-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Crossref

Xia Advances in Difference Equations 2014, 2014:9 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2014/1/9 a SpringerOpen Journal

RESEARCH Open Access

Asymptotically periodic solutions of
semilinear fractional integro-differential
equations

Zhinan Xia"

“Correspondence:
Xiazn299@zjut.edu.cn Abstract

Department of Applied . . . L . .
Mathematics, Zhejiang University of In this paper, we study the existence of an S-asymptotically w-periodic mild solution

Technology, Hangzhou, Zhejiang of semilinear fractional integro-differential equations in Banach space, where the
310023, China nonlinear perturbation is S-asymptotically w-periodic or S-asymptotically w-periodic
in the Stepanov sense. A fixed point theorem and the nonlinear Leray-Schauder
alternative theorem are the main tools in carrying out our proof. Some examples are
given to show the efficiency and usefulness of the main findings.

MSC: 65R05; 35B40

Keywords: S-asymptotically w-periodic function; fractional integro-differential
equations; sectorial operator; Leray-Schauder alternative theorem

1 Introduction

The study of the existence of periodic solutions is one of the most interesting and im-
portant topics in the qualitative theory of differential equations, due to its mathemati-
cal interest as well as their applications in physics, control theory, mathematical biology,
among other areas. Some contributions on the existence of periodic solutions for differ-
ential equations have been made. Mostly, the environmental change in the real word is not
periodic, but approximately periodic. For this reason, in the past decades many authors
studied several extensions of the concept of periodicity, such as asymptotic periodicity,
almost periodicity, almost automorphy, pseudo almost periodicity, pseudo almost auto-
morphy, etc. and the same concept in the Stepanov sense, one can see [1-4] for more
details.

The notion of S-asymptotic w-periodicity, introduced by Henriquez et al. in [5, 6], is re-
lated to and more general than that of asymptotic periodicity. Since then, it has attracted
the attention of many researchers [7-13]. Recently, in [14], the concept of S-asymptotic
w-periodicity in the Stepanov sense, which generalizes the notion of S-asymptotic w-
periodicity, was introduced and the applications to semilinear first-order abstract differ-
ential equations were studied.

Due to their numerous applications in several branches of science, fractional integro-
differential equations have received much attention in recent years [15—-19]. The properties
of solutions of fractional integro-differential equations have been studied from a different
point of view, e.g.,, maximal regularity [17], positivity and contractivity [20], asymptotic
equivalence [21], asymptotic periodicity [22—-25], almost periodicity [26, 27], almost au-
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tomorphy [28, 29] and so on. To the best of our knowledge, there is no work reported
in literature on S-asymptotic w-periodicity for fractional integro-differential equations if
the nonlinear perturbation is S-asymptotically w-periodic in the Stepanov sense. This is
one of the key motivations of this study.

The paper is organized as follows. In Section 2, some notations and preliminary results
are presented. Section 3 is divided into two parts. In the first one, Section 3.1, we inves-
tigate the existence and uniqueness of an S-asymptotically w-periodic mild solution of
semilinear fraction integro-differential equations when the nonlinear perturbation f sat-
isfies the Lipschitz condition. In the second part, Section 3.2, when f is a non-Lipschitz
case, we explore the properties of solutions for the same equation. In Section 4, we provide

some examples to illustrate the main results.

2 Preliminaries and basic results
Let (X, |- 1), (Y, |- lly) be two Banach spaces and N, R, R*, and C stand for the set of natural
numbers, real numbers, nonnegative real numbers, and complex numbers, respectively.
In order to facilitate the discussion below, we further introduce the following notations:
« BC(R*,X) (resp. BC(R* x Y, X)): the Banach space of bounded continuous functions
from R* to X (resp. from R* x Y to X) with the supremum norm.
o C(R*, X) (resp. C(R* x Y, X)): the set of continuous functions from R* to X (resp.
from R* x Y to X).
« L(X,Y): the Banach space of bounded linear operators from X to Y endowed with the
operator topology. In particular, we write L(X) when X = Y.
o IP(R*, X): the space of all classes of equivalence (with respect to the equality almost
everywhere on R*) of measurable functions f : R — X such that ||f| € L?(R*,R").
o II' (R*,X): stand for the space of all classes of equivalence of measurable functions
f:R* — X such that the restriction of f to every bounded subinterval of R* is in
LP(R*, X).

2.1 Sectorial operators and Riemann-Liouville fractional derivative
Definition 2.1 [30] A closed and densely defined linear operator A is said to be sectorial
of type @ if there exist 0 < 6 < /2, M > 0, and @ € R such that its resolvent exists outside

the sector
o+ Sy := {c~u+A:AeC, arg(—k)|<9},
M
— -1 ~
(A1 - A) H§|/\—a|’ A D+ Sy,

The sectorial operators are well studied in the literature, we refer to [30] for more details.

