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give a convergence time lower bound. Although our explanations are purely based
on mathematic deduction, it shows that the latent social influence structure is the key
factor for the persistence of disagreement and formation of opinions convergence or
consensus in the real world social system.
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Background

Many social phenomena are embedded within networks of interdependencies, i.e., social
networks or social structures. The social structure are constructed by social ties (or
social connections) as suggested by Granovetter. Different types of connections might
play different roles for the function of network. For example, Granovetter argued that
weak ties (individuals are loosely connected in the network) were the necessary condi-
tion for spreading to occur across subnetwork within a social system [1]. Burt suggested
that structural equivalence is the factor for the adoption of new ideas [2]. In the field of
complex networks, researchers focus both the structure and function of social networks,
i.e., networks dynamical processes taking place on networks, such as the transmission of
disease over human contact and rumors diffusion through internet [3].

Inspired by these researches, instead of discussing spreading or innovation adoption
in network, the present research ask how do social networks (different social structures)
influence opinions dynamics? i.e., the influence of social network structure on opinions
dynamics, we will investigate under what conditions opinions in a group can reach con-
sensus and average consensus.

Here we refer to the network is the pattern of friendship, advice, communication, sup-
port or is the form of bargaining, debating and compromising. In the structured social
context, individual determines his/her opinions, in accordance with the constraints and
possibilities imposed by other’s in the network. In other words, individuals are assumed
to be responsive to the contextual cues provided by the opinions and behavior of sig-
nificant others. Through advice, communication, support or bargaining, debating and
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compromising, consecutively, actors thus establish their own behavior, by appropriately
taking into account the opinions and behaviors displayed by their significant others.

In the end, the aggregation of local individual’s opinions adjustment contribute to the
global group opinions patterns—polarization or consensus. In social psychology, during
the past decades, group polarization phenomenon has been intensively studied [4—9].

The importance of group polarization is significant as it helps to explain group behav-
ior in a variety of real-life situations. Examples of these situations include public voting,
terrorism, and violence. In our former studies, we investigated the group polarization
based on Hopfield attractor model, and revealed a very interesting connection between
global patterns and local structure balance [10]. Next, we will concentrate on the phe-
nomenon of group opinions convergence and consensus.

Mathematical models are used to describe consensus include DeGroot’s clas-
sic model [11], Friedkin and Johnsen [12] and Friedkin’s extended version [13]. From
social psychological point of view, this line of research began with French’s formal the-
ory of social power [14], a simple model of collective opinion formation in a network
of interpersonal influencing social group. As a step forward, Friedkin presented the
social influence network theory based on Latane’s social influence theory [15], which
considered both cognitive and structural aspects, and focused on the contributions of
networks of interpersonal influence to the formation of interpersonal agreements and
group consensus.

Over the past few years, models of the convergence of opinion or consensus problem
in social systems have been the subjects of a considerable amount of recent attention in
the fields such as motion coordination of autonomous agents [16, 17], distributed com-
putation in control theory [16, 18, 19], randomized consensus algorithms [20, 21], and
sensor networks about data fusion problems [22-26].

Due to the unpredictability of the environment where the communication between
agents occurs, and the random characteristics of influences or interactions among
agents in systems (man made or social systems), most of the growing interests in con-
sensus problems (both algorithms and practical applications) are based on probabilistic
settings [20].

Recently, the study of opinion dynamics has started to attract the attention of the con-
trol community, who with the bulk of motivation have developed about methods to
approximate and stabilize consensus, synchronization, and other coherent states. How-
ever, comparing with many man-made or engineering systems, social systems do not
typically exhibit a consensus of opinions, but rather a persistence of disagreement, i.e.,
polarization patterns. The ubiquitous group polarization phenomena can be observed
from political election to carbon dioxide emissions debate [27]. In a social system, the
difficulty in arriving at a collective consensus state roots in the fact that the process of
opinion formation can rarely be reduced to accepting or rejecting the consensus of oth-
ers, as exemplified by Arrow’s dilemma of social choice [28]. On the contrary, in most
cases individuals construct their options in a complex interpersonal environment or
with their prior identities (e.g. prior beliefs, prejudices and social identities etc.), their
views are often in a state of disagreement or not easily changed, due to opinion-depend-
ent limitations in the network connectivity and obstinacy of the agents as pointed in Ref.
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[29]. This phenomenon shows the complexities of social control in social economic
systems.1

Consensus as one of the important and regular group opinions dynamic pattern is
generally observed in a relative smaller group discussion and barging process. Friedkin
and Johnsen’s social influence network theory emphasizes that the interpersonal influ-
ence social structure (or social influence matrix) is the underling precondition for the
group consensus or opinion convergence. In that model, the initial social influence
structure of group of actors is assumed to be fixed during the entire process of opinion
formation. However, with the evolution of time stamp, considering both stubborn and
susceptible effects, the interpersonal influence structure can be regarded as a dynamic
recursive process. For this reason, the interpersonal influence structure in their model is
also dynamic, as described in "Problem formulation and terminology" section.

