertainties AA, AM,, AM,,
AM,, and AB are time-varying matrices and satisfy

[AA (), AM, (), AM, (t),AM, (t),AB(t)]

= NE®) [J1, ]2 I3 Jus Js) »

3)

where N, ], ], J5, J;» and J5 are some given constant matrices
with appropriate dimensions and F(¢) satisfies FT®F@) <1,
foranyt > 0.

Assumption 2. The neuron activation functions are bounded
and satisty

Sfi(x)—fi(y)S

F F', Vx,ye€R, ,
; Ty ; X,y € xX+y
fi@©@ =0,
G;gMgG;) Vx,y€R, x# ¥,
x-y (4)
9:(0) =0,
e (x) - he
H;QMSH;, Vx,y €R, x# y,
x=y
h; (0) =0,

where F,, F/, G;, G/, H,, H', i = 1, 2,...,n are known
constants. And we denote

L, = diag{F, F|,F, F,,...,E, F'},

Lz:diag1Fl‘+F{’F;+F;,an+F;})

2 2 2
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G, = diag {G,G},G,G},...,G,G'},

G, +G, G, +G, G, +G;
GZ:diag{ 12 L 22 2., = ”},

H, = diag{H, H,,H, H;,...,H H,},
H; +H H, +H,

- di H, +H,
, = diag > PR 5 .

©)

Definition 3 (see [26]). Given a prescribed level of distur-
bance attenuation y > 0, the uncertain neural networks are
said to be robustly asymptotically stable if they are robustly
stable, and the response z(f) under zero initial condition
satisfies

(o]

JOO Tz @) dt <y J S Ovnd, (6
0

0

for every nonzero v(t) € L,[0, 00).

Lemma 4 (see [35]). For any constant matrix Z € R™", Z =
Z" > 0, scalars hy > hy > 0, and vector function x: [h,,h,] —
R" such that the following integrations are well defined; then

t—h

—(h,—hy) J xT (s) Zx (s) ds
t-h,
thy t-h, @
< - J;ihz x (s)dszZ Lhz x (s)ds.

Lemma 5 (see [36]). Let W > 0, and w(s) an appropriate
dimensional vector. Then, we have the following facts for any
scalar function 3(s) > 0, s € [t},t,]:

_ rz w0’ (s) W (s) ds
t

t
<(ty-t,)"FTW R+ 20" FT J "0 (s)ds,

t

_ J " B(s) @’ (s) W (s)ds

1

< fz B(s)ds¢"EfW T B + 20T E) fz B(s) w(s)ds,

_ J ” B (s) " (s) W (s) ds

1

<(ty-t,)"ETW T B+ 20T ET Jtz B(s)w(s)ds,
1 (8)

and matrices F; (i = 1,2,3) and vector { independent of the
integral variable are appropriate dimensional arbitrary ones.

Lemma 6 ((Schur complement) [26]). Given constant sym-
metric matrices S;, S,, and S5, where Sy = SIT and S, = Sg >0,
then S, + SLS;'S, < 0 if and only if

[sl ST

s, _Sz] <0, or

€)

-5, 83]
< 0.
[SZ S,

Lemma7 (see [36]). For symmetric matrices Z,, Z,, a positive
semidefinite matrix Z, > 0 and nonzero vector (,, a necessary
and sufficient condition for

fl=¢ (ZO +aZ, + ocZZZ) {,<0, aca,a] (10)

is that the following set of inequalities hold simultaneously

flay) <0, fey) < 0.

3. Robust Stabilization

We use the following control law to tackle the robust stabi-
lization problem in this paper:

ut) =K;x (), )

where K are the gain matrix of the controller.
When the disturbance input v(t) = 0, the neural networks
(1) can be rewritten in the form

x(t)=—(A-K))x () + My f (x(t))
+ M, g (x (t —d (1))

t

+ M, J; o h(x(s))ds+ Ne(t),

¢ (t)=F (1) [—Jlx () + I, f (x(0) (12)
19 (et -d (1))
‘7, Lm) h(x(s)) ds] ,

Z(t) = Cx (t).