Definition 2.2 [31] Let A be a closed and linear operator with domain D(A) defined on a
Banach space X. We call A the generator of a solution operator if there exist @ € R and a
strong continuous function S, : R* — L(X) such that {A* : ReA > @} C p(A) and

o0
AT (A - A)flx = f eMS,(Hxdt, Rel>d,x€X.
0

In this case, S, () is called the solution operator generated by A.
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Note that if A is sectorial of type @ with 0 < 6 < (1 — «/2), then A is the generator of a
solution operator given by

1 .
Su(t) = — / A (1~ A) " da,
2mi J,

where y is a suitable path lying outside the sector @ + Sy [32]. Recently, Cuesta [32] proved
that if A is a sectorial operator of type @ < 0 for some 0 <0 < (1 -/2) 1< <2),M >0,
then there exists a constant C > 0 such that

cM

|S. (0] < G t>0

(2.1)

Note that

/~oo 1 |C~0|_1/a7T
——dt = —
o 1+ |o|te a sin(r /o)

for 1 < « < 2, therefore S, (¢) is integrable on (0, c0).

In the rest of this subsection, we list some necessary basic definitions in the theory of
fractional calculus.

Definition 2.3 [19] The fractional order integral of order o > 0 with the low limit £, > 0
for a function f is defined as

I°f(t) = ﬁ /tt(t—s)"‘lf(s) ds, t>tg,a>0,

provided the right-hand side is pointwise defined on [#, 00), where I" is the gamma func-

tion.

Definition 2.4 [19] Riemann-Liouville derivative of order « > 0 with the low limit zy > 0
for a function f : [ty, 00) — R can be written as

1 dn t
Dif(t) = ——— t—s)"*f(s)ds, t>ty,n-l<a<n.
0= ey e | €O w1 <a
2.2 Compactness criterion and fixed point theorem
First, we recall two useful compactness criteria.

Let /1: [0,00) — [1,00) be a continuous nondecreasing function such that /(¢) — oo as
t — 00. Define

Ci(R",X) := {u e C(R*,X) : Tim (u(t)/h(t)) = o}

t—00
endowed with the norm ||ul|; = sup,..o(u(2)[|//(2)).
Lemma 2.1 [33] A set K C C,(R*, X) is relatively compact in C,(R*,X) if it verifies the
following conditions:

(c1) Forall b> 0, the set Ky(t) := {ul|[op) : u € K} is relatively compact in C([0, b], X).
(c2) limy oo (||u(2)||/A(2)) = O uniformly for u € K.
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Lemma 2.2 (Simon’s theorem [34]) Let F C LP([0,T],X), F is relatively compact in
L?([0,T],X) for 1 < p < oo if and only if

1) {ft?f(t) dt:f € FY0 <t <ty < T} is relatively compact in X.

2) lltnf =flleeo,r-m.x) — 0 as h — O uniformly for f € F, where (T f)(t) = f(¢ + h).

Now, we recall the so-called Zima’s fixed point theorem [35] and the Leray-Schauder
alternative theorem [36] which will be used in the sequel.
Let (Y, | - lly, <,m) denote a Banach space of elements y € Y with a binary relation ‘<’
and a mapping m : Y — Y such that
(i) the relation < is transitive;
(i) 0 < m(u)and ||m(u)|y = ||ully forall u € Y;
(iii) the norm || - |y is monotonic, thatis, if 0 < u < v, then |u|ly < |||y forall u,v € Y.

Theorem 2.1 ([35] Zima’s fixed point theorem) In the Banach space considered above, let
the operators I : Y — Y and B: Y — Y be given with the following properties:

(iv) B is a bounded linear operator with spectral radius r(B) < 1.

(v) Bis increasing, that is, if 0 < u < v, then Bu < Bv forall u,v € Y.

(vi) m(Tu-Tv) <Bm(u—-v) forallu,vey.
Then the equation T'u = u has a unique solution in Y.

Theorem 2.2 ([36] Leray-Schauder alternative theorem) Let D be a closed convex subset
of a Banach space X such that 0 € D. Let F : D — D be a completely continuous map. Then
the set {x € D:x = AF(x),0 < X < 1} is unbounded or the map F has a fixed point in D.

2.3 S-Asymptotic w-periodicity in the Stepanov sense
For w > 0, define

Co(RY,X) = {x & BC(R",X) : lim [x(6)] = 0}.
Co(R*,X) = {x € BC(R*, X) : x is w-periodic}.

Definition 2.5 [37] A function f € BC(R*, X) is called asymptotically w-periodic if there
exist g € C,(R*, X), ¢ € Co(R*, X) such that f = g + ¢. The collection of those functions is
denoted by AP, (R*, X).

Definition 2.6 [5] A function f € BC(R*, X) is said to be S-asymptotically periodic if
there exists @ > 0 such that lim,_, o (f(¢ + w) — f(¢)) = 0. In this case, we say that f is S-
asymptotically w-periodic. The collection of those functions is denoted by SAP,(R*, X).

