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Abstract In this paper, we study some aspects of energy
loss in non-relativistic theories from holography. We analyze
the energy lost by a rotating heavy point particle along a cir-
cle of radius l with angular velocity ω in theories with general
dynamical exponent z and hyperscaling violation exponent
θ . It is shown that this problem provides a novel perspective
on the energy loss in such theories. A general computation at
zero and finite temperature is done and it is shown how the
total energy loss rate depends non-trivially on two character-
istic exponents (z, θ). We find that at zero temperature there
is a special radius lc where the energy loss is independent
of different values of (θ, z). Also at zero temperature, there
is a crossover between a regime in which the energy loss
is dominated by the linear drag force and by the radiation
because of the acceleration of the rotating particle. We find
that the energy loss of the particle decreases by increasing θ

and z. We note that, unlike in the zero temperature, there is
no special radius lc at finite temperature case.

1 Introduction

From the AdS/CFT correspondence, gravity in the asymp-
totic AdS geometry is related to the conformal field theory
(CFT) on the boundary. It is well known that the dual quan-
tum field theory would be a strongly coupled theory with a
UV fixed point which is invariant under the scaling of space
(�x) and time (t). Recently, the generalization to the field the-
ories which are not conformally invariant and for which the
asymptotic geometries are not AdS has been studied. Such
field theories are very important in condensed matter physics.
As an example, consider the Lifshitz fixed point theories with
the following anisotropic scaling symmetry:
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(t, �x) → (wz t, w �x), (1)

here w is constant and z is called dynamical exponent. The
case of z = 1 is related to the relativistic scale invariance the-
ory. Then one may consider z �= 1 theories as non-relativistic
theories because of different scaling of time and space.

From the AdS/CFT correspondence, the gravity dual to
such theories has been studied in [1,2]. From [3], the gravity
dual of the Lifshitz fixed point can be found. To derive such
non-relativistic geometries from Einstein gravity, one should
add other matter fields like massive gauge fields. New back-
grounds have been found by including both an abelian gauge
field and a scalar field with nontrivial potential:

ds2
d+2 = u

2θ
d

(
−dt2

u2z + du2

u2 + dρ2

u2 + ρ2dφ2

u2 +
∑d

i=3 dx2
i

u2

)
.

(2)

Here, the boundary is located at u = 0 where u is the bulk or
radial direction. Also θ is the hyperscaling violation exponent
and the spatial dimension of the boundary field theory is given
by d. We have written two of the d spatial dimensions using
coordinates (ρ, φ). Physical conditions lead to the following
relations between d, θ and z:

(z − 1)(d + z − θ) ≥ 0, (d − θ)(d z − θ − d) ≥ 0. (3)

In this paper, we probe the non-relativistic theories by
studying how the energy loss of a rotating heavy point par-
ticle depends on the different values of θ and z. The study
of energy loss is an interesting and important problem in
studying the quark–gluon plasma (QGP) produced at RHIC
and LHC [4]. In this case, the point particle could be a
heavy quark. Study of such problems needs non-perturbative
strongly coupled approaches and time dependent methods;
then using the AdS/CFT correspondence is reliable [5,6]. The
first study of the energy loss of heavy quarks has been done
in [7,8]. They studied a moving heavy quark with a constant
velocity through the N = 4 SYM plasma and calculated
the energy required to keep the heavy quark at a constant
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speed. It is found that in this case the energy loss is propor-
tional to the momentum of the moving quark like the energy
loss mechanism in the drag force. Then one mechanism for
energy loss of the particle comes from the drag force channel.
The other possible mechanism for energy loss of the particle
could be radiation because of the acceleration of the particle.
The study of the energy loss from accelerating objects is a
basic and interesting problem of quantum field theories. It is
very difficult to describe it in the strongly coupled systems.
Finding a framework to describe radiation in non-relativistic
theories would be very interesting.

Using the AdS/CFT correspondence, we study the energy
loss of accelerated heavy objects in the non-relativistic back-
grounds. The moving particle is described by a classical
string in the bulk. Such a string ends on the boundary and
the end point corresponds to the position of the particle. We
study the dynamics of the heavy point particle rotating with
a constant angular velocity in non-relativistic backgrounds
with fixed values of z and θ . We assume that the particle
rotates along a circle of radius l with a constant angular fre-
quency ω. Then the constant velocity and acceleration are
v = lω and a = l2ω, respectively. Here, we discuss how
different mechanisms of energy loss, i.e. radiation and drag
force could be accessible.

