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Let Q be a smoothly bounded pseudoconvex domain in C* and assume that z, € bQ is a point of finite I-type in the sense of
D’Angelo. Then, there are an admissible curve I' ¢ Q U {z,}, connecting points g, € Q and z, € bQ), and a quantity M(z, X),
along z € T, which bounds from above and below the Bergman, Caratheodory, and Kobayashi metrics in a small constant and large

constant sense.

1. Introduction

Let Q be a smoothly bounded domain in C" and let X be
a holomorphic tangent vector at a point z in (), and let us
denote the Bergman, Caratheodory, and Kobayashi metrics
at z by B, (z; X), Cq(z; X), and K, (z; X), respectively. When
Q is a strongly pseudoconvex domain in C", the optimal
boundary behavior of the above metrics is well understood.
For weakly pseudoconvex domains of finite type in C”,
several authors found some results about these metrics. But
in each case, the lower bounds are different from the upper
bounds [1-5]. In [6], Catlin got optimal estimates in a small
constant and large constant sense for pseudoconvex domains
of finite type in C. For pseudoconvex domains of finite type
in C", the first author and Herbort extended Catlin’s result
to the case that the Levi-form at z, has corank one [7, 8] or
homogeneous finite diagonal type near z, € bQ [9, 10].

To estimate the above invariant metrics, we need a com-
plete geometric analysis near z,, € bQ) of finite type, and then
we construct a family of plurisubharmonic functions with
maximal Hessian near bQ). However, this construction is
really technical and known only for special types of domains
mentioned above, but not for arbitrary pseudoconvex
domains of finite type in C", even for n = 3 case. Meanwhile,
it is useful to understand the behavior of a holomorphic

function near z, € bQ if we have precise estimates of the
invariant metric along some curves.

In the sequel, we let Q) be a smoothly bounded pseudo-
convex domain in C* with smooth defining function r and
let z, € bQ. Let M(z,) = (1,m,m;) be Catlin’s multitype
[11]. Thus, m = Tyg(z,) is the type in the sense of “Bloom-
Graham” If m; = A(z,), then Q is an h-extensible domain
[12] and Herbort [10] got an estimate in this case. Here,
A,(2,) denotes finite g-type in the sense of D’Angelo. Thus,
we assume that m < m; < A (z;). Regular finite 1-type at
z, € bQ is the maximum order of vanishing of r o y for all
one complex dimensional regular curves y, y(0) = z, and
¥'(0) # 0. We denote the regular finite 1-type at z, by Ty, (2o).
Note that Tg & (z) is a positive integer and Tg & (zg) < A (2y)-

Assuming that T,%(z,) = 7 < 00, there exist coordinate
functions z = (z,, 2,,z;) defined in a neighborhood V' of z,
such thatz;, = 0and |[0r/dz;| > ¢, on V for a uniform constant
¢ > 0,and |r(z,, 0, 0)| vanishes to order #, and (dr/9z,)(0) =
0 (Theorem 2.1 in [13]). With these coordinates at hand, set
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Then, ¢,(0) = 0, k = 1,2, and {L,,L,, L5} form a basis of
CT®(V) provided V is sufficiently small. For any integer j,
k>0, set

F 4001 (2) = Ly -+ L, L, - Ldor (2) (L, L, ) (2) )
(j-1)times (k=1)times
and define
G (2) = max {|&;,00r (2)| : j+ k =1} (3)

Let X = a,L, +a,L, + a;L; be a holomorphic tangent vector
at z € ) and set

S\ 2|

m 1/1
M (zX) = |ay|Ir )] + |ay| Z<Cl (Z)> (4)
4

+|as| Ir (27"

LetT ¢ QU {z,} be the admissible curve defined in (20). Our
main result is as follows.

Theorem 1. Let Q cc C° be a smoothly bounded pseudocon-
vex domain and assume z, € bQ) is a point of finite I-type in
the sense of D’Angelo; that is, A ,(z,) < 0o. Then, there exist a
neighborhood V' about z, an admissible curve T ¢ Q U {z,}
connecting q, € Q and z,, and positive constants ¢ and C such
that, forall X = a,L, +a,L, +a;Lyatz e VNINQ,

cM (z; X) < Bg, (z; X) < CM (z; X)
cM (z; X) < Cq, (2 X) < CM (z; X) (5)

cM (z;X) < K (2 X) <CM (z; X) .