Definition 2.7 [5] A continuous function f : R* x X — X is said to be uniformly S-
asymptotically w-periodic on bounded sets if for every bounded set K of X, the set
{f(t,x) :t > 0,x € K} is bounded and lim;_, o (f(t + w,%) — f(£,%)) = 0 uniformly in x € K.
Denote by SAP,(R* x X, X) the set of such functions.

Definition 2.8 [5] A continuous function f : R* x X — X is said to be asymptotically
uniformly continuous on bounded sets if for every ¢ > 0 and every bounded set K C X,
there exist L, > 0 and &, > 0 such that ||f(t,x) — f(t,y)|| <eforallt > ¢, and all x,y € K
with [lx = yl| <8..
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We introduce the following composition theorem for an S-asymptotically w-periodic
function.

Lemma 2.3 [5] Assume that f € SAP,(R* x X, X) is an asymptotically uniformly contin-
uous on bounded sets function. Let u € SAP,(R*, X), then v(-) =f(-,u(-)) € SAP,(R*, X).

Let p € [1,00). The space BS’(R, X) of all Stepanov bounded functions, with the expo-
nent p, consists of all measurable functions f : R — X such that f? € L*(R, L?([0,1]; X)),
where f? is the Bochner transform of f defined by f*(t,s) := f(t + s), t € R, s € [0,1].
BSP(R, X) is a Banach space with the norm [38]

t+1 1/p
s = U e =sun( [ Wl ae)

It is obvious that L?(R,X) C BS?(R,X) C LI;OC(R,X) and BSP(R,X) C BS1(R,X) for p >
g > 1. We denote by BSH(R, X) the subspace of BS”(R, X) consisting of functions f such

that ftm If(s)|IP ds — 0 as £ — oo.

Definition 2.9 [14] A function f € BS?(R*, X) is called S-asymptotically w-periodic in
the Stepanov sense (or S”-S-asymptotically w-periodic) if

t+1
lim \Lf(s +w)—f(s) ||p ds =0.

=00 Jy
Denote by S’SAP,(R*, X) the set of such functions.
It is easy to see that
Co(R*,X) C AP,(R*,X) C SAP,(R*,X) C S"SAP,(R",X).
Definition 2.10 [14] A function f:R* x X — X is said to be uniformly S-asymptotically
w-periodic on bounded sets in the Stepanov sense if for every bounded set B C X, there

exist positive functions gz € BS?(R*,R) and &g € BSh(R*, R) such that ||f(¢,x)| < ga(t) for
all t e R*, x € Band

Hf(t +w,x) —f(t,x) || < hp(s) foralls>0,x€B.

Denote by S’SAP,,(R* x X, X) the set of such functions.

Definition 2.11 [14] A function f: R* x X — X is said to be asymptotically uniformly
continuous on bounded sets in the Stepanov sense if for every ¢ > 0 and every bounded
set B C X, there exist £, > 0 and §, > 0 such that

t+1
/ If(s,%) = f(s,9)|" ds < &”

forall £ > ¢, and all x,y € B with ||x — y|| <§..
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Lemma 2.4 [14] Assume that f € SP'SAP,(R* x X,X) is an asymptotically uniformly
continuous on bounded sets in the Stepanov sense function. Let u € SAP,(R*,X), then
v(-) =f(,u(-) € SPSAP,(R*, X).

Lemma 2.5 Let {S(¢)};>0 C L(X) be a strongly continuous family of bounded and lin-
ear operators such that ||S(t)|| < ¢(t), t € R*, where ¢ € L(R*) is nonincreasing. If f €
SPSAP,(R*, X), then

(AF)(E) := /0 S(t-s)f(s)ds < SAP,(R*,X), teR".

Proof Forn <t <mn+1,neN, one has

lan@l = [ Isellre-9]ds

n+l
_9)|d
< /0 6|t -9 ds
> [T ele-sl
= o) |f(t—5)|ds
k=0 /K

k+1 » lp
§§¢<k>( [ Ire-apas)
< ($0)+ )+ + $m) s
=

W)
1 n
(¢><o>+ /0 SO dt s+ / 1¢(t)dt)llf||sp

< (#(0) + lIpll1) If llse,

that is, Af is bounded. It is clear that Af is continuous for each t € R*, whence Af €
BC(R*, X). Moreover, note that

(ANt + o) = (Af)(2)
:/t+w5(t+a)—s)f(s)ds—/tS(t—s)f(S)ds
0 0

:/OwS(t+a)—s)f(s)ds+/w

:wa(t+w—s)f(s)ds+/tS(t—s)[f(s+a)) —f(s)]ds,
0 0

t+w

S(t+w-s)f(s)ds— /tS(t -8)f(s)ds
0

=1(2) +J (1),

where

I(t):/OwS(t+w—s)f(s)ds, ](t):/(; S(t—s)[f(s+w) —f(s)]ds.
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By the hypothesis of ¢, one has
B / $(t + w—3)|f)] ds < $(0) / IF©)]ds— 0, - oo,
0 0
then
lim [[1(6)|| dt = 0.
On the other hand, since f € S’SAP,(R*, X), there exists m € N such that
t+1 1/p
(/ Hf(s+ ) —f(s)||pds> <g fort>m.
Form <n <t <mn+1,onehas
ol = [ Ise-sllris+e)-se]
< / ¢>(t—s)“f(s +w) —f(s)H ds + / qb(t—s)“f(s+w) —f(s)|| ds
0 n
< /o ¢(n —s)|[f(s +w)—f(s) || ds + ¢(0)/ Hf(s +w) —f(s)|| ds