The energy loss of a rotating quark in strongly coupled
N = 4 SYM theory has been first studied in [9]. It was
shown that the rotating particle serves as a model system in
which two different mechanisms of energy loss are accessi-
ble via a classical gravity calculation. This interesting simple
model provides a novel perspective on different open ques-
tions in studying the energy loss in strongly coupled systems.
For example, the radiation pattern of an accelerating quark
in a non-abelian gauge theory at strong coupling was studied
in [10]. One found the same angular distribution of radiated
power in strongly and weakly coupled regimes which prop-
agates at the speed of light and does not show broadening.
Such a study at finite temperature plasma has been done in
[11]. The absence of the broadening is related to the back-
reaction of the massive particle on the boundary. It means
that bulk sources with the speed of light do not generate any
energy on the boundary field theory. It was argued in [12] that
the main reason comes from the supergravity approximation.
The expectation value of the energy density sourced by the
massive particle with an arbitrary motion was studied in [13].
Because of the important role of anisotropy during the initial
stage of producing QGP, the energy loss of a rotating quark
in an anisotropic strongly coupled plasma has also been con-
sidered in [14]. For studying the energy loss of a rotating
particle in confining strongly coupled theories, see [15].

There is an interesting property of energy loss in non-
relativistic theories; it was shown that even at zero tem-
perature the drag force in non-relativistic theories such as
Schrödinger or Lifshitz theories is not zero [16–18]. We

have studied before the drag force for asymptotically Lifshitz
space times in [17]. The drag force on a heavy object in an
effective theory with hyperscaling violation has been studied
in [19,20]. To explore this effect, one should notice that in the
relativistic theories when z = 1, the energy and momentum
are conserved and because of the invariance under boosts the
drag force is zero. In z �= 1 theories, one finds dissipation
and energy and momentum drain into the soft IR modes. It
was found that for certain values of z a moving particle only
travels a finite distance [21]. Also, this study is extended to
the case of the response of quantum critical points with the
hyperscaling violation to a disturbance caused by a heavy
charged particle in [22].

In this paper, we start by studying the energy loss of
rotating particle at zero temperature. Surprisingly, we find
a critical radius lc where the total energy loss of the rotating
particle does not depend on the non-relativistic parameters
of the theory z and θ . At this radius, the string end point
moves at the speed of light. Also, as we explained unlike
the relativistic case, the accelerated heavy particle loses its
energy by drag force. Then one expects that the rate of the
energy loss would be the same as the drag force at a con-
stant velocity and small acceleration where a = vω → 0,
meaning ω → 0. One reaches this limit by increasing the
radius l and decreasing the angular velocity ω. We check
this behavior numerically by addressing the ratio of the total
energy loss of the rotating particle to the drag force. Interest-
ingly, the plots confirm this statement. Therefore, we study
the effect of the dynamical z component and hyperscaling
violation parameter θ on this ratio. We summarize the final
statements in the discussion section. We also expect the other
channel of the energy loss, i.e. radiation due to the accelera-
tion of the particle. In the limit of decreasing l (l → 0) and
increasing ω (ω → ∞), one expects domination of radia-
tion. In the relativistic case, Mikhailov has derived a gen-
eral result for radiation of an accelerated particle in N = 4
SYM vacuum [23]. One may describe the radiation by an
expansion process as the relativistic case and consider a sys-
tematic expansion [21].1 Although one cannot separate out
different effects from radiation by the rotating particle in
our problem, it would be useful to understand the physics
qualitatively. As discussed in [9], one cannot make a sharp
distinction between radiation and drag force. We confirm in
this study that there are two different regimes at zero temper-
ature: the acceleration–radiation-dominated regime and the
drag-dominated regime, respectively.

We extend our study to the case of the energy loss at finite
temperature hyperscaling theories. We also note that, unlike
in the case of zero temperature, there is no special radius lc
in the finite temperature case.

