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We consider the asymptotic behaviour of nonautonomous 2D g-Navier-Stokes equations in

bounded domain Q. Assuming that f € leoc, which is translation bounded, the existence of the

pullback attractor is proved in L?(Q) and H'(Q). It is proved that the fractal dimension of the
pullback attractor is finite.

1. Introduction

In this paper, we study the behavior of solutions of the nonautonomous g-Navier-Stokes
equations in spatial dimension 2. These equations are a variation of the standard Navier-
Stokes equations, and they assume the form

ou _

o vAu+ -V u+Vp=f inQ,

(1.1)

1 Vg .
—(V-equ)=—=-u+V-u=0 in Q,
g( gu) <

where ¢ = g(x1,x2) is a suitable smooth real-valued function defined on (x1,x2) € Q and
Q is a suitable bounded domain in R?. Notice that if g(x1,x2) = 1, then (1.1) reduce to the
standard Navier-Stokes equations.
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In addition, we assume that the function f(-,t) = f(t) € LIZOC(R; E) is translation
bounded, where E = L2(Q) or H1(Q). This property implies that

t+1
£ = 1172 ey = suP f 1£(5)I2dls < oo. (12)
teR Jt

We consider this equation in an appropriate Hilbert space and show that there is a
pullback attractor 2. This is the basic idea of our construction, which is motivated by the
works of [1].

Let Q = (0,1) x (0,1). We assume that the function g(x) = g(x1,x2) satisfies the
following properties:

(1) g(x) € C3 (),
(2) there exist constants my = my(g) and My = My(g) such that, forall x € Q, 0 < mg <
g(x) £ My. Note that the constant function g = 1 satisfies these conditions.

We denote by L2(Q, g) the space with the scalar product and the norm given by
(u, V), = fQ(u -v)gdx, |u|§ = (u,u)g, (1.3)

as well as H'(Q, g) with the norm

> 1/2
lull g = [(u/u)g + > (Din, Diu)g] , (14)
izl

where 0u/0x; = D;u.
Then for the functional setting of the problems (1.1), we use the following functional
spaces:

H, = Cnger(Q/g){u €Cr(Q): V- gu=0, fg udx = 0},
(1.5)

Vg = {ue Hpe (2,8) V-gu:O,J.Qudx :0},

where H, is endowed with the scalar product and the norm in L*(€, g) and Vj is the spaces
with the scalar product and the norm given by

(o)) = [ (Vu-Toygdz, = (w,1), (1.6)

Also, we define the orthogonal projection P, as

P : L7, (Q,8) — Hy, (1.7)
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and we have that Q C H, where
Q=Clz p{Ve: peC(AR)}. (1.8)
Then, we define the g-Laplacian operator
1 1
—Agu=—(V-gV)u=-Au-—(Vg-V)u (1.9)
4 8
to have the linear operator
1
Agu = P, [—g(v - (gVu))]. (1.10)

For the linear operator A, the following hold (see [1]).

(1) Ay is a positive, self-adjoint operator with compact inverse, where the domain of
Agis D(Ag) = Vo N H*(Q, g).

(2) There exist countable eigenvalues of A, satisfying

O<lg <M <A<z, (1.11)

where A; = 47r>my/ My and \; is the smallest eigenvalue of Ag. In addition, there exists the
corresponding collection of eigenfunctions {e1, e, e3, ...} which forms an orthonormal basis
for Hy.

Next, we denote the bilinear operator Bg (1, v) = Py(u - V)v and the trilinear form

2
be(u,0,w) = Y. J. u;(Dyvj)w;gdx = (Pg(u - V)v,w)g, (1.12)
ij=1"

where 1, v, and w lie in appropriate subspaces of L*(€, g). Then, the form b, satisfies
be(u,v,w) = —bg(u,w,v) for u,v,w € Hy. (1.13)

We denote a linear operator R on V, by
1
Ru = P, [g(Vg-V)u] forueV, (1.14)

and have R as a continuous linear operator from V; into H such that

Vgl
)L(lg/Z

\Y4
(Ruy ) < 8l lull gl <
L my

ull, forue V. (1.15)
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We now rewrite (1.1) as abstract evolution equations:

du
I +VAqu+ Beu+vRu = ng, 116)

u(t) = u,.