n-1
=y
k=0 VK

k+1

n+l
P(n —s)|[f(s +w)—f(s) || ds + ¢(0) / |[f(s +w)—f(s) H ds

n-1 k+1 n+l
<Y pti-k-1) fk 1£(s + ) ()] ds + $(0) f £+ @) - £()] ds

=0
-1

= bl

IA

k+1 1p
¢(n—k—1)(/k |[f(s+a)) —f(s)”pds)

k=0

n+l Up
o[ s sl a)
m k+1 Up
=S otk [ vor-solas)
k=0 k

n+l 1/p
+¢(0) (f Hf(s +w)—f(s) ||p ds)
n-1 k+1 Up
+ Z ¢(n—k—1)</ Hf(s+w)—f(s)||pds>
k=m+1 k

<(p(n-D+p(n-2)+---

k+1 1p
+¢(n—m—1)) max (_/k [f (s +@) =) dS)

0<k<m

n+l 1/p
+¢(0) ( / If (s + @) = f)]” ds)

+(pn-m=2)+dp(n—m-3)+-- +¢(0))e
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n-1 k+1 1p
= /n . o(t)dt - Orfnkafxm</k ”f(s +w) - f(s) ”p ds)

—m

n+l 1/p n-m-2
+ cp(O)(/ |Lf(s+ ) —f(s) ||pds> + (cf)(O) +/0 o(2) dt)a

n-1 k+1 1/p
< Lo g [ oo

-
1/p

; ¢(o>( [ s -6 ||"’ds) +($(0) + I8l)e,
which implies that [J(£)]| — 0 as £ — 0. So
Jim [(Af)(t +w) = (@) = 0.
The proof is complete. 0

3 Semilinear fractional integro-differential equation
Consider the semilinear fractional integro-differential equation

_g)*—2 4
u'(t) = (f (lt“(a)—l) Au(s)ds + f(t,u(t)), teR",

u(0) =up € X, 3.1)

wherel<a <2,A:D(A) C X — X is alinear densely defined operator of sectorial type on
a complex Banach space X and f: R* x X — X is an appropriate function.
Before starting our main results, we recall the definition of the mild solution to (3.1).

Definition 3.1 [23] Assume that A generates a solution operator S,(¢). A function u €
BC(R*, X) is called a mild solution of (3.1) if

u(t) = Se()uo + /tSa(t - 9)f (s uls)ds, teR".
0

To study (3.1), we require the following assumptions:
(Hy) A is asectorial operator of type @ < 0 with 0 < 6 < (1 — «/2).
(Hy) feSAP,(R* x X, X).
(Hy) feSPSAP,(R* x X, X),p>1.
(Hs1) f satisfies the Lipschitz condition
lft,w) -fE&V)| <Lelu—vl, wveXteR'.
(Hsa) f satisfies the Lipschitz condition

Eu)—fEv)| <Li@|u-vl, uveXteR",
If | <L

where Ly € BS#(R*,R").
(Hss) f satisfies the Lipschitz condition

Hf(t, u) - f(t, V)H <L@®lu-vll, uveXteR"

where Ly € BSj(R*,R").
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(Ha) f is asymptotically uniformly continuous on bounded sets.
(H,) f is asymptotically uniformly continuous on bounded sets in the Stepanov sense.

3.1 Lipschitz case
In this subsection, we study the existence and uniqueness of S-asymptotically w-periodic
mild solution of (3.1) when f satisfies the Lipschitz condition.

If f(¢, u) is uniformly Lipschitz continuous at , i.e., (Hs;) holds, we reach the following

claim.

Theorem 3.1 Assume that (H;), (Hy) (or (H})), (Hz1) hold, then (3.1) has a unique mild
solution u(t) € SAP,(R*,X) if CM|@|™*L; < a sin(r /o).