1 We would like to thank D. Tong for discussion of radiation in non-
relativistic theories.
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Fig. 1 Behavior of world-sheet horizon uc vs. ω for different values of θ and z. In all plots we fixed � = 1

This paper is organized as follows. In Sect. 2, we will
present the details of the calculation of energy loss at zero
temperature and study two different mechanisms of energy
loss, i.e. drag force and radiation. We study the behavior of
different mechanisms as a function of parameters of non-
relativistic theory z and θ . We consider this study at finite
temperature in Sect. 3. In the last section, we summarize our
results.

2 Energy loss at zero temperature

2.1 Rotating string solution

In this section, we consider the rotating particle at zero tem-
perature. The background is given by (2). Based on the
AdS/CFT correspondence, the particle is located at the end
point of the classical string attached to the boundary of
the background geometry. Holographically, the energy loss
of rotating quark could be studied by studying the motion
of rotating spiral classical string in the geometry (2). The
dynamics of the spiraling string is governed by the Nambu–
Goto action. More details of the calculation can be found in
[14].

The world-sheet ansatz for a rotating quark is parameter-
ized as follows:

Xμ = (t = τ, u = σ, ρ = ρ(u), φ = ωτ + φ(u), x3 = 0).

(4)

The radial and angular profiles of the rotating string is
given by ρ(u) and φ(u), respectively. They obey the follow-
ing boundary conditions:

ρ(0) = l, φ(0) = 0, (5)

and the Lagrangian density can be obtained:

L = u
2θ
d −1−z

√
(1 − ρ2ω2u2(z−1))(1 + ρ′2) + ρ2φ′2, (6)

where a prime shows the derivative with respect to u. We
then obtain the equation of motion from the Lagrangian. It
depends on φ′ but not on φ, so the conjugate momentum, �

is a constant of motion and can be written as follows:

� = −∂L

∂φ′ = −umρ2φ′√
(1 − ρ2ω2un)(1 + ρ′2) + ρ2φ′2

, (7)

where m = 2θ
d −1− z and n = (2z−2). Using this constant,

the equation of motion for ρ(u) is then given by

ρ′′ +
(

ρ(u − mρρ′)
u(u−2m�2 − ρ2)

+ (2 − nun−1ω2ρ3ρ′)
2ρ(1 − unω2ρ2)

)
(1 + ρ′2) = 0.

(8)

Solving the equation of motion (8) by considering the
boundary conditions in (5), the spiral profile of the string
will be obtained. By imposing the reality condition on φ′,
one finds the special value of the radial coordinate uc. The
radius of the spiraling string at this value is denoted ρc. They
can be found to be

ρc = (�ω)
−q

2m−n

ω
, uc = (�ω)

2
2m−n . (9)

For the relativistic case z = 1, it was shown in [9] that
the string in the range of u < uc which rotates with a speed
slower than the local speed of light is causally disconnected
from the part of the string in u > uc. Here the local velocity of
the string is fixed by v = ρcω and it can change from zero to
infinity. This indicates the non-relativistic nature of the dual
field theory. In Fig. 1, we study the behavior of uc in terms
of changing angular frequency ω and dynamical exponents
θ and z.

It would be interesting to point out that by rotating the
string, the horizon appears on the world sheet and the special
point of uc coincides with a special point on the world sheet,
which is called a world-sheet horizon. It is very interesting
that even at zero temperature it exists, while there is no black
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Fig. 2 String radius vs. radial direction in different θ and z with ω = � = 1. As shown in the top row, by increasing θ , at fixed u, the string radius
is increasing. As shown in the bottom row, at fixed θ and u, the string radius increases by increasing z

hole at all in the bulk. The physics of the world-sheet horizon
is related to the Brownian motion of the dual particle in the
boundary [24]. Regarding this study, one should consider
a gluonic field around the particle in the boundary; also by
rotation an “internal degree of freedom is being excited” [25].

Based on (9), if �ω < 1 or �ω > 1 increasing z and θ

leads to different behavior. As is clearly seen from Fig. 1, at
fixed � = 1 the critical value of the angular velocity would
be ωc = 1. So for ω > ωc the effect of increasing z or θ is not
the same as ω < ωc. The special point in the bulk direction,
uc, is decreasing by increasing ω. Also these two plots show
that there is a critical value for angular velocity, ωc = 1,
so that, for ω < ωc, uc increases by increasing θ , while it
decreases by increasing z, and vice versa for ω > ωc.