Theorem 8. Under Assumptions 1 and 2, for given scalars T,
u, and 7, the system (12) is robustly asymptotically stabilizable
via the control law u(t) if there exist positive diagonal matrices
D = diagld,,d,,....d, }, W, > 0, i = 1,2,3,4, positive
definite matrices P, € R*™*, S, € R*™ (i = 1,2,3,4,5),
Q; € R*™ (i = 1,2,3,4,5), R, € R™" (i = 1,2), scalar



matrix U > 0, and any matrices with appropriate dimensions
F, (i=1,2,...,6), 8 such that the following LMIs hold:

[®, TF] 7TE] +3TF

| x —TQy 0 0
Y=l koo |50
| * * * -TR,
(13)
O, +70, TF TF! +3TF'
_ * -7Q; 0 0
L=, « -rl o |<©
* * * —7R,

where
®, = sym (2E,F; + 3E,Fs — 2E,F, - 3E,F;)
+ sym ([ES, 0] Q [E;, O]T) ,

®, = sym (F[ [Eg, E, - E;]" +27F, E — 2F, E;

+37F El - 3FE! + F' [Eo, E, - E,]"
—2F, Ey - 3F, Ey)

+sym ([E,, E;] P, [Es, Ey]" + EgDE )

+ [Eqg, Eg] (S; + 8, +Ss5) [EIO’Eé]T

~(1-u) [Ei, Bl S [E11>El4]T

+[E E ] (Q +Qy) [E1>E1]T

+(u-1)[E, E]Q [EpEz]T

+ sym ([ES’O] Q [0, E9]T) — [Ei9, Ex S5 [519’E20]T

+[Es E,] (S5 +5,) [Es, E;]"

— [Ey3 Bys] S [Egs Ena]” = [Epo Es] Q, [Ep Es]”

+sym ([Es,0] Q, [TE,, By + Eo]")

- [EIS’E16] S4 [EIS’EIG]T - [E17’E18] SS [E17’E18]T

+7 (B}, Es) Q; [y, Es]” + E (TR, + T'R,) EL

+7 [Es, E;] Q [Es, E7]T

- [El - E4’E12] Q4 [El - E4>E12]T

+ 72 [E10’ EG] QS [EIO’EG]T - [EZI’EZZ] QS [EZI’ EZZ]T

~ E,L,W,E| — EqW,E,,

+sym (E,L,W,E; ) - E,G,W,E| — E;\W,E},

T T T
+sym (E,G,W,E}) - E,H,W;E| — E,W,E]
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+sym (E,H,W,E; ) - E,G,W,E; — E;\W,E],

+sym (E,G,W, Ey, )

+sym (- (E, + Es) (JA - A,) E{ + (E, + E5) OM,E{
+ (E, + E5)OM,E}, + (E, + Es) SM,E.,
+(E, + E5) ONEy; — (E, + E;) OE} )

+J'UJ - E;;UEL,
(14)
with

T
Ei = [Onx(i—l)n’ In>0n><(24—i)n] >

A, = 0K,

i=1,2,...,24,
(15)
J =[-]1,0,0,0,0,7,,0,0,0,0, J5, ],
0,0,0,0,0,0,0,0, 0,0,0,0].

Proof. Construct a new class of Lyapunov-Krasovskii func-
tional as follows:

6
V(t,x (1) = ) Vi (x(8), (16)

i=1
where

Vi (tx () =n (t,t =) Py (- 7)

n x;(t)
. z;di L £(s)ds,
t
V, (t,x () = Ld(t) [11 (£5)Qumy (£,5) + 1 () Sy, (s)] ds,

t
Vit @)= [} 6.9 Qum (69
+ 113 () Syna () + 15 () Sz (5) ] s,

V, (t,x (1) = L [115 (5) Satts (5) + 15 (5) S5ty (5)] dis,
t t T
Vi (t,x(t) = L: L 1, (5) Q1 (s) ds dO

t t t
+zj j j 7 (s) Ry (s) ds d6,d6,
=z Jo, Jo,

t t t t
+6J J j J 7 (s) Ry (s) ds d6,d6,d6,,
=z Jo, Jo, Jo,

0 [t
Ve (t,x (1)) = FJ L 6113 (5) Qu3 (s) dsdo

—-r

ot
+7 J J 1, (5) Qs (5) ds dO,
+0

-r Jt

17)
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where

(s =[x 1) "),

(18)
s () = [x7 (1) W (x (1)),

[
m (1) =[x" @) 51,
[
m 0 =[g" @) M)