In [1] the author established the global regularity of solutions of the g-Navier-Stokes
equations. The Navier-Stokes equations were investigated by many authors, and the
existence of the attractors for 2D Navier-Stokes equations was first proved in [2] and
independently in [3]. The finite-dimensional property of the global attractor for general
dissipative equations was first proved in [4]. For the analysis of the Navier-Stokes equations,
one can refer to [5], specially [6] for the periodic boundary conditions.

The theory of pullback (or cocycle) attractors has been developed for both the
nonautonomous and random dynamical systems (see [7-13]) and has shown to be very
useful in the understanding of the dynamics of nonautonomous dynamical systems.

The understanding of the asymptotic behaviour of dynamical systems is one of the
most important problems of modern mathematical physics. One way to treat this problem
for a system having some dissipativity properties is to analyse the existence and structure of
its global attractor, which, in the autonomous case, is an invariant compact set which attracts
all the trajectories of the system, uniformly on bounded sets. This set has, in general, a very
complicated geometry which reflects the complexity of the long-time behaviour of the system
(see [14-17] and the references therein). However, nonautonomous systems are also of great
importance and interest as they appear in many applications to natural sciences. In this
situation, there are various options to deal with the problem of attractors for nonautonomous
systems (kernel sections [18], skew-product formalism [16, 19], etc.); for our particular
situation we have preferred to choose that of pullback attractor (see [9, 10, 13, 20]) which
has also proved extremely fruitful, particularly in the case of random dynamical systems (see
[11,13]).

In this paper, we study the existence of compact pullback attractor for the
nonautonomous g-Navier-Stokes equations in bounded domain Q with periodic boundary
condition. It is proved that the fractal dimension of the pullback attractor is finite.

Hereafter ¢ will denote a generic scale invariant positive constant, which is
independent of the physical parameters in the equation and may be different from line to
line and even in the same line.

2. Abstract Results

We now recall the preliminary results of pullback attractors, as developed in [8-10, 13].
The semigroup S(t) property is replaced by the process U (t, T) composition property

U, n)U(r,s)=U(,s) Vi>T>s5s, (2.1)

and, obviously, the initial condition implies that U(7,7) = Id. As with the semigroup
composition S(t)S(t) = S(t + T), this just expresses the uniqueness of solutions.

It is also possible to present the theory within the more general framework of cocycle
dynamical systems. In this case the second component of U is viewed as an element of some
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parameter space J, so that the solution can be written as U (t, p)g, and a shift map 6; : | — |
is defined so that the process composition becomes the cocycle property

U(t+,p) = Ut 0p)U(r,p). 2)

However, when one tries to develop a theory under a unified abstract formulation, the
context of cocycle (or skew-product flows) may not be the most appropriate to deal with the
problem. In this paper, we apply a process U(t, T) to (1.16) by using the concept of measure
of noncompactness to obtain pullback attractors.

By B(E) we denote the collection of the bounded sets of E.

Definition 2.1. Let U be a process on a complete metric space E. A family of compact sets
{A4(t) };cp is said to be a pullback attractor for U if, for all 7 € R, it satisfies

(1) U(t, T)A(T) = HA(t) forall t > T,
(if) lims_, o dist(U(t,t — s)D, #(t)) = 0, for D € B(E).
The pullback attractor is said to be uniform if the attraction property is uniform in time, that

is,

lim sup dist(U(t,t —s)D,#(t)) =0, for D € B(E). (2.3)

S0 teR

Definition 2.2. A family of compact sets {#(t) },cp is said to be a forward attractor for U if, for
all T € R, it satisfies

(1) U(t, T)A(T) = HA(t) forallt > T,

(ii) lim; o dist(U (¢, T)D, A4(t)) =0, for D € B(E).