Figure 2, shows the behavior of the string coiling radius,
ρ(u), versus radial direction, u, for different values of θ and
z with ω = � = 1. Notice that we set u = 0 as boundary,
so ρ(0) is the radius of rotation of the particle. The first row
of Fig. 2 shows that at fixed z and ω, the rotation radius
for greater value of θ is bigger. Also the second row shows
similar behavior of ρ versus z. The generic features of the
spiraling string in geometry (2) were discussed in [19] and

the radius of motion ρ as a function of u for the case of z = 2
and θ = 3d

4 , d
2 , 0 was plotted.

Briefly, one finds that by increasing θ , at fixed u, the string
radius is increasing. Also at fixed θ and u, increasing z leads
to increasing the string radius.

2.2 Total energy loss of a rotating particle

The energy loss of a rotating particle is given by

dE

dt
= 1

2πα′ �ω. (10)

We have studied the behavior of the energy loss of a rotat-
ing particle in terms of the radius of the rotation in the bound-
ary in Fig. 3. One finds that at fixed θ , by increasing the angu-
lar velocity ω, the energy loss is increasing for each z. Also,
interestingly, there is a critical value for the rotation radius,
lc, so that lcω = 1. For l > lc, at fixed ω and l, the energy loss
is increasing by decreasing θ , and vice versa for l < lc. As is
clearly seen from this figure, at l = lc, the energy loss does
not depend on θ and ω. To distinguish between different val-
ues of dynamical exponent z, we plot the energy loss versus
l for z = 2 and = 3 in Fig. 3. One finds that, for l > lc, the
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row, we fixed z = 2 and in each plot from top to down we assumed
θ = 0, d
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4 . Also in the second row from left plot to right plot we

considered ω = 5, 0.5, 0.05. In each plot of the third row, we fixed
θ = d

2 and from left plot to right plot ω = 0.05, 5, 0.5

energy loss corresponding to z = 2 is greater than the energy
loss corresponding to z = 3 for all values for θ and ω, and
vice versa for l < lc. The energy loss is also z-independent at
l = lc. Briefly, the general features of the energy loss of the
rotating particle at zero temperature non-relativistic theories
can be summarized thus:

• As the same as the relativistic case, the energy loss is
increasing by increasing of rotation radius l.

• By increasing rotation velocity ω, the energy loss is
increasing for each z and θ .

• There is a critical value for the rotation radius, lc, so
that lcω = 1 and interestingly the energy loss is θ and z
independent.

To make more clear the role of z, we plotted the ratio of l3
l2

where l3 and l2 are the rotation radius corresponding to z = 3

and z = 2, respectively. This ratio is plotted versus energy
loss �. As shown in Fig. 4, where �ω = 1 the ratio goes to
unity. This point corresponds to l = lc where the energy loss
does not depend on θ , ω and z. By increasing of θ at fixed
ω and z, the ratio increases for �ω < 1 and decreases for
�ω > 1.

2.3 Energy loss of a rotating particle from drag force
channel

To find the drag force, one should consider an open string
moving in a non-relativistic background (2). From the cor-
respondence, it represents an external heavy point particle
moving with constant velocity v in a non-relativistic field
theory. The drag force for non-relativistic field theories with
Lifshitz symmetries or Schrödinger symmetries and theo-
ries with hyperscaling violation have been studied before in
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[16–21]. Interestingly, it was shown that even at zero tem-
perature the energy loss is non-zero, which is expressed as

2πα′ dE

dt drag
≡ �drag = v

2d−2θ
d z−d +2. (11)

In this subsection, we compare the total energy loss in (10)
with the energy loss from drag force channel in (11). As we
discussed in the introduction, one expects that the rate of the
energy loss could be the same as (11) at a constant velocity
and small acceleration where ω → 0. To reach this limit,
we increase the radius l and decrease the angular velocity
ω. We checked this behavior numerically by addressing the
ratio of the total energy loss of the rotating particle to (11) in
Fig. 5. Interestingly, calculations confirm this statement. For
example, one finds from Fig. 5 that the ratio at fixed z and ω

goes to unity faster for the greater value of θ . On the other
hand at fixed l the ratio corresponding to the smaller value
of θ is greater. It means that by increasing θ the contribution
of radiation becomes smaller. Also, the ratio at fixed θ and
ω goes to unity faster for the greater value of z. As shown,
the ratio corresponding to smaller z is greater at fixed l for
l < ls and vice versa for l > ls , where the ls is the special
rotation radius where the ratios for different values of z are
equal.