We define a vector (; as

¢ - [XT(t),xT(t-d(t)),xT(t—?),xT(t—r(t)),

t—d(t)

SCRAONAEION RN

t=T

t
Jt—d(t) x'(s)ds,g" (x(1),g" (x(t-d (),

t
L ) n (x(s))ds, §0T (), fT (x(t-d (),

*1’(

(=7, W (x(t-7), g (x(t =), fT(x(t 7)),

t
gT(xa—?)),fT(x(t—a),L

*T(

g" (x () ds,
t)

jt fT(x<s)>ds,xT(t—a,hT(x(t—%))].
t—r(t)
(19)

Remark 1. Our paper uses the idea of second-order convex
combination, and the property of quadratic convex function
is given in Lemma 7.

Remark 2. We fully consider the various activation functions
in constructing the Lyapunov-Krasovskii functional. So the
augmented vector {, uses more information about f(x(t)),
g(x(1)), and h(x(t)) than in [26]. The Lyapunov functional in
our paper is more general than that in [26], and the criteria
in our paper may be more applicable.

Remark 3.1In our paper, the augmented vector {, utilizes more
information on state variables than in [26], such as x(t —
7). This leads to reducing the conservatism of stabilization
condition.

The time derivative of V(t, x(t)) along the trajectory of
system is given by

V, (t, x (t))
=2 (6t =T) Py (8,6 —7) + 2 (x(£)) Dx (1)
= ZCtT [E,, E;5] P, [Es, E23]T G, + ZCtTE6DE.Z:ct

T
= (tTSYm ([EI’E_%] P, [Es, Ey]" + EsDE;F) (€8

V, (t, x (1))

= UZ (t) Sym4 (1) + TI{ (1) Qumy (£,1)

—(1-d@®)n, (t—d®) S, (t—d (1))
—(1=d®)n tt-d @) Qum (tt-d(©)

5 Jt Brle (t,s)
t—dir) Ot

Qi (t,s)ds

T
< (tT [EIO’E6] Sl [EIO’E6] (t

~ (1= )& [Eypr Eug] Sy [Evis Bl 4,
+ G [ELEQ [ELE ]G
+(u-1D¢ [ELE]Q [ELE]' G,

+ 207 [Es,0]Q, [d (1) Ey, Eo]" ¢,

x ()

My (£) Suny (£) = (¢ =) Sy, (¢ =)

+ 178 (£) S35 (8) =13 (£ =T) S35 (£ = T)
+11 (6,8) Qyny (t,1)

—n (6t =T)Qyny (£, - T)

s Jt aan (t,s)
-7 ot

Q, (t,s)ds

& (B Ee] S: [Eror Bo)' &,

=8 [Erg Ex] S, [Ergs Exo]' &,

+ (B By S [Bsn By

=8 [Exs Boa] S5 (B o] ¢,

+ G [ELEQ [ELE] G

-4 [ELE] Q [EL BT,

+20" [E5,0] Q, [TE,, Eg + Eo]" &,
x ()

1 (£) Syns () = 11s (¢ —F) Sy (£ = 7)
11y (6) S5ty (t) = 13 (¢ = 7) Sspy (¢ = 7)
& [Bs B/ S, [Bs. B, ¢,

=8 [Eis B Sy [Eiss Eio) ' &

4 [Brgr Eg] S5 [Evo Bl &,

T
_CtT [E17’E18] SS [E17’E18] (t’