Proof Define the operator F : SAP,(R*,X) - SAP,(R*, X) by

(Fu)(t) = Se (£)ug + ft Sa(t—s)f (s,u(s))ds, teR". (3.2)
0

By (2.1), one has lim;_, o ||Se ()10 || = 0, so Se(t)up € Co(R*, X) C SAP,(R*, X). By (Hz1),

if (Hy) holds, f(-, u(-)) € SAP,(R*,X) C S’SAP,(R*,X) by Lemma 2.3, and if (H}) holds,

fG u(:) e SPSAP,(R*, X) by Lemma 2.4. Hence F is well defined by Lemma 2.5.
Moreover, let u,v € SAP,(R*, X), one has

[(Fu)@®) - (Fv)@)| 5/0 S & = )| [f (s, 26(5)) = £ (s, (5)) || ds
<L fo 15at = )] | 1s) = v(s)| s
L — Su d.
<Ll v||f0 15.()] ds

L CM
SLllu—v|l | ——=—ds
o 1+ |w|s*

CM|&| ™V rLy
<———lu-v
asin(r/a)

I

by the Banach contraction mapping principle, F has a unique fixed point in SAP,(R*, X),
which is the unique SAP,, mild solution to (3.1). O

Theorem 3.2 Assume that (H,), (Hy) (or (H})), (Hsz) hold and

|5|—1/a¢7.[

CM(I + ) ILrllsp <1, (3.3)

asin(r/a)
then (3.1) has a unique mild solution u(t) € SAP,(R*, X).

Proof Define the operator F as in (3.2). If (Hy) holds, then f € SAP,(R* x X,X) C
SPSAP,(R* x X, X). Since (Hsy) holds, f is asymptotically uniformly continuous on
bounded sets in the Stepanov sense, so f(-, u(-)) € SPSAP,(R*,X) by Lemma 2.4. If (H))
holds, f(-, u()) € S’SAP,(R*, X) by Lemma 2.4. Hence F is well defined by Lemma 2.5.
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For u,v € SAP,(R*,X), one has

” (Fu)(t) - (Fv)(2) H < ./o H Sa(t—5) || Hf(s, u(s)) —f(s, V(s)) H ds

CM

< — L ds - —v|.
_/0 parstimer HCL R R

o If t =m € N, in this case

t 1 m 1
/0 1+ |5|(t—s)“Lf(S)dS:f0 1+ |c7)|(m—s)°‘Lf(s)dS

m-1

k+1 1
= ——————IL(s)ds
g/k 1+ |o|(m—s)~ /()

m-1

1 k+1
< L¢(s)d
=2 1+|25|(m_1<-1)a/k 7(s)ds

1 k+1 1/p
< 4
Y rmm e )

1 2 m-1 1
<|1+ + +--+ ——dt |||IL
‘[ (/0 /1 /m_z)lﬂwm ]” s

o 1
1+ ——dt|||L
( /0 i )n s
( |a‘)|—1/0l7.[

1 i (34)

o sin(r /a

o Ift = m - h, where 0 < & < 1. In this general case,

4 1 m-h 1
T a e W= L(s)d
fo Lo 7% /0 T+ Bl s 9%

m 1
= ——Lis—h)d
/h T+ @lm — s S s

m 1 -
:/0 1+ |&3|(m—s)"‘Lf(S)ds

|C’Z")|—1/Ol7.[ -
S\ ——— | IiLr s

a sin(r /o)

where Zf is defined by

~ 0, 0<s<h,
Le(s) =
Li(s—h), s=h,

then ||Zf”5p = ||Lsllsp. So we infer that

¢ 1 o Ve
/ — L()ds< (1 + L>||Lf||5p. (3.5)
0

1+ |@|(t—s)~ o sin(r /o)
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By (3.4), (3.5), one has

|5|7l/an

|(Fu)(e) - (Fv)@)| < CM(1+ )IlLfllspllu—VlL (3.6)

o sin(r /o)

By the Banach contraction mapping principle, F has a unique fixed point in SAP,(R*, X),
which is the unique SAP,, mild solution to (3.1). O

In next results, we relax condition (3.3) to study the existence and uniqueness of SAP,,
mild solution of (3.1).

Theorem 3.3 Assume that (Hy), (Hy) (or (H})), (Hs2) hold and the integral fot Ly(s) ds ex-
ists for all t € R*. Then (3.1) has a unique mild solution u(t) € SAP,(R*, X).

Proof Define an equivalent norm on SAP,,(R*, X) as ||f| = sup,cp+ {e"*?||f ||}, where ¢ >
MC and A(¢) = fot L¢(t)dr. Define the operator F as in (3.2). Let u,v € SAP,(R*, X), one

has
[Fue) - Fi@] < /0 S (e = )| | (5, () = £ (s, v(s)) | s
oM
: /o T s Ol — v ds
<CM|u- V”c‘/th(s)ec)‘(s) ds
0
=CM|lu-v|. tk/ CMS)d
lu—v| /O (5)e™® ds
< C_M ||Lt _ V”Ceck(t),
c
consequently,

CM
IFu=Fylle = ==l =Vlle-

Since ¢ > MC, F is a contraction and then it has a unique fixed point u«(t), which is the
unique SAP,, mild solution to (3.1). (|

Theorem 3.4 Assume that (H;), (H) (or (H})), (Hss) hold, then (3.1) has a unique mild
solution u(t) € SAP,(R*, X).