The forward attractor is said to be uniform if the attraction property is uniform in time, that
is,

tlim sup dist(U(t+ 7,7)D,H#(t + 7)) =0, for D € B(E). (2.4)

TER
In the definition, dist(A, B) is the Hausdorff semidistance between A and B, defined as

dist(A, B) = sup irelzgd(a’ b), for A,BCE. (2.5)

acA

Property (i) is a generalization of the invariance property for autonomous dynamical
systems. The pullback attracting property (ii) considers the state of the system at time ¢ when
the initial time t — s goes to —oo.

The notion of an attractor is closely related to that of an absorbing set.
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Definition 2.3. The family {B(t)},p is said to be (pullback) absorbing with respect to the
process U if, for all t € R and D € B(E), there exists S(D, t) > 0 such that for all s > S(D, t)

U(t,t - s)D C B(t). (2.6)

The absorption is said to be uniform if S(D,t) does not depend on the time variable t.
Now we recall the abstract results in [21].

Definition 2.4. The family of processes {U(t,t - s)} is said to be satisfying pullback Condition
(Q) if, for any fixed B € B(E) and ¢ > 0, there exist 59 = s(B, t,¢) > 0 and a finite dimensional
subspace E; of E such that

(i) {IP(Usss, U(t, t = 5)B)||e} is bounded,
(it) (I = P)(Uszs, Ut = 5)B)[E < €,
where P : E — E; is a bounded projector.

Theorem 2.5. Let the family of processes {U(t, )} acting in E be continuous and possess compact
pullback attractor HA(t) satisfying

A(t) = Uw(B, t), forteR, (2.7)
BeB

if it
(i) has a bounded (pullback) absorbing set B,
(ii) satisfies pullback Condition (C).

Moreover if E is a uniformly convex Banach space, then the converse is true.

3. Pullback Attractor of Nonautonomous g-Navier-Stokes Equations

This section deals with the existence of the attractor for the two-dimensional nonautonomous
g-Navier-Stokes equations in a bounded domain € with periodic boundary condition.

In [1], the author has shown that the semigroup S(t) : H, — Hy (t > 0) associated
with the autonomous systems (1.16) possesses a global attractor in Hy and V. The main
objective of this section is to prove that the nonautonomous system (1.16) has uniform
attractors in Hg and V.

To this end, we first state the following results of existence and uniqueness of solutions
of (1.16).

Proposition 3.1. Let f € V' be given. Then for every u, € Hyg there exists a unique solution u = u(t)
on [0, 00) of (1.16), satisfying u(t) = u,. Moreover, one has

u(t) € C[r,T; Hy) N L*(1,T; Vy), VT > (3.1)
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Finally, if u,; € Vg, then

u(t) € C[tr,T; Vg) NL*(1,T; D(A;)), YT >T. (3.2)

Proof. The Proof of Proposition 3.1 is similar to autonomous case in [1, 17]. O

Proposition 3.2. The process {U(t,t - s)} : Vy — V, associated with the system (1.16) possesses
(pullback) absorbing sets, that is, there exists a family { B(t)},cg of bounded (pullback) absorbing sets
in Hg and Vg for the process U, which is given by

Bo=B(t) = {u € Hy | ul, < po}, 63
Bi=B(t) = {u€ Vgllully < p1},

which absorb all bounded sets of Hg. Moreover Bo and By absorb all bounded sets of Hg and Vy in the

norms of Hg and Vg, respectively.

Proof. The proof of Proposition 3.2 is similar to autonomous g-Navier-Stokes equation. We
can obtain absorbing sets in H; and V; from [1]. O

The main results in this section are as follows.

Theorem 3.3. If f(x,t) € Li(R; V') and u, € Hyg, then the processes {U(t,t — s)} corresponding
to problem (1.16) possess compact pullback attractor HAo(t) in Hg which coincides with the pullback
attractor:

H(t) = | w(Bo, 1), (3.4)

BoeB

where By is the (pullback) absorbing set in Hy.