6
Vs (6 x (1))
=7, (1) Qe (B) + 57 (1) (TR, + T'R,) X (£)
+V, (t,x(£))
= ?(tT [E1, Es] Qs [E1>E5]T G+ (z;TES (?le + 73R2) E;{Ct
+V, (t,x(1),
(20)
where
V, (£, x (1))
t
_ Jt: (17 (5) Qutpy () + 2 — £+ 5) &7 (5) Ry (s)
+3@—t+5)° % (s) Ryx (s)] ds,
Ve (t, x (1))

=71 (£) Qurgs ()

-7 L [113 () Qus (9)] ds + Py, (£) Qampy (1)

-7 J’t: [’1:{ (5) Q514 (s)] ds
<75 () Qurts ()

@] [ ©Qum @] ds+ Pl 0 Qun, @

-1 i@ 0] s
t—r(t)
()

and according to Lemma 4, we can obtain
Ve (£, (t)

<7 (£) Qurps ()

t T t
- <J ’73 (S) ds> Q4 (J 113 (S) ds)
t—r(t) t—r(t)

+ 71 (1) Qsty (1)

t T t
- <j ;74 (S) ds> QS (J ’14 (S) ds) (22)
t—r(t) t—r(t)

= FZ(tT [E5> E7] Q4 [ES’E7]T G
- CtT [E1 - E4’E12] Q4 [El - E4’E12]Tct
+ FZC;T [Ey0» Es] Qs [Em)Es]T G

- (}T [EZI’EZZ] QS [E21’ EZZ]T (t‘
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It is easy to obtain the following identities:

h—t+s=[d@®)-t+s]+[h-d ()],
(h—t+s) =d®)~t+sP+[ - @®)]  (23)
+2[h-d®)](s—1t).

Therefore, we can disassemble the integral into two parts as
follows:

V, (£, x (1))
t=d(t) T — LT .
= - L: (12 ) Qmy () +2(F -t +5) X" () Ryx ()
+3(@—t+9)° %" (s)Ryx (s)] ds
_ Ld(t) [ () Qsry (5) + 2(F — £ +5) &7 (5) Ry (s)
+3(F-t+s) i (s) Ryx (s)] ds
t—d(t) T -
= - L: (1 () Qumy () +2(F -t +5) %" () Ryx ()
+3(F—t+5)7 % (s) Ryx (s)] ds
_ L_d(ﬁ [} () Qi (5) + 2(d (1) — £ + ) &7 (5) Ry % (s)
+3(d(t)—t+3)x" () Ryx (s)] ds
- r (" [2@-d®)R, +3(F —d* (1)) Ry
t—d(t)
-x(s)ds
- Jt 6(T—d () (s—1t)x" (s)R,x(s)ds
t—d(t)

=V, (1 (D) + Vi (6% (1),
(24)

where
Val (t) X (t))
Ao ) . |
- J;: [’72 () Qs () +2(T—t+s)x (s)Ryx(s)
+3(T—t+9)7 %" (s)Ryx (s)] ds
t T .
- L—d(t) (12 () Qury (8) +2(d () = £+ 5) & () Ryt )

+3(d(t)—t+9) % (s) Ryx (s)] ds,
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Va2 (t’ X (t))
- Jt (" [2@-d®)R, +3(F -d* (1)) Ry
t-d(t)
-x(s)ds
- jt 6(T—d (1) (s—1t)x" (s) Ryx (s) ds.
t—d(t)
(25)

It is easy to show the following relation:

V., (tx (1)
__ r 2 2@-dE)R, +3(F - d> (1)) R,
t—d(t)
-x(s)ds

- Jt 6(F—d () (s—1) % (s) Ry (s) ds
t—d(t)

=-2@F-d@®) J:d(t) % ()T Rz (s)ds—3(T—d (1))

. r ()T [T+d @) +2(s—1)] Ryx(s)ds
t—d(t)
t
<-2 J T-d®) % (s)" Ry (s)ds
t—d(t)

-3 Jt T-d®)*%(s)" Ryx (s)ds <0.
t—d(t)
(26)

Applying Lemma 5 to V,,, (t, x(t)), we get

Vo, (t,x (1))