2.4 Energy loss of a rotating particle from radiation channel

One important advantage of studying the energy loss of a
rotating particle is in getting information as regards radiation
in strongly coupled non-relativistic theories. As discussed
before, we expect another channel of energy loss, i.e. radia-
tion due to the acceleration of the particle. To dominate this
regime, we decrease l and increase ω. For example, see Fig. 5,
and consider the ω = 5 cases. If one fixes the radius of a

rotating particle, concludes that at fixed dynamical exponent
z, increasing the hyperscaling violation parameter θ leads to
decreasing the energy loss from the radiation channel. On the
other hand, if one fixes the rate of radiation and increases the
parameter θ , one finds that l will increase, too. To understand
the effect of changing dynamical exponent z, we fixed θ = d

2
and increased z = 2 to z = 3. It is clearly seen from Fig. 3
that at fixed l increasing z leads to decreasing of the radiation
of the particle. However, at fixed energy loss by increasing
z, the radius of rotating particle will increase. It seems that
changing z or θ at fixed l has the same effect on the radiation.

We compare the radiation in non-relativistic theories with
the relativistic vacuum radiation proposed in [23]. For circu-
lar motion, the formula is given by

dE

dt Relativistic
=

√
λ

2π

a2

(1 − v2)2 . (12)

Now we define the following ratio to compare the result with
vacuum radiation in N = 4 SYM theory:

�

�Relativistic
= �

v2ω
(1 − v2)2. (13)

We plot �
�Relativistic

in Fig. 6. This ratio shows that the radiation
in strongly coupled non-relativistic theories is smaller than
the relativistic case at small velocities. As one expects from
(13), the ratio vanishes at speed of light, i.e. v = 1. In this
figure we fix ω = 5, then at l = 0.2 the velocity is unity and
the ratio goes to zero. We observe that at small velocities of
a rotating particle the ratio is smaller than unity while, by
increasing it, the ratio increases monotonically.
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3 Energy loss at finite temperature non-relativistic
theory

So far we have studied the energy loss of particle in quan-
tum field theories with non-zero dynamical exponent z and

hyperscaling violation θ at zero temperature. We now gen-
eralize the calculations to the case of finite temperature non-
relativistic backgrounds. The gravity dual is given by the
following metric [26]:

ds2 =
(

u

uF

) 2θ
d

(
−u−2z f (u)dt2 + du2

u2 f (u)
+ d−→x 2

u2

)
,

f (u) = 1 −
(

u

uh

)z+d−θ

. (14)

The boundary is located at u → 0 and the horizon is denoted
uh ; it can be found by solving f (uh) = 0. Gravity is valid
only for u > uF , which means that uF is a dynamical scale
and we are following an effective holographic description.
In order to study the finite temperature case, one needs to
consider uF < uh . We rescale the metric (14) by uF in our
analysis. The temperature is given by

T = d + z − θ

4π uzh
. (15)

First, we should use the ansatz in (4) and the Nambu–Goto
action to study the shape of the spiraling string in the bulk.
The lagrangian density is given by
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L = u
2θ
d −1−z

√(
f (u) − ρ2ω2u2(z−1)

) (
1

f (u)
+ ρ′2

)
+ ρ2φ′2 f (u),

(16)

which exactly matches with (6) when f (u) → 1. We assume
the constant of motion as �, then the equation of motion of
φ(u) is given by

φ′2 = �2

(− f (u)

u2z + ρ2ω2

u2

) (
1

u2 f (u)
+ ρ′2

u2

)
(−ρ(u)2 f (u)

u2+2z

) (
−ρ(u)2 f (u)u

4θ
d −2z−2 + �2

) .

(17)

The world-sheet horizon ut also appears in this case and
one finds it by solving the following equations:

− f (ut )

u2z
t

+ ρ2
t ω

2

u2
t

= 0, −u
4θ
d −2z−2
t ρ(ut )

2 f (ut ) + �2 = 0.