To prove Theorem1, we use special coordinates con-
structed in Section 2 of [13]. Thus, there is a special direction
d, |d| = 1, so that, for each § > 0, the two-dimensional slice
Dj = {(2y,25); 1(d8"", 25, z;) < 0} becomes a pseudoconvex
domain of finite type in C, whose type is less than or equal to
m = Ty(z,). We then apply the method which holds for the
domains of finite type in C? as in [6]. To avoid the difficulty
to push out the domain in z,-direction, we use a bumping
theorem of Cho [14].

2. Special Coordinates

Let O ¢ C? and z, € bQ) be as in Section 1. We may assume
that z, = 0. In this section, we consider special coordinates
defined near z;, € bQ) and then construct “balls” which are of
maximal size on which r(z) changes by no more than some
prescribed number § > 0. In the following, we let o = («;, ;)
and B = (B,, B,) be multi-indices with respect to z’ = (z,, z,)
variables. In Theorem 2.1 of [13], You constructed special
coordinates which represent the local geometry of bQ) near
2.

Theorem 2. Let QO be a smoothly bounded pseudoconvex
domain in C* with smooth defining function r and assume
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ng(O) =1n < 00, 0 € bQ. Then, there is a holomorphic
coordinate system z = (z,, z,, z3) about 0 such that

n
(1) r(z) =Rezy+ Y a,z2" 2"
locl+| B|=m

lad | B|>0

+0 (|z3| lz| + |z'|’7+1),

(6)

@) Ir (0,0 < [t",
where z' = (z,, z,) and where

g # 0 forsome a, B with oy =B =0, ay +f, =m.
7)

Remark 3. (1) The second condition in (6) and the property
(7) say that r(z) vanishes to order 7 along z, axis and order m
along z, axis. These properties are crucial for the construction
of maximal polydiscs Q_5(z°) contained in Q.

(2) There are much more terms (mixed with z; and z, and
their conjugates) in the summation part of (6) compared to
the h-extensible domain cases.

According to Proposition 2.6 and Remark 2.7 of [13], there
are pairs of integers (p,,q,), v = 1,..., N, such that the terms
satisfying «; + B, = p, and &, + 3, = g, with &, > 0 and
B, > 0 are dominant terms in the summation part of (6).
Also, there is a small constant g, > 0 and a fixed direction d,
|d| = 1, in z, direction, such that, for each fixed § > 0 and for
all z, satisfying |z, —d&"/"| < a,0"/", those major terms in the
summation part of (6) satisfy

—— T (Zp 0, 0) RS 817”/", (8)

~ |z,

where o, + f3, = g, and where a, > 0 and 3, > 0.

Now, let us fix z, with |z, — d6'| < ay8"/" and consider
the two-dimensional slice D, := {(z,,23) : (21,2, 23) < 0}
For each z = (z;,0,2;) near bQ), set n(z) = (z,,0,e5) :=
zZ, € bQ, where 7(z) is the projection of z onto bQ
along z; direction. On D, , following the argument in two-
dimensional case as in the proof of Proposition 1.1 in [6], we
construct special coordinates { = ({;,(,,(3) = (21,2, (3)
about Z; so that, in terms of new coordinates, there are no
pure terms in z, variable in the expression of r(z) in (6).

Proposition 4. For each fixed Z, = (z;,0,e5) € V N bQ,
there exists a holomorphic coordinate system z = @z (¢) =

(szz) (Ds(C))) C = (Cl){2’C3) = (Zp Zz,C3)a where q>3(() is
defined by
or _ \"
Dy (0) =es+ <8_z3 (21)>
Z o or ,_
X(%‘é@(%)é‘é(%)@) 9

=es+dy (7)) + Y.y (2)
=1
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and the function p, given by p(z,,{") :=r o @ (zy, ", " =
(5, C5), satisfies