<@-d®)FQE,

M et—d(t) T
+20F! j . xT(s)ds,xT(t—d(t))—xT(t—?)]
+@-d (1) F R Fy,

[ t—d(t)
+al[F [@-d®)x(t-d (1) - j .

t—7

x (s) ds]

+3@-d®){ FIRFy,

t—d(t)
F6TFT | Fod @) x(t—d (1) - j

t-T

x (s) ds]

+d () FQ;'FL,

t T
+20F] “ ) X7 (s)ds,x" (t) - x" (t —d(t))

+d(t) (T FIR{'Fy¢,
- . .
+ 4] F! d(t)x(t)—J x (s)ds
L t—d(t) j

+3d (t) (T FI R, Fy,

+6( F’ 46 x () - Ltd(t) x(s)ds |

<@-dO)FQF +2F By B, - B¢,
+@-d ) F R
+ 4B [(7-d ) E, - B,
+3(@-d ) Fi R Fy,
+60F) (- d (1) E, - B¢,
+d () ("FIQ;'F,g, + 20 F! [Eo, E, - E,]" ¢,
+d (02 FIR F, + 40 FY [d () E, - Bo]" ¢,

+3d (t){ Fy Ry Fel, + 60 Fy [d (t) E, - Ey]' L.
(27)
According to Assumption 2, we have
(fi (5 () = Fr . 0) (fi (3 (0) = Fx; (1) <0,

i=12,...,nm,

(28)

which is equivalent to
ol
f(x(®)

[ x(t)
fx(®)
where e; is the unit column vector.

Let W, = diag{w,;, wiy--., wy,t > 0, W, =
diag{w,;, wy,, ..., w,y,} > 0, W, = diag{w,,, wsy, ..., ws,} >
0, W, = diag{w,,, wy,, ..., Wy, > 0; then

iw“ [f’éf?t»]T

[ x(t)
fx@®)

and it is equivalent to

[f’éfii»]T |

F +F'
-+, T i i T
Fi Fi e;e; ——e,e;

2 [
F +F . T
- %eiei €i€; (29)

] <0, i=12,...,nm,

F +F'
-ot, T i i T
F; Fee; —-———¢e;

2 171
F +F .
- > ~ee; €i€; (30)

] <0, i=12,...,n,

-L,W, x(t)
-L,w, W, 1] [f(x (t))] S0 ()



Similarly, we obtain

[ x(t) ]T[lez —GZWZH x(t) ]<
| g (x (1)) -G,W, W, glx@)y] =™
[ x) 1 HW; -H,W, x (t)
_h(x(t))] [—H2W3 W, ][h(x(t))]go’ )
[ x(t-d@) |
g (x(t—d (1))
| awy -GW, x(t—-d()) 0
-G,W, W, glx-dm)| =~

By using (31)-(32), we have

—x ()" LWyx (8) = £ (x () Wi f (x (1))
+x () LW, f (x(0)) + f1 (x (1) LyWyx ()
—x (1) GWyx (1) = g (x (£) Wyg (x ()
+x (1) GWog (x (1) + g (x (1)) G,Wyx (t)
—x ()T HW,x (t) = h" (x (£)) Wah (x (1))
+x ()T HyW, f (x (1)) + hT (x () HW,x (£)
—x(t-d@®) GWux(t-d®)-g" (x(t-d()
W,g (x(t—d )+ x(t—d (t) G,W,g (x (t - d (1))
+g (x(t-d®)GW,x(t—d(t)
= (] [~E\L,W,E] — EW,E¢ + E\L,W,E¢ + EgL,W,E|
- E,G,W,E| - E,,W,E}, + E,G,W,E},
+ E,0G,W,E| — E,H,W,E| — E,W,E}
+ E\H,W,E} + E,H,W,E| — E,G,W,E}

- Ey,W,E|, + E,G,W,E{, + E;,G,W,E, |,
(33)
The following equality holds:
2(x" ) +x" ()