(18)

We can use (17) to eliminate φ′2 from the equation of
motion and obtain an equation of motion for ρ(u) in terms
of the constant �. The differential equation after the partial
decomposition can be written in the following form:

ρ′′(u) + u
4θ
d −1ρ(u)(−2d u + ρ(u)(−2 f (u)(d + dz − 2θ) + du f ′(u))ρ′(u))(1 + f (u)ρ′(u)2)

2 d ρ(u)(−�2 u2+2z + u
4θ
d f (u)ρ(u)2)

+ 2u3 + ρ′(u)(u3ρ(u)h′(u) + 2u3 f (u)ρ′(u) + u2 zω2ρ(u)3(2 − 2z + 2 f (u) − 2z f (u) + u f ′(u))ρ′(u)2)

2u ρ(u)(u2 f (u) − u2 z ω2 ρ(u)2)
= 0. (19)

This is an important result as general equation of motion for
the rotating particle in the finite temperature non-relativistic
theories with different values of (T, d, z, θ). The same gen-
eral equation at zero temperature was given in [19].

One may check this result by assuming (d = 3, θ =
0, z = 1, f (u) → 1) and finding the differential equation
for the rotating particle at N = 4 SYM theory [9]:

ρ′′(u) + ρ(u)(1 + ρ′(u)2)(u + 2ρ(u)ρ′(u))

u(�2u4 − ρ(u)2)

+ 1 + ρ′(u)2

ρ(u)(1 − ω2ρ(u)2)
= 0. (20)

Also at finite temperature N = 4 SYM theory with (d =
3, θ = 0, z = 1), one finds the same result as [9,10]:

ρ′′(u) + ρ(u)(1 + f (u)ρ′(u)2)(4 f (u)ρ(u)ρ′(u) + u(2 − ρ(u) f (u)ρ′(u)))

2u(−�2u4 + f (u)ρ(u)2)

+ 2 + ρ(u) f ′(u)ρ′(u) + 2 f (u)ρ′(u)2 + ω2ρ(u)3 f ′(u)ρ′(u)3

2ρ(u)( f (u) − ρ(u)2ω2)
= 0. (21)

One can use the special point (ρt , ut ) as initial value for
the differential equation of motion and solve it. The second

initial condition ρ′
t can be found from the prescription of [9]

by using an expansion of ρ(u) around u = ut . One finds that
the differential equation itself determines ρ′

t , one obtains ρ′
t

by solving the following equation:

−2
√

f (ut )u
z
t (d − θ)ω + 2 f (ut )

3
2 uzt (d − θ)ω ρ′(ut )2

+ ρ′(ut )(θ f (ut )( f
′(ut )ut − 4 f (ut )(z − 1))

+ d(−zut f (ut ) f
′(ut )

+ 2 f (ut )
2(z2 − 1) + 2u2z

t ω2)) = 0. (22)

It is clear that this is a general equation which depends on
the parameters of the non-relativistic theory. In the case of
N = 4 SYM theory, it reduces to

− 1 + ut ω ρ′(ut ) + ρ′(ut )2 = 0. (23)

For finite temperature N = 4 SYM theory, one finds

−2
√

f (ut )ω + (− f (ut ) f
′(ut ) + 2ut ω

2)ρ′(ut )
+ 2 f (ut )

3/2 ω ρ(ut )
2 = 0. (24)

Having initial values of ρ(ut ) and ρ′(ut ), one can solve
(19) for different values of (T, d, z, θ). We fix the tempera-
ture in our analysis and consider uh = 1. Also assume d = 3.
Therefore, study how changing of θ and z affect the energy

loss of the rotating particle.
First like Fig. 2 we study the radial string configuration

for the rotating particle at finite temperature in Fig. 7. This
figure shows the behavior of the string coiling radius, ρ(u),
versus radial direction, u, for different values of θ and z with
ω = � = 1 at finite temperature. Again we set u = 0 as
boundary, so ρ(0) is the radius of rotation of the particle. In
each plot from top to down θ = 3d