1% (ch/’) = Re (CDS (()) + Z aj,k (21) C'zlzlzc + E(C) > (10)

j+k=2
Jik>0
where
ul 1 1
EQ) = @<|<D3 QL+ Y |13l + (6™ )
v=1

(11)
In view of (6) and (8), the major terms in (10) are

i—k
a;.(Z,)3¢, where j + k = a, + 3, = q, for some a, and
[3]2 with &, > 0 and 3, > 0. Also, from (8), it follows that

a, (7)) U0

and these terms control the error terms |z,|'*#*|(,|? in E({).
As in Section 1in [6], set

A7) =max{|ay (Z);j+k=1}, 1=2,...,m (13)

Py 9y R (12)

= |Zl 2,

and for each sufficiently small § > 0, we set

5 1/
T(Z,S)zmin{(m) ;ZSISm}. (14)

Thus, for all z, with |z, — d6"/"| < a,6"", it follows from (8)
and (14) that

1/q,
6
—p> , v=1...,N, (15)

|2,

7(Z,,90) s(

and hence the summation part of (10) is dominated by C§.
For each Z = (z;,0,2;) near bQ), set { = (D;-ll(Z) =

(z,,0,;), where ®; is the function defined in Proposition 4.
For each small e > 0, set

R () ={0: 10 - 21| < e8",|0,] < e1(2,9),
105 - & < ed}, (16)
Qu () = {z:2=0; (0).¢ € Ry (0}

For each o > 0, let Q, = {z;7(z) < o} and define

S()={zeV:-0<r(z) <a}
17)
S (0)=1{zeV:-0<r(z)<0},

and set 2° = (d6"",0,e5) € bQ, where z, is replaced by
dé' in Z, = (z,,0,es). The following theorem is about
the existence of plurisubharmonic function with maximal
Hessian. In [6], for the domains in C?, Catlin constructed
the functions with maximal Hessian on the strip S(§) N V.
However, for regular finite type pseudoconvex domains in
C’, we show that the functions have maximal Hessian on
each ball Qy5(2°) and this will suffice to prove the boundary
behavior of the invariant metrics. The proof of the following
theorem can be found in Theorem 3.2 in [9].

Theorem 5. There is a small constant b > 0 such that, for
each small § > 0, there is a plurisubharmonic function gg €

Cgo(sz5(28)) with the following properties:
(i) 195D < 1, z € Q,
(ii) forall L = b,L, +b,L, +b,L; at z, where z € Qy5(Z°) N
S(b5),
3395 (LI) (2) 2 8 by +7(2°,0) " [l + 67 B[
(18)

(iii) if ©({) = ({1, {5, 5(0)), where D5 is defined in (10) for
2%, then

'ﬁagé °o® (()| < Ca8_“‘/”r (26,8)_% o % (19)

holds for all { € Ry,s(Z°), where D* = D' D DS

LetT ¢ Q be a curve defined by
I= {28 20 = <d61/'7,0,65 - ?),o <d< 80]», (20)

for sufficiently small §, > 0 and b > 0. In the sequel, for each
2% = (d8"",0,e5 — b8/2) € T, set {° := @} (2°) and set O =
(I);;,a1 (Q). In view of Proposition 3.4 in [9], there is a uniform

small constant ¢ > 0 such that R 5({°) cc R,5(Z°) n Q, and
hence

Qs (2°) = {z:2= @2 (1), 0 € R (')} cc Qs (2°) n 2,
(21

provided ¢ > 0 and §, > 0 are sufficiently small. In particular,
we haveI' ¢ QU{z,}. Note that 7(2°,8) ~ 7(2°,8),and for z €
ch(z‘s) c ), we note that |r(z)| = 8. Thus, as in Proposition
1.3 and Corollary 1.4 in [6], we obtain that

s _IN m Ck(Z) 1/k
7(<"9) ~Z<|r(z)|> :

k=2

€Qu ("),

where Cy(z) is defined in (3). In the sequel, we set 7, = s,
T, = 7(2°,6), and 7; = 0. If we use the plurisubharmonic
weight functions constructed in Theorem 5 and follow the
method to prove Theorem 6.1 in [6], we get the following
estimates of the Bergman kernel along T'.