Proof. As in the previous section, for fixed N, let H; be the subspace spanned by wy, ..., wn,
and H, the orthogonal complement of H; in Hg. We write

u=1u;+uy, uy€Hy, u, € Hy forany u € H. (3.5)

Now, we only have to verify Condition (C). Namely, we need to estimate |ux(t)|s, where
u(t) = w1 (t) + ux(t) is a solution of (1.16) given in Proposition 3.1.
Multiplying (1.16) by u, we have

<%,uz>g + (vAgu,u)  + (Bg(u,u),u2) . = (f,u2), = (VRu, uz) . (3.6)

It follows that

1d

5 gplialy + v llug} < | Bl w), o) | + [ (f 12) | + (Ru ) (3.7)
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Since b, satisfies the following inequality (see [6]):

1/2|

|bg (1, v,w)| < cluly 1/2|

1/2|

lully 2ol leoly 2 leolly,  Vu,v,w € Vg, (3.8)

thus,

1/2 3/2 1/2 1/2
| (B, ), 1), | < c|u|g/ el 32 2] 2|

< - |u|1/2 3/2

< ol el

2]l (3.9)
v
< ¢ lnllg + cpopi.

Next, using the Cauchy inequality,

|(vRu, uz)g| = ‘(g(vg V)u, u2>g

v
< o1 V8 el (3.10)
Y a2 3vp%|Vg|2
<zl + —7——
6 21’1’10)L )Lm+1
Finally, we have
|(F,0), | < 1yl < 2ol + | £ (3.11)

Putting (3.9)—(3.11) together, there exists constant M = M (1, |V g|e, po, p1) such that

1d,_, 1., . Slfly 210

5 gpitels + Svllnally < + M. (3.12)
Therefore, we deduce that

d 3

E|u2|§ + VAo |uafy <2My + > |f|%,g, (3.13)

Here, M; depends on .1, is not increasing as \,,+1 increasing.
By the Gronwall inequality, the above inequality implies that

2M,

2 2 v (t-7)
ux (0[5 < lua(7)|se 1 +
12(®)} < ua(r)1} o

t (3.14)
3( - —9)| 712
+ — VA1 (t=5) ,d .



Discrete Dynamics in Nature and Society 9

If we consider the time t — s instead of 7 (so that we can use more easily the definition of
pullback attractors), we have

t t
o R ] e T (319
t—s

T

Applying continuous integral and Lemma II 1.3 in [18] for any ¢, there exists 11 = 7(g) > 0
such that

t
Ve
f |f(0)]}.do < & (3.16)
t-1
thus, we have
3 ' —V A1 (E=0) 2 €
- e VAms |f(o)|y.do < =, (3.17)
v])iy 6

3 (i1
v f ¢ e 0| £ (o)1, do

3 =1 5 2
< _I e '"*1(t*")|f(0')|v,d0'
v t-n-1
3 t-n-1
+ - f e VAmn(t-0) |f(a) |%,,da +---
2 (3.18)
3 t-n 5 t-n-1 9
< 2 eV man J. |f(0)|v,d0' + e Vhmn f |f(0') |V’d0 4.
v t-n-1 t-n-2
3 -vA -V ° 2
< —e '"*1'1<1+e ’"“+-~>sup |f(o)|},do
v sER V s-1
(3/v)efvlm+111 9
S T Iz
Using (1.11) and letting s1 = (1/v A1) ln(3p§ /€), then s > s implies that
3 (o e 9 (3/v)e"’)""+1’l 9 €
e m1(t=0) ~MeE z
S| el po o < Sl e < 6 19)
2M1 £
Yot = 3
Viml (3.20)

|u2 (T) |§e*1’)‘m+l (t-7) S P567VAln+lsl S

W ™
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Therefore, we deduce from (3.14) that

lualy <e, Vs>sy, (3.21)
which indicates {U(t, 7)} satisfying pullback Condition (C) in Hg. Applying Theorem 2.5,
the proof is complete. O

According to Propositions 3.1-3.2, we can now regard that the families of processes
{U(t,7)} are defined in V; and B; is a pullback absorbing set in V.

Theorem 3.4. If f(x,t) € Li(R; Hy), then the processes {U(t, T)} corresponding to problem (1.16)
possess compact pullback attractor HA1(t) in V:

A1) = | w(By, 1), (3.22)

BeB

where By is the absorbing set in V.