4 , d
2 , 0. One finds that at

fixed z and ω, the radius of the particle increases by turning
on θ , i.e. increasing θ leads to significant increasing of l.
At fixed θ and ω, by increasing z the radius also increases.
Also the string does not bend outward by increasing z. Then
it is clear that the shape of the spiraling string significantly
depends on the values of non-relativist theory.
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Fig. 7 The finite temperature analysis of the string radius vs. radial direction in different θ and z with ω = � = 1. In each plot from top to down
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Fig. 8 Energy loss versus rotation radius of the rotating particle for
different values of θ , ω and z at finite temperature. In the first row we
consider z = 2 and change the angular velocity from left plot to right

plot ω = 5, 0.5, 0.05. In the second row we increased the dynamical
exponent z to z = 3. In each plot from top to down θ = 0, d

2 , 3d
4

Next, we study the energy loss of the test particle at finite
temperature. The energy loss is given in terms of the constant
� as

dE

dt
= 1

2πα′ � ω. (25)

Then we choose different values for (z, θ) and find the energy
loss of the particle at finite temperature. In this way, we
should study the behavior of ut from (18) and find the shape
of the spiraling string in the bulk by solving (19). Here, we
consider θ = 0, d

2 , 3d
4 and change the values of the dynam-

ical exponent z. Figure 8 presents the energy loss at different
values of the angular frequency ω. As is clear from this fig-

ure the energy loss monotonically increases by increasing
the radius of the circular rotation. Also by increasing ω, the
radius l decreases significantly at fixed �. In particular, for
large values of ω only small values of l are allowed. We also
studied the effect of increasing z on the energy loss in the
second row of this figure. An important result is that at fixed
value of l, increasing z leads to decreasing of the energy loss
of a rotating particle. Increasing the hyperscaling violation
parameter θ also leads to decreasing of the energy loss of
the particle. Briefly, the general features of the energy loss of
rotating particle at finite temperature non-relativistic theories
can be summarized thus:
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Fig. 9 The ratio of the total energy loss of rotating particle to the linear drag force at finite temperature as a function of velocity. In each plot from
top to down ω = 1, 0.5, 0.05

• In the same way as the zero temperature non-relativistic
theory, the energy loss is increasing by increasing of the
rotation radius l, monotonically.

• By increasing z and θ , the energy loss of the rotating
particle decreases.

• Unlike the zero temperature non-relativistic theory, there
is a critical value for the rotation radius, lc.

We checked the last statement by considering different values
of z and θ , however, it seems that there is no such critical
radius at finite temperature non-relativistic theory.
Linear drag force limit Because of the particle moving
at finite temperature, in strongly coupled field theory, one
expects that the particle experiences a linear drag force. Such
a calculation has been done in [16,17]. Now we want to study
if the same mechanism exists for the total energy loss of the
particle, i.e. it loses energy due to the linear drag force.

One finds the details of the drag force calculations in [17].
The rate of the energy loss of the heavy probe is given by

P ≡ 2πα′ dE

dt
= v2 u

−2+ 2θ
d

c , (26)

where uc should be found by solving f (uc)u−2z+2
c −v2 = 0.

Comparing with the z = 1 case in [9] and N = 4 SYM at
finite temperature, at small angular velocity ω, where a → 0,
the rotating particle loses its energy from a linear drag force
on a particle moving in a straight line with a constant velocity
v at finite temperature. Here, we show the ratio of the total
energy loss of a rotating particle to the linear drag force at
finite temperature as a function of velocity in Fig. 9. Because
of the non-relativistic theory the velocity can change from
zero to infinity. In each plot of this figure, from top to down
the angular velocity ω decreases as ω = 1, 0.5, 0.05. We
have changed z and θ to study the ratio. It is clearly seen
that the energy loss from the linear drag force mechanism is
dominant when ω goes to zero. Increasing the parameters of
z and θ also leads to this phenomenon. However, the total
energy loss exceeds the linear drag by increasing the angular
velocity ω or decreasing the parameters of z and θ .

4 Discussion

In this paper, we have studied some aspects of the energy
loss in non-relativistic theories from holography. It has been
done by analyzing the energy lost by a rotating heavy point
particle along a circle of radius l with angular velocity ω in
holographic non-relativistic field theories with the general
dynamical exponent z and the hyperscaling violation expo-
nent θ . It was shown that this problem provides a novel per-
spective on the energy loss in non-relativistic strongly cou-
pled field theories. A general computation at zero and finite
temperature is done and it is shown how the total energy loss
rate depends non-trivially on two characteristic exponents,
(z, θ). One should notice that there is a null singularity in such
theories which could be resolved by adding some stringy cor-
rections. We have ignored such issues and considered only
some special range of the energies.