Proof Define the operator F as in (3.2), then F is a map from SAP,(R*,X) into
SAP,(R*,X). Moreover, F is continuous by (3.6). Define the map B on BC(R*,R) by

P Le(s)a(s)ds, teR". (3.7)

It is clear that B is a bounded linear operator from BC(R*,R) into BC(R*, R).
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First, we will show that B is a compact operator. For each a > 0 and each « € BC(R*,R)
with ||| <1, define the functions

t
wi(a)(t) = CM [§ e lrGes)ds, 0<t<a,
M [§ e ra)ds, t=a,
and
0, 0<t<a,
t - —_— f—
0 : CM [, i Lr©)a(9)ds, t>a.

It follows from the Ascoli-Arzeld theorem in the space Cy(R"*, R) that the set K, = {wy(«) :
lla|l <1} is relatively compact in Cy(R*,R), and therefore in BC(R*, R).
Since Ly € BS’S(R*, R), for each ¢ > 0, take @ > 0 such that for ¢t > a,

r+l 1/p
sup (/ Ls(s)? ds> <&.

Fora+m<t<a+m+1,meN,onehas

| wa(e)(2)]
= CM/ (s)|oz(s)| ds+ CM t %Lf(s)|a(s)| ds
1+ | )a a+m 1+|a)|(t_s)a
a+k+1 1 t
< CM; » mLf(s)|oz(s)| ds + CM / y Ly(s)|a(s)| ds
m=1 agik+l 1 a+m+1
SCM,(:ZO - 1+|a)|(a+m—s)“ ()ds+CM/ Ly(s)ds

m-1

1 a+k+1 a+m+1
<CM e~ Li(s)ds + CM Le(s)d
=M kT [, woscuf " i

1 a+k+1 1/p a+m+l 1/p
Y d. M Le(s) d.
<CM Z 1Bl —k =1 </ Ls(s) s> + C. (/{Hm r(8) s)

m-1 r+1 1/p a+m+1 1/p
CM/ ———dt- sup(f Le(s)f ds) + CM(f Ly(s)f ds)

CM\& ~1/a r+l 1/p a+m+1 1/p
< Ml -sup< / Ly(sy ds) ¥ CM( f Li(sY ds) ,

asin(r/a) >4 +m

then |wy(a)t| < e. Since Ba(t) = wy(a)(£) + wo(a)(¢) for t € R, one has
{Be): |l <1} S K, + {9 : 9 € BC(R",R), [|¢|| < ¢},
which implies that {B(«) : ||| <1} is relatively compact, so B is a compact operator. More-

over, it follows from the Gronwall-Bellman lemma that the point spectrum o0,(B) = {0},
which implies that the spectral radius of B is equal to zero since B is a compact operator.
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Consider the Banach space Y = BC(R*,R) equipped with both the relation < and the
mapping m : BC(R*,R) — BC(R*,R) defined by: if 4, v € BC(R*,R)

u<v ifand only if ||u(t) || < ||V(t) H vVt e RY,

and (m(u))(£) = supy,~; lu(s)|l. It is easy to check that conditions (i), (ii), (iii) are satisfied.
Let u,v € BC(R*,R), one has

|(Fu)e) - Foo)| <M f 1+|w|(t /)] uts) — )| ds,

hence m(F(u) — F(v)) < Bm(u — v), and B is increasing with spectral radius r(B) < 1. By
Theorem 2.1, F has a unique fixed point in BC(R*,R), which is the unique SAP,, mild
solution to (3.1). O

3.2 Non-Lipschitz case
In this subsection, we study the existence of S-asymptotically w-periodic mild solution of
(3.1) when f does not satisfy the Lipschitz condition.

The following existence result is based upon the nonlinear Leray-Schauder alternative
theorem.

Theorem 3.5 Assume that (H;), (Hy), (Ha) hold (or (Hy), (H), (H}) hold) and satisfy the
following conditions:

(A1) There exists a continuous nondecreasing function W : [0,+00) — [0, +00) such that
W& w| < W(llull) forallt e R, u € X.

(Ay) Foreachv >0,lim,, h(lt) Ot Jra()“’h_s ds =

(A3) Foreach ¢ > 0, there exists § > 0 such thatfor u,ve C(R*, X), |lu— vy <98 implies

that

Ilfs,u(S) —f (s, v(s)l
L+ |a@|(t - s5)

ds<e forallteR".

(Ay) Foralla,beR*,a <bandr > 0,theset{f(s,u):a <s <b,u € X, | u| <r}isrelatively
compact in X
(As) 11rn1nf§_>oo ke 1, where B(v) = ||oy || and

W (vh(s))
1+ |w|(t-s)®

0 (0) = [ Su )uo||+CM/

s, t>0,

C, M are constants given in (2.1).