Proof. Using Proposition 3.2, we have that the family of processes {U(t, T)} corresponding to
(1.16) possess the pullback absorbing set in V.

Now we testify that the family of processes {U(t, T)} corresponding to (1.16) satisfies
pullback Condition (C).

Multiplying (1.16) by Acu»(t), we have

d
<d—7:,Agu2) + (vAqu, Agup) + (Bg(u, u),Aguz)g = (f, Aquz) — (vRu, Aguz)g. (3.23)
It follows that
1d 2 2 3.24
Em”uzﬂg + v|Agu2|g < |(Bg(u,u),Agu2)g| + |(f,Agu2)g| + |(vRu,Agu2)g|. (3.24)

To estimate (B, (u, u), Auo) ¢ We recall some inequalities (see [22]), for every u,v € D(Ay),

1/2
luly lully ?llolly* | Ago] %,
&
| Bg(u,0)] SC{ A (3.25)
|uly | Agul ol
1/2
|Asw]
[0l oy < cllw] <1+10g g > , (3.26)
e i Agllwl3

from which we deduce that

|B(14,0)] < clulo | V0l |Vl o, (3:27)
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and using (3.26),

| Agul 1/2
lullgllvllg( 1+log ,

Agllullg

1/2
|ulg| Agvl 1+log|A§/i
gleTE AgllAgvll3

|Bg(u,v)| <c (3.28)

Expanding and using Young’s inequality, together with the first one of (3.28) and the second
one of (3.25), we have

| (Bg(u,u), Aguz) | < |(Bg(ur, ur + uz), Aquo) | + | (Bg (12, u1 + 1), Agiz) |

< CL1/2||M1||g|Agu2|g(||u1||g + ”u2||g> + C|u2|(1g/2|Agu2|Z/2 (3.29)
v 2 C c
< glAgual + ;P%L + ;P%P%/ t2to+1,
where we use
| Agi] < Al I (3.30)
and set
L=1+log Aot (3.31)
Ag
Next, using the Cauchy inequality,
v
| (Ru, Aguz) | = <—(Vg-V)u,Agu2> ‘
g 8
v
< %|Vg|w||u||g|Agu2|g (332)
v 2 3v 2
< 2lAgua| + 5| V8lpi
Finally, we estimate |(f, Agu2)| by
|(f, Aguz) | < |f|g|Ag”2|z
(3.33)

v 2 3 2
< glAgual + 5| fl
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Putting (3.29)—(3.33) together, there exists a constant M, such that
D il + vdpall < 2] + M (334
dtuzgvm+1u2 _vfg 2 '

Here, M, = My(po,p1,L,v,|Vg|) depends on A1, is not increasing as A1 increasing.
Therefore, by the Gronwall inequality, the above inequality implies that

_ _ 2M> 3
||u2||2 < ||u2(7')||§e hpa(t-1) | <772 _f

t
_ _ 2
oty e VA ( S)|f|gd5. (3,35)

T

We consider the time t — s instead of 7. The following result is similar to (3.17)-(3.19), for any
£:

2¢ (*

VA (t-0)/2] £12 £
> Te 1 |f|gd0§3. (3.36)
Using (1.11) and letting s, = (2/v A1) ln(3pf /€), then s > s, implies that
2M2 £
Yo = 3
Vitmsl (3.37)
VA1 (=T ~VAm+1S €
iz (7) [ge ™7 < plehett < 2.
Therefore, we deduce from (3.35) that
luallz <&, Vs>s, (3.38)
which indicates {U (¢, )} satisfying pullback Condition (C) in V. O