First, by studying the shape of the spiraling string at zero
and finite temperature we showed that a world-sheet horizon
appears at uc. From the boundary theory point of view, one
can distinguish between the far field region or the near field
region, too. Also, as the particle radiates it should experience
small kicks leading to Brownian motion of the particle in
non-relativistic theories. We have shown how the world-sheet
horizon uc depends on (θ, z) in Fig. 1.

Next, we have studied dE
dt , the energy lost by the particle,

which is the energy expended by the external force moving
the particle. The calculation has been done at zero and finite
temperature. This problem has been studied in N=4 SYM
and although it is not a physical situation, novel perspectives
were found by studying it. It was shown that at zero tem-
perature there is a special radius lc where the energy loss is
independent of the various values of (θ, z). It was shown in
[21,22] that there is a qualitative difference between non-
relativistic theories with different values of z. For example,
if one throws a massive particle in one of the boundary the-
ory directions it will travel only a finite distance in the case
of z = 2 theory [21]. Following these studies, we expect to
find different behaviors for the rotating particle by changing
(θ, z). We summarize our results thus:
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• We found that like the relativistic case, the energy loss is
increasing by increasing of the rotation radius l.

• It was shown that by increasing angular velocity ω, the
energy loss is increasing for different values of z and θ .

• We found that at zero temperature there is a critical value
for the rotation radius, lc, so that lcω = 1 and interest-
ingly the energy loss is independent of parameters of θ

and z.
• By increasing z and θ , the energy loss of the rotating

particle decreases.
• At finite temperature non-relativistic theory, there is no

critical value for the rotation radius, lc.
• At zero and finite temperature, it was shown that, like

the N = 4 SYM case at finite temperature, there is a
crossover between a regime in which the energy loss is
dominated by the linear drag force and by the radiation
because of the acceleration a. However, the radiation pro-
cess in such theories with non-zero (z, θ) is not the same
as the Mikhailov result proposed in [23].

It is worth to remark again that the linear drag force even at
zero temperature is not zero. Therefore, two different mech-
anisms of the linear drag force would be a linear drag force at
zero and finite temperature. We analyzed the total energy loss
at finite temperature by studying its ratio to the drag force at
zero and finite temperature and we could observe the limit
where the drag force channel dominates. Then we saw the
significant advantage offered by the analysis of the rotating
object in the non-relativistic theories.

Another feature of the energy loss of the particle at finite
temperature that is worth emphasizing is the energy loss due
to linear drag at zero temperature. It means that a particle
loses its energy from drag force channel at zero temperature
as in (11). In this case, we considered different values of z
and θ and studied the ratio of the total energy loss, i.e. �ω

to the drag force at zero temperature. To better understand
the physics, we studied also the ratio of the total energy loss
to the linear drag force at zero plus the linear drag force at
finite temperature. By changing z and θ , we could find that
when the particle rotates very fast this ratio goes to 1. This
means that the particle loses its energy from the linear drag
force mechanism at zero and finite temperature, i.e. they have
almost same contribution in the energy loss of the particle.

Based on holography, the rotating particle has a gravita-
tional dual; a semiclassical string. The end point of this string
corresponds to the particle in the non-relativistic quantum
field theory. So the rotating motion of particle corresponds
to coiling of the classical string about the same axis of the
rotation. From the correspondence, the string induces a 4d
stress tensor on the boundary that is the expectation value of
stress tensor of the boundary field theory. As a result, we can
study the quantum effects in the boundary field theory by a
classical calculation in the bulk. Thus, one can use the qual-

itative idea behind the AdS/CFT correspondence and study
how the classical depths of the spiraling strings in the bulk
are related to the length scale in the non-relativistic theory,
because that depth in the radial direction corresponds to the
length scale in the field theory. Such a study has been done
in the case of N = 4 SYM theory in [11]. Surprisingly, one
found that this intuitive result from the AdS/CFT correspon-
dence way does not work and the rotating string falls deeper
and deeper into the radial direction, while the thickness of
the flux tube of energy density in the boundary field theory
does not change. It would be very interesting to check if such
behavior also exists in our case; we leave this study to further
work.
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