Theorem 6. Let z, € bQ) be a point of regular finite I-type and
ng(zo) = 1. Then, KQ(z‘S, 2%), the Bergman kernel function
of Qatz° €T, & > 0, satisfies

Kq (2°.2°) = 67277, (23)

3. Metric Estimates

In this section, we estimate the behavior of the invariant
metric along I'. In [15], Hahn got the following inequalities:

Co(z:X) < By (z:X),  Cq(z:X)<Kg(z:X). (24)



Therefore, the estimates for the lower bounds of C,(z; X) will
suffice for the lower bounds of B, (z; X) and K (z; X). First,
we recall the following bumping theorem [14].

Theorem 7 (Theorem 2.3 in [14]). Let z,, be a point of finite
I-type in the boundary of a pseudoconvex domain Q c C",
defined by Q = {z : r(z) < 0}. Then, there exist V 3 z, and a
smooth 1-parameter family of pseudoconvex domains Q,, 0 <
t < ty, each defined by O, = {z;r(z,t) < 0}, where r(z,t) has
the following properties:

(1) r(z,t) is smooth in z for z near bQ and int for0 <t <
tos

(2) r(z,t) =r(2), forz ¢ V;

(3) (or/ot)(z,t) < 0;

(4) r(z,0) = r(z);

(5) forz inV, or/ot < 0.

Proof of Theorem 1. In the sequel, let us fix § > 0 and, for
each z% € T, set n(z%) = 2° = (d6'/",0, es) € bQ and
consider the special coordinates { = (z;,2,,(3) and @3 () =
(21,2, P5(0)) = z, where @, is defined in Proposition 4.
From (9), we see that {® = (d&'",0,-bd/2d,(Z%)) :=
(Zl, 22,23). We will estimate the metrics at ¢°. For all small
8 > 0 and for each {"' = ({,,(;), define

. 1/2

o\ 2

W@ (@l E @) e") L e
k=2

where A,(2°) is defined in (13) with Z, replaced by Z°. Let

¢ > 0 be the fixed constant determined in (21). Note that

D2 (d6',0,0) = Z°. Set

Qus = {G[61 - 8" < 0", 10| < a,|G3] < a,

(26)
P (61,00 05) < 0}’
and, for each € > 0, define
Qs = {(; |C1 —dél/”' < 8, 85| < a,|¢5] < a,
(27)

P(d(sl/r]’ Z,'”) < s ((u)} ,

and for all small e > 0 set B, = R,5(¢°). By (21), we see that
{® € B, c Qforalle < c. Note that the domains Of ; are
pushed out only in {, and {; directions but not in {; direction.
To avoid the difficulty to push out Q in {; direction, we use a
bumping family of Theorem 7. Consider a bumping family of
pseudoconvex domains {€);}y,, with front V and set D =
Q. For each r > 0, let U,(z) be a ball of radius r > 0 with
center at z and set Ur(C) = d);.sl(Ur(q)za (0))). Then, there is
1o > 0 such that
Qs (z‘s) CQfs=Dy (sza) C U, 4 (0) cU, (0) cc D,
(28)

for all sufficiently smalla > 0,e > 0,and § > 0.
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In view of the proof in Section 3 of [13], we have Q5 ¢
Oy ¢ QF 4 and there is a uniformly (independent of & >

0) bounded function f = f({,,{;) which is holomorphic on
Q¢ 5 and satisfies

|YIIJ’('((5

where Y = b,(3/0(,) + b;(0/3(;). Here, we may assume that
f(O, —b8/d0(§6)) = 0. In the sequel, we let Y be a vector field
given by Y = b,(0/9C,) + b,(0/9C,) + by(0/9L5). If |bl|Tf1
Ibzlrgl + |b3|T;1, then set vy = T;I(Cl — d&Y). Otherwise, set
Vg = f((z, (;). From (29), we note that

)| 2 [l 75"+ [bs] 75 (29)

3
vvs ()] 2 ;|b,.|r;‘. (30)

Let y € C°(U), where U is the unit polydisc in C*, such
that y(z) = 1if |z;] < 1/2,i=1,2,3, and set

_ Cl - Zl i CS - 23
Wd (() - l//( dTl > dTZ > dT3 ) > (31)

and set B5 = vsy,. Then, B5(¢°) = 0. Since f is bounded

independent of § (and hence independent of { %), there exists
a constant C > 0, independent of &, such that |Bs5] < C.
We want to correct 5 so that the corrected function f;

becomes a uniformly bounded holomorphic function on Q
satisfying the estimate (30) with f; replaced by fs. With
bumped domain D = Q, at hand, set D = CD;BI (D). On D,
instead of ), we will employ weighted estimates of 0 that is
essentially a replication of the proof of Theorem 6.1 in [6].