-0 {— (A-Kp)x(O)+Mof (x )+ Mg (x(t —d (1)

t

+M2J h(x(s))ds+N(p(t)—5c(t)} =0,
t—r(t)
(34)
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which is equivalent to
¢ [-2(E, + E5) 8 (A= K,) E{ +2(E, + E) 6M,E¢
+2(E, + Es)SM,E], +2(E, + E5) SM,E], (35
+2 (E, + E5) ONE{; - 2 (E, + E5) 8E; | £, = 0,

where § is any matrix.
From Assumption 1, the following inequality holds:

o' @) <TTIE, where
] = [_]])0)0)0)0)]2)0)0)0)0)]3)]4) (36)
0,0,0,0,0,0,0,0,0,0,0,0] .

Furthermore, there exits a positive scalar matrix U, such that
the following inequality holds:

GITUIG — 9" (O Up(®) = 0. (37)
Combining (16)-(27) and (33), (35), and (37), we obtain
V(tx (1) < [ +d () D+ DY) (38)
where @, ®, are defined in the theorem context, and
;= (T-dt)F Q;'F + (T -d () FR'F,
+3@-d(t)FIR'F,+d (1) F] Q;'F, (39)
+d (t)* F'R{'Fy + 3d (t) F, R;'F,.

Note that CtT (@, + d(t)D, + D4]{, is a quadratic function
on d(t), and the second-order coefficient is CtT[FZTR;lF2 +
FIR{'F5]¢,:

[©,+d(t) D, + (I)d]d(t):0

= [y + Dyl = Do + TF Q5 'F + TF R'F, (40)
+3TF, R,'F; < 0;
applying Lemma 6, we get ), < 0:

[@g +d (t) D, + (Dd]d(t):?

= @y + 7D, + TF; Q;'F, + T°F R;'F; + 37TF, R;'Fy

<0,
(41)
which is equivalent to Q, < 0.
Finally, employing Lemma 7, we get
Oy +d(t) D, +D,; <0, Vel0,T]. (42)

Thus we can obtain from (38) and (42) that
Vtx () <y [@+dt) D+ D, <0,  (43)

which means that the system is asymptotically stable. This
completes the proof. O
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4. H_, Controller Design

In this section, we study the H, control for the considered
neural networks with a given disturbance attenuation level
y > 0. The neural networks (1) can be rewritten in the form

%) == (A-K))x(t) + Myf (x(t)) + My g (x (t - d (1))

t

+sz

t—r(

h(x(s))ds+Bv(t)+ Ne(t),
t)
ot =F (1) [—hx O+ 1o f (x(©) + Jsg (- d (1))

t
+]4 J h(x(s))ds+Jsv(t)|,
t—r(t)

Z(t) = Cx (t).
(44)

Theorem 9. Under Assumptions 1 and 2, for given disturbance
attenuation level y > 0, scalars T, y, and 7, the system (44) is
robustly asymptotically stabilizable under the control law u(t) if
there exist positive diagonal matrices D = diag{d,,d,,...,d,},
W, > 0, i = 1,2,3,4, positive definite matrices P, € R*™*",
S, € R*™ (i = 1,2,3,4,5), Q; € R*™ (i = 1,2,3,4,5),
R; € R™ (i = 1,2), scalar matrix U > 0, and any matrices
with appropriate dimensions F; (i = 1,2,...,6), § such that
the following LMIs hold:

(@, TF] TE] +3TF

= | = -1Q; 0 0

Sl I T
| * * * -TR,
- (45)
®, +7®, TF TF! ~3TF'

= * -tQ; 0 0

L=, « -r1l o |<O
L * * *  —TR,

where

®, = sym (2E,F; + 3E,F, - 2E,F, - 3E,F;)
+sym ([Es, 0] Q, [E,0]"),
®, = sym (F[ [Eg, E, - E;]" +2TF, E} — 2F, By
+37F El - 3FE! + F' [E, E, - E,]"
—2F,Ey - 3F, E,)
tsym ([E1>E3] P, [Es, Ezs]T + EGDEZ)
+ [E1os B (S1 + S, +S5) [Exgr Eo) "