Then (3.1) has a mild solution u(t) € SAP,(R*,X).
Proof Define I' : C,(R*, X) — C(R*, X) by
t
(Tu)(t) = Sy (O ug + / Se(t - s)f(s,u(s)) ds, teR".
0

Next, we prove that I" has a fixed point in SAP,,(R*, X). We divide the proof into several
steps.
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(i) For x € C,(R*, X), by (A;), one has

ITu@)| _” I+ CM If (s, wll 2
h(t) _h(t) U0 )y 1 @lE-9)
Mot + EM [ W)

—h(t> U o 1 mIE-s)e

It follows from (A,) that I : C,(R*, X) — C,(R*, X).
(ii) " is continuous. In fact, for each € > 0, by (As), there exits 6 > 0, for u,v € C,(R*, X)
and ||u — V||, <8, one has

ITu—-Tv| < /0 S & = )| [f (s, 26(5)) = f (s, (5)) || s

EIF (s, u(s) —f (s, vl
SCMf 1+ 13|t —8)°

Take into account that 4(£) > 1, by (A3)

ITu—Tv]
D=2 cMe,
e -

which implies that |[Cu — T'v||;, < CMe, so T is continuous.
(iii) T is completely continuous. Set B,(Z) for the closed ball with center at 0 and radius
r in the space Z. Let V = I'(B,(C,(R*, X))) and v = I'(u) for u € B,(C,(R*, X)).

Initially, we prove that V},(¢) is a relatively compact subset of X for each ¢ € [0, 5], here
Vi(t) = {v(t),v € V,t € [0, b]}. Since

v(t) = So(t)uo + f ts(, (S)f (£~ s, ult - s)) ds € So()ug + tc(K),
0

where ¢(K) denotes the convex hull of K and K = {S,(s)f (§,u) : 0 <s <t,0 <& < ¢, |u| <
r}. Using the fact that S,(-) is strong continuous and (A4), we infer that K is a relatively
compact set, and V,(t) C Sq(t)uo + te(K) is also a relatively compact set.

Next, we show that Vj, is equicontinuous. In fact,

V(t +8) = v(£) = (Sa(t +5) — Sa(t))uo +/ Sa(t+s—E)f (&, u(§))dE
o [[(5ute ) - Su@ (e & e ) .

For each ¢ > 0, we can choose §; > 0 such that

/HSS (t+s—§)f($ u(& déH CM/ Md&f

for s < 4;.
1+ |o|(t+s—&)

Wl ™

Moreover, since {f(t — &,u(t - §)) : 0 <& <t,u € B,(C,(R*, X))} is a relatively compact set
and S, (-) is strong continuous, we can choose 8; > 0, §3 > 0 such that

|| (Su,(t +58) — Sa(t))uo || < fors <8,

W ™
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and

[ (Sa® +5) = Sa@)f (t - &,u(t - ©))| <

£ fors<$
ors .
3(t+1) =%
So, |[v(t +s) — v(t)|| < e for |s| < min{8y, 83,83} with £ + s > 0 and for all u € B,(C,(R", X)).
Finally, by (A;), one has
vl CM W(rh(s))

h(t) _h(t)” toll + o) Jo 1+ @)t —s)

dS—)O, t — 00,

and this convergence is independent of u € B,(C,(R*, X)). Hence V satisfies (c;), (c3) of
Lemma 2.1, which completes the proof that V is a relatively compact set in C,(R*, X).
(iv) If & is a solution of the equation u#* = AI'(#*) for some 0 < A <1, then

t
o] = 2| Su(®uo + / Sult - $)f(5,1") ds
LW (||ut || ph(s))
=[SOl + M | e

< B([lu*],)n®)
Hence, one has

A
24" [1

— " <
Blu ) ~

and by (As), we conclude that the set {s* : u* = AT'(u*), A € (0,1)} is bounded.

(v) If follows from Lemmas 2.3, 2.4 and 2.5 that I'(SAP,(R*, X)) € SAP,(R", X); con-
sequently, we consider I" : SAP,(R*,X) — SAP,(R*, X). Using (i)-(iii), we have that the
map is completely continuous. By (iv) and Theorem 2.2, we deduce that I" has a fixed point
u € SAP, (R, X).

Let u, be a sequence in SAP,(R*, X) such that it converges to u in the norm C,(R*, X).
For ¢ > 0, let § > 0 be the constant in (A3), there exists 1y € N such that ||, — u||, < for

all n > ng. For n > ny,

ITu, — Tyl < / ||Sa(t—s)|| Hf(s, un(s)) —f (s, u(s)) || ds
“cMm / IIf (s, n(s)) —f (s, u(s))

1+ |a)|(t s)«

ds < CMe.

Hence, (I'u,,), converges to ' = y uniformly in [0, o). This implies that u € SAP,(R*, X)
and completes the proof. d

Corollary 3.1 Assume that (H;), (Hz) (or (H})) hold and satisfy the following conditions:
(a) f(t,0) = q().
(b) f satisfies the Holder-type condition
If @& w) —f&v)| < Cillu-vI®, wveXteR",

where 0 < a <1, C; > 0 is a constant.
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(c) Foralla,beR*,a<bandr>0,theset {f(s,u):a<s<buelX,|ul| <r}is
relatively compact in X.
Then (3.1) has a mild solution u(t) € SAP,(R*,X).