Let g5 be the weight function defined in Theorem 5 and
set g5 = L g,. By replacing gs by gs + IC]* := ¢, we can
obviously assume that ¢ is strictly plurisubharmonic on D
and ¢(( %) = 0. In view of Theorem 5, we also have

30¢ (. Y) Q) 2 1> [by|* + 7,7 oo + 737 b
CeR, ().

From property (iii) in Theorem 5, there is a small constant a,
0 < a < ¢ (independent of 7;, i = 1, 2, 3), so that

(32)

¢ @)= 2Reh({ +aZT G-T . CeRr,(8), @33
where
3
h© =Y 52 () @-2)
o (34)

1< = =
13 6T -0,
If we set @ = a’/3, it follows, from (33), that

Reh(() < -a@, (€ {(;¢(2)<a}nsuppay,. (35)
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In the sequel, we set B, = R,5(¢°) for each small e > 0.
For each s > 0, set

3
o, =0 (Bse™) = vse"Oy, () = Y ,dl.  (36)

i=1
Then, «, is a 0-closed smooth (0, 1)-form with suppa,
R(C %) = B.. Let x be a smooth convex increasing function

that satisfies y(t) = 0 for t < @/2 and X"(t) > 0 fort > aj2.
Now;, define

L Q=@ +5x(¢Q). (37)

According to the weighted estimates of d-equation on D
(instead of O3) and by using estimate (32) for each s > 0, there
is u; which satisfies ou, = «, and

3
S L locs|2 e+ J Z'ﬂz |065,,-|2 edv.  (38)
¢ D-B B

e c =1

Jus

. Reh_-1
Since |a,;| < €71

that

and supp ; C B, it follows from (38)

3
J~ |us|2 e™dv < J ZTIZ |ocs)i|2 erdv
b B. 5 (39)
< eZsRehf(pfsz)((tp) dv.

J;uPPéWd
We consider the integrand of the last integral. If ¢(z) > 4,
then x(¢4(z)) > x(@ > 0, so the s*-term in the exponent

predominates. On the other hand, if z € supp dy; and ¢(z) <
a, then (35) shows that the integrand tends to zero. Thus, for

any €, > 0, there exist s, > 0 and a function v,  so that 5u50 =
o, and

)

Since ¢>(C‘S) = 0, it follows, from the property (iii) of
Theorem 5, that there is e > 0, independent of {°, such that
y,(z) = 1and ¢(z) < a/2 for all z € B,. Note that A, is
independent of s for z € B,, and u, is holomorphic in B,. By
mean value theorem, we have

2 3
-2 -2
<[] |
i=1 B,

u S

2 _
e ASOdVgJ

3
_ gdV < EOHTiZ. (40)
Supp 0y i=1

du,,

at, ()

2 -2
e 0dV < e1.”,

u So

(41)
k=1,2,3,

and hence it follows that
[Yuug, (8)] < veo max ([bi 7). (42)

Now, set f5 = Bse™" — u,, . Then, f; is holomorphic on D=

@} (D). Since B5(¢°) = h({®) = 0, it follows, from (30) and
(42), that fg satisfies

3
V5 (8°)| = Zl bl 77, (43)

provided ¢, is sufficiently small.

We want to show that supg|fs| < C, where C > 0 is
independent of §. Recall that s, > 0 is fixed. Thus, from the
property (iii) of Theorem 5, there is a uniform constant C, >
0 such that |B5e%"| < C,. Letr, > 0 be the constant satisfying
(28) and assume that { € (7,0/2(0) = d);al (U,,2(0)). Since
f5 is holomorphic on D, it follows, by (40) and mean value
theorem, that there exists a constant C; > 0, independent of
0 > 0, such that

5 @F <[

ro/2

|fs[*dV < C,. (44)

We need to show the boundedness of f5 outside ﬁro 12(0). Let
x; and y, be smooth cutoff functions with