- (1 - P‘) [E11>E14] S [En»E14]T

+[ELE ] (Q +Qy) [EI’EI]T
+(u-1)[E,E]Q [El’Ez]T
+sym ([Es’o] Q, [0>E9]T)

- [EIQ’EZO] SZ [E19’E20]T

+[Es E,] (S5 +,) [Es, E;]"

- [E23’E24] S3 [E23’E24]T

- [EI’E3] QZ [EI’E3]T

+sym ([Es, 0] Q, [TE,, Eg + Eo] ")

- [EIS’E16] S4 [EIS’EIG]T

- [E17’E18] SS [E17’E18]T

+7 [y, Es) Q, [y, Es]' + E (T°R, + TR, ) EL
+7 [Es, E;] Qq [ES’E7]T

- [El - E4>E12] Q4 [El - E4’E12]T

_ T
+7 [Eyo» Es] Qs [E g, E]

- [EZI’ EZZ] QS [E21’E22]T

— E\L,W,E| — E;W,E +sym (E,L,W,E;)

— E\G,W,E]| - E;,,W,E|, + sym (E,G,W,E|,)

— E\H,W,E| - E,W;E] + sym (E,H,W;E] )

— E,G,\W,E, — E\,W,E|, +sym (E,G,W,E/,)

+sym (= (E, + Es) (BA— A,) E{ + (E, + E) SM,E;,
+(E, + Es) SM,E], + (E, + E5) SM,E],
+(E, + Es) ONEY{; - (E, + E5) 0E{)

+sym ((E, + Es) 0BEy;)

+ E,C"CE| - y’EysEL, + J'UJ - E,;UEL,,

(46)

with

] = [_]1) 0) 0; 0) O)]Z; O) 0; 0) O)]3) ]4;

O)O)OaO)O)OaO)O)Os()’O)O)]5] >
(47)
A, = 8Ky,
T .
Ei = [Onx(i—l)n’ In’ 0nx(25—i)n] > i=12,...,25
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Proof. By using the V(t, x(t)) obtained in Theorem 8, we can
obtain

xT (1) CTCx (t) —y*v (1) v () + V (¢, x (£))

o L (48)
<G, [(Do +d (t) D + q)d] G
where
TN [#T T, 1T
(=0 0],
®, = @, + sym ((E, + E5) 0BE,;) + E,C' CE|
- YzEst;’ (49)
D, = D,,
6d = q)d'

T — PR—
If (45) holds, the inequality {, [®, +d(t)®, + D;]{, < 0holds,
and we can easily obtain

JOO [x" ) CTCx(t) =y Vv () v(t) +V (tx ()] dt <0,
0

joo [2" ) z@t) -y (O v(E) +V (6x (1)) dt <.
0
(50)

Since V (¢, x(t)) > 0, we have
Joo Tz dt <y ro ST Ovnd. 61
0 0

Hence the considered neural networks (44) are robustly
stable for a given disturbance attenuation level y > 0
according to Definition 3. This completes the proof. O

5. Numerical Examples

In this section, numerical examples are provided to illustrate
effectiveness of the developed method for uncertain neural
networks with discrete and distributed time-varying delays.

Example 1. We consider the neural networks (12) when the
disturbance input v(t) = 0. The parameters are as follows:

20
2=(53)

N =C = diag {0.2,0.2},
0.5 0.7
M, = (0.3 0.2)’

02 -0.5
M, = <0.3 0.2 )
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0.3 0.2
M, = <0.4 0.5>’

)

1=(03 01) &
)
)

and the activation functions are

o= (2 (E0),

_ (tanh (2x,)

g(x) = (tanh (2X12)> ’ (53)
_ (tanh (x;)

9= (o (o))

so that

00
—)
20
he(02)
10
e (o1)
05 0
H = < 0 0.5)'
If we set d(t) = 2.5 + 2.55sin(0.2t), the upper bound of time
delay 7 = 5and p = 0.5. And we set the upper bounds of time

delays 7 = 5. By solving through the MATLAB LMI toolbox,
we obtain the gain matrix of the stabilization controller:

(54)

(55)

K. = —40.9083 —-38.3622
17\ -36.8673 —61.2507 )"

Figures 1 and 2 present the state responses of the considered
neural networks. Figure 1 shows the time response of the
state variables x,(¢) and x,(t) of the open-loop system from
initial values (1, —1). Figure 2 shows the time response of the
state variables x, (t) and x,(t) of the closed-loop system from
initial values (1, —1). The open-loop system means the system
without feedback control, and the closed-loop system means
the system with the feedback control. It is clear that x, ()
and x, (t) converge rapidly to zero under the feedback control
law and they cannot converge to zero without the feedback
control. The simulation results reveal that the considered
system with discrete and distributed time-varying delays is
robustly asymptotically stable under the feedback control law.
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|
o
wn
——

Time t

— x1(0)
--- x(t)

FIGURE 1: State responses of the open-loop system.

0.8 }
0.6 |
04}

o.2t\
0 F——

x(t)

-0.6 |

-0.8 |

Time t

— x1(0)
--- x()

FIGURE 2: State responses of the closed-loop system.

Example 2. We consider the neural networks (44) with the
disturbance input. The parameters are as follows:

20
*=(53)

N = C = diag{0.2,0.2},

1
M= (03 03)
(1 2)
1=(% 0s)
1=(03 03) 56)
Js = (8:; 0?2)’
7, = <0.3 0.1)
0.1 0.2)°
Js = (gf 001>’

and the activation functions are

£09= (amn(ans)

_ (tanh (2x,)

g9 = (tanh (2X12)> ’ (57)
_ (tanh (x;)

9 = (amn (o))

so that

00
L1=G1=H1=<0 0),
20
L.= <0 2>’
10
= (o1)
05 0
H, = < 0 0.5>'
If we set d(t) = 2 + 25in(0.15¢), the upper bound of time
delay 7 = 4and y = 0.3. And we set the upper bounds of time
delays 7 = 4. By solving through the MATLAB LMI toolbox,

we obtain the gain matrix of the stabilization controller with
the guaranteed H, performance y = 0.1:
-410.5111 -126.6215
K= (—162.0641 —409.5459) ' (59)

Figures 3 and 4 present the state responses of the considered
neural networks with the disturbance input v(¢) = [1/(0.5 +
£),1/(1 + 7. Figure 3 shows the time response of the
state variables x, (t) and x,(t) of the open-loop system from
initial values (0.5, —0.5). Figure 4 shows the time response of
the state variables x,(f) and x,(¢) of the closed-loop system
from initial values (0.5, -0.5). It is clear that x,(¢) and x, ()
converge rapidly to zero under the feedback control law and
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x(t)

Time t

— x1(0)
--= x(t)

FIGURE 3: State responses of the open-loop system.

0.5

0.4+
0.3}
0.2+

0.1

0 b=

x(t)

-0.1}F
-0.2
=03}
-0.4

-0.5

0 5 10 15 20 25 30 35 40
Time t

— x()
B

FIGURE 4: State responses of the closed-loop system.

they cannot converge to zero without the feedback control.
The simulation results reveal that the considered system
with discrete and distributed time-varying delays is robustly
asymptotically stable under the feedback control law.

6. Conclusions

In this paper, we investigated the robust stabilization problem
and H, control for a class of uncertain neural networks. By
implementing the quadratic convex combination technique
together with Lyapunov-Krasovskii functional approach, new
delay-dependent conditions were established. The stabiliza-
tion criterion was derived by the augmented Lyapunov-
Krasovskii functional, which ensures the robust stability

Mathematical Problems in Engineering

of the considered uncertain neural networks with various
activation functions. Furthermore, our result was extended
to the design of a robust H,, controller, which guarantees
the closed-loop system robustly asymptotically stable with a
prescribed H,, performance level. The criteria are derived
in terms of LMIs, which can be easily calculated by the
MATLAB toolbox. Numerical examples are provided to
illustrate the effectiveness of the obtained results.
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