Proof By (b), it is easy to see that (Hy), (H}) hold. Let Cy = ||lg|| and W(§) = Cy + C1£¢,
then (A;) is satisfied. Take a function % such that sup, g+ Ot %
difficult to see that (Aj) is satisfied. To verify (As), note that for each ¢ > 0, there exists

0<d8< (cfcz )V such that for every u,v € C,(R*, X), |lu — v||; < 8§ implies that

ds := Cy < 00, it is not

t : _ , t Cih(s)¥ _ o
||f(S M(S{)‘ f(S V(S))” d <f 1 (s,)\, ||Lt V“h ds < C1C28°‘ <e forall £ € R*.
0 1+ |o|(t—s)* o l+lo|(t-s)*

On the other hand, (As) can be easily verified using the definition of W. By Theorem 3.5,
(3.1) has a mild solution u(t) € SAP,(R*, X). O

4 Examples
In this section, we provide some examples to illustrate our main results.

Example 4.1 Consider the following fractional differential equation:
O u(t,x) = 02u(t, x) — pu(t, ) + 071 (fy na(Ou(t,&)dg), teR*,xe(0,n],
u(t,0) = u(t,7) =0, t>0, (4.1)

u(0,x) = ug(x), x€[0,7],

where u > 0, uy € L%[0, 7], a € SAP,(R*,R). In what follows we consider X = L?[0, 7] and
let A be the operator given by

Au=u"— pu
with domain

D(A) = {u eX,u" e X,u(0)=u(r) = 0}.
It is well know that A is sectorial of type @ = —u < 0 [30]. Equation (4.1) can be expressed
as an abstract system of the form (3.1), where u(¢)(x) = u(t,x) for t € R*, x € [0, 7], and

f&t,9)E) =nal(t) f(f ¢(t)dt for t € R, &€ € [0, 7]. Moreover, one has

IF&9)],. <minl|a@)|l¢l2, t=0,9€X,
If @+ w,0) —f(&:9)|| 2 <7Inl|alt + w) - at)|l|ll2, t>0,¢€X,

since a € SAP,(R*,R), we deduce that f € SAP,(R* x X, X). From

f @& d1) —f (&) 2 < wInl|a®)|lld1 — dall 2

=nmnlllalllér - ¢2l2s  £=0,¢1,¢2 €X,

so (Hz;) holds with Ly = w{n|||a||. If |n| is small enough, (4.1) has a unique mild solution
u € SAP,(R*,X) by Theorem 3.1.
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Example 4.2 Consider the following fractional differential equation:

%u(t,x) = 2u(t,x) — pu(t,x) + 0°'F(t,u)(x), teR*,xel0,7],
u(t,0) = u(t,7) =0, t>0, (4.2)
u(0,x) = ug(x), x € [0,7],

where 1 > 0, ug € L*[0, 7], F(t,u)(x) = e*| [y u(t,7)d7|” sinx, ¥ € (0,1). Let X = L[0, 7],
Au = u" — pu with domain D(A) = {u € X, u” € X,u(0) = u(r) = 0}, so A is sectorial of type
@ = —j1 < 0. Equation (4.2) can be rewritten as the abstract form (3.1), where

[t 8)E) = smé, ® €(0,1).

Moreover, one has
19 19
2

~/—

If@& )| ,, <e™ ||¢>||L2 gl t>0,9€X, (4.3)

L
2

=

[t +0.9) - f9)] 2 = () +)

19+1

||¢)||L2’ t20;¢€X; (4.4)

If &t ) —f(t, )| o <€

~$alls, >0, €X, (4.5)

sof € SAP,(R* x X, X) and f is asymptotically uniformly continuous on bounded sets by

19+1
(4.5). By (4.3), we define W by W (§) = E" Let i(t) = e, A > 0, u,v € C,(R*, X), one
has

1 [t Wh(s 0o 55 Ve 1
1 (vh(s)) o< [ . 0, o0,

h(e) Jo 1+1pnlE—s)* — /O +lasin(r/a) €10k

s uls) = fs Dl w1 |l
0 1+ |ul(t—s)* O + lasin(m /a)

o
llwe = vllj,-

Hence (A;)-(A3) hold.
Next, we prove that the set {f(s,e**¢) :a <s < b,¢ € X, ||¢||,2 < r} is relatively compact
in L2[0, T] by Simon’s theorem. In fact, one has

941
7z’

f(s,e*9) 2 < e ¢ e L’[0, 7], llgll2 <.

Hence, for a1 < a», fazzf(s, €*¢)(&) d€ is bounded uniformly for a < s < band ¢ € L*[0, 7],
l¢ll2 < r.On the other hand,

£(s€9)®) ~f (s €9) )] <r"P|& ~&]"" +n

therefore,

w—h
/0 If (s,€”@) (& +h) - f(s, e“qs)(g)|2ds —0, ash—0
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uniformly for a < s < b, ¢ € L2[0,7], |¢ll;2 < r. So (A4) holds by Lemma 2.2. It is not
difficult to see that (As) holds. Whence (4.2) has a mild solution u € SAP,(R*, X) by The-

orem 3.5.
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