.
M x@=1 ifldz2,  pE=1 ifzesuppy

(i) 1, (2) =0 iflz| < r4—°,

(45)

and set ; = ®2(x;), i = 1,2. By Kohn’s theorem on global
regularity for the d-equation, the following estimate for the
solution of du = «,

2

>

(46)

2
4 + ||u50

2
<%
4~ “XZ(X%

"Xl uso

holds on D provided s, > 0 is sufficiently large. Note that
Yoo, = 0 because suppa, C R5(0%) Ur0/4(0) for all suf-
ficiently small § > 0. Thus, we conclude from (40), (46), and
the Sobolev lemma that

‘<c, @)

’ <
4~ ||u50

Supp |Xll’ls0 S ||X1us0

where C, is independent of §.
Combining (44) and (47) and by the fact that | ﬁaes"hl <
C,, we conclude that

supg 'fa' <C, (48)

where C is independent of ¢ and 8. Therefore, it follows from
(43) and (48) that

3
Cq(5Y)2Cs(8%5Y) 2 Y bl (49)
i=1
On the other hand, the polydisc B, = R_5(¢°) about ¢’ lies in
Q. So one obtains that

Cs (Ca; Y) <Cs, ((6;Y) = max{|bk| (CTk)_l k= 1,2,3}.

(50)
Thus, one concludes from (49) and (50) that
3
Cs (8%5Y) =Y b7 (51)
i=1

Set L) = (dd);él)Lk, k = 1,2,3, where L;’s are defined
in (1) in terms of z-coordinates defined in Theorem 1.



At (6,0, -b8/dy(2°)), from the holomorphic
coordinate change of @ in Proposition 4, we see that

r_ 0 8\ g (5 9 _ 90 s O
L= acl+el(z)d0(z)a—g.—a(1+el(z)ac3,

! ~5 )

B= 2 [ () v ()]
9 e (AL (52)
= 30, +& (z )8(3’

and that

' s\ O

L3 = dO (ZS) 8_4”3’

where dy(2°) = (1/2)((0r/9z5)(Z°)) ™" and d,(2°) = —((0r/
0z,)(2°)) ' (0r/0z,)(2°) and where e; = —(0r/0z,) ' (0r/0z)),
i = 1,2. Since (0r/0z;)(0) = 0,i = 1,2, and |0r/0z;| = 1,
independent of §, it follows that |¢;| < §,i = 1, 2. Thus, if the
vector Y = Y b(9/d(;) is written as Y = Y, a;L’, then it
follows that

3
max ([b]7; ') = ) |a| 7" (53)
i=1

Let us write X = Y, alL; and Y = (®).X =

Zf=1 aiL'i = Zle b.(0/9¢;). From (51), (53), and the invariance
property of the metric, it follows that

Cq (z X) ( ) Z|a|r . (54)

To obtain an upper bound for the Bergman metric, we
note that R 5(( %) ¢ Q. Thus, by elementary estimates, for any

fe A%(Q) = L*(Q) n A(Q), we obtain that
a 2 ~ 3 ~
L) el e
k j=1

for k = 1, 2, 3. Therefore, it follows that

bs (%) < (Z Ibk|fkl>l_lfj1, (56)
k=1

o1
where
b5 (85Y)
=sup {[¥7 ()] : f € 4%(Q) . f @) = 0. | flpey < 1}

(57)
Combining (23) and (56), one concludes that

S, 3
() <ol (58)

Bs ((5;Y) = Kq (8, {5)1/2 &
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To estimate the upper bound of the Kobayashi metric, set

R = min {er [b| " :k=1,2,3}. (59)

Then,
f@= <blt, bt, —? + b3t> (60)

definesamap f : D ¢ C — B, = R4({%) c Q with
£.(@/01)]) = Y = Y;_, b(3/3L). Hence,

Kg(¢%Y) < Kp (¢%Y) <R

< max{|bk| (cmi)
< ) bl 7
k=1

Combining (51), (58), and (61), we obtain that

Cs (Ca;Y)

and hence the invariance property implies that

-1
k=12,
k 3} (6D

3
B () = Ko (E57) = Yl @)

i=1

3

Co (2% X) = By (2% X) = Ko (2% X) = Y |a] 7' (63)
i=1

If we combine (3), (4), (22), and (63), a proof of Theorem 1 is

completed. O
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