4, The Dimension of the Pullback Attractor

To estimate the dimension of the pullback attractor <#y(t), we will apply the abstract
machinery in [18, 23]. Let F : Vg, x R — V¢ be a given family of nonlinear operators such
that, for all 7 € R and any u, € Hg, there exists a unique function u(t) = u(t; 7, up) satisfying

uel*(r,T; V) NC[r, T; Hy), Flu(t),h eL'(,T;V,), VT >1,

% = F(u(t),t), t>r, (4.1)

u(T) = Uy,

where F(u) = —vAqu — Bou — vRu + Py f.
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Using the standard methods (see [17, 18]), we can show that {U (¢, 7)} is uniformly
quasidifferentiable on {B(t) } ;. Then, for all 7 < T and any u,, v: € Hg, there exists a unique
v(t) = v(t; T, u;,v;), which is a solution of

veL*(r,T;V,) NC[r,T; Hy),

2 Pt o, 4.2)

o(T) = v;.
For all 7 < T, we define the linear operator L(t, u;) : H; — Hg by
v(t; T, ur,vr) = L(t, T, ur) 0. (4.3)

Theorem 4.1. Suppose that f(t) satisfies the assumptions of Theorem 3.3. Then, if y = 1 -
(2IVgle/ mo)ué/ %) > 0, the Pullback attractor (uniformly in the past) Hy defined by (3.4) satisfies

dr(4) < \/é (4.4)

where
~ covmolyy
- 2M,
Cldl 1 T 5 (45)
p- sp 7 [ IFOIR,ds,
2v3m0Y§Ul€Hg,|(p]|S1T T 8
i=1,2,...m

with the constant cy, ¢z of (3.29) and (3.32) of Chapter VI in [17], X} is the first eigenvalue of the
Stokes operator and dy = |V |, /4mg + |V ¢|e + Mo.

Proof. With Theorem 3.3 at our disposal we may apply the abstract framework in [17, 18, 23,
24].

Foréi, é&,...,ém € Hg, let U]'(t) =L(t,u,) ‘§j,where ur; € Hy. Let {(p]-(s); j=12,...,m}
be an orthonormal basis for span {v;;j = 1,2,...,m}. Since v(s; T, u,, Ui) € V; almost
everywhere s > 7, we can also assume that ¢;(s) € V, almost everywhere s > 7. Then,
similar to the proof process of Theorems 3.3 and 3.4, we may obtain

m
Z<F,(U(S, T)uT/ S)(Pi/ (Pl>
i=1

1

(4.6)

m m m v
= oSNl — S (95, Us, Dt ;) - Z(§<Vg- Vei0;)
i=1 i=1 i=1 g
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almost everywhere s > 7. From this equality, and in particular using the Schwarz and Lieb-
Thirring inequality (see [17, 18, 23, 24]), one obtains

m ) my f , ,
Z”‘P”gz-)‘l""""')tmzMO()L1+"'+)L)> Cz)L

i=1

1/2
! C d
Tri(F (U(s,r)uf,s)sﬂ(l— Vs A1/2>Z||(P;||2+||U(s,T)uT||< : 1Z||<p]||2>

(4.7)
v ad
<-2 <1— e >Z||<p,||2 rl CLOLILH
2|Vg] d
Vi 8l 2 4 S19 2
<- 1- c\jm IIU(S, T)ur|ly-
2M, < oAl > et om ’
On the other hand, we can deduce that
2
d I£115 2
aIU(SJ)uT@ +v[|U(s, T)ur; < . -+ )Ll/zIVgl U (s, 7)urllg (4.8)

for Ay = 4r*my/ My, and then

t L e\ (21981, \
LIIU(S,T)uTIIE,dsS<§L||f(s)||2§ds+% 1- , txn @9)

my )L}g/z

Now we define

1 T
gm = sup (—f Tr,-(F'(LI(s,T)uT,s)ds)>,
¢ €Hg, lipjI<1 T )i
=12, m

. _ vm 2|vgl,, \ c1d ("
Gm < _ZM(:) <1 — coNym? + #mlo sup <T f (IU(s, T)uT||§ds>
04

p;€Hg, |p;I<1 T
i=1,2,..m

v 2|vg| o2
< - 1- L ek
= 2M0< Mol 172 2

-1

cdy [ 1 1 (" U 2|vgl,,
‘s wp L[ ipoase b ) (- 278

vmg | v? p;eH,, Jpjl<1 4 J 7= mody

j=12,..m

Gm = limsup G, < —am?® + p.

T—o

(4.10)
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dimpefy(T) < \/é. (4.11)

Hence,
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