In this paper, our aim is to investigate the precondition for consensus formation in a
social group based on Friedkin’s model. From interpersonal network structure point of
view, our investigation presents the conditions for the formation of group opinions con-
vergence and consensus. We investigate the opinions convergence phenomenon over a
group of N individuals with a random walk social influence structure, and for any given
initial opinions distribution, i.e., the opinions evolution problem with a (time-variant)
linear dynamic model driven by random matrices. Our analytic proof provides strict
mathematic explanations for the deterministic characterization of the ergodicity, which
can be used for studying the consensus over random graphs and the formation of opin-
ion parties. The proof procedures are self-contained and based on ergodic theorem of
Markov chain and eigenvalues of random graph, as introduced in Ref. [30].

The rest of the paper arranged as follows. In "Problem formulation and terminology",
we will briefly introduce social influence network theory and its mathematical frame-
work. "Random walk on weighted graph™ section present the conditions for a group
opinions consensus based on random walk on weighted graph. "The convergence of
opinions profile on random graph" section prove that the convergence of group opinions
over general weighted and undirected random graph are almost surely. "Numeric simu-
lation" section test the theoretical conclusion by numeric simulation methods. "Conclu-
sions" section is our concluding remarks.

Problem formulation and terminology
Social influence network theory presents a mathematical formalization of the social
process of opinions changes that unfold in a social network of interpersonal influences.
The spread of influence among individuals in a social network can be naturally mod-
eled under a probabilistic framework. Here, we briefly describe the classical Friedkin
and Johnsen’s model to illustrate how the opinion dynamics arise in the context of social
networks.

Let W = [w;;]is a N x N matrix of interpersonal influence, i.e., for each i, w;; denotes
for the individual ;s social influence to i, after normalization W satisfies Zj wi =1
A = diag(ay,ay,...,an) is a N x N diagonal matrix of individuals susceptibilities to

! In classical sociological field, social control refers to the occurrence and effectiveness of ongoing efforts in a group to
formulate, agree upon and implement collective courses of action.
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interpersonal influence on the opinion, and satisfies a; = 1 — w;;. In a group of N per-
sons, with the initial N x 1 opinions vector yV, the updating opinions vector y® in the

interpersonal opinions influence system is described by Eq. (1),
y(H-l) — AWy(t) +d —A)y(l) (1)

Definition 1 The system (1) reaches the convergence state if, for any initial opinions
vector yI, it holds that lim;_, o, ) = y*,

Definition 2 The system (1) reaches consensus state if, for any initial opinions vector
y®, and each 1 < i,j < N, it holds that lim;_, " — y;t)l = 0, where |.| is the symbol
of the absolute value. This means that, as a result of the social influence process, in the
limit they have the same belief on the subject.

As a consequence of system (1), the opinion profile at time ¢ € Z > 0 is equal to

YD — ey D), @)

where Wt = (AW)! + (Ef(;(l)(A W)V — A) is the reduced-form coefficients matrix,
discribing the total or net interpersonal effects that transform the initial opinions into
equilibrium opinions, and for any entry vT/f] in W, satisfies 0 < vAvf] <1, Zj va] =1
According to Definition 1, under suitable conditions, when ¢t — 400 if I — AW is
nonsingular, the system (1) arrives at convergence equilibrium opinions profile y*, where
Y =limy oo y(t) = I —AW) LI — A)y™D. When t — +oc, we have

t—1
lim W* = lim {(AW)'f +> @w)ka —A)} —I-AWI-A=V. 3

t—00
k=0

Given large enough time stamp ¢, and a sufficiently small positive real number ¢, V
can be approximated by W, Furthermore, according to the approximation error
IIWt — V]| < & (where ||.|| denotes the matrix norm), we can obtain the time stamp’s
upper bound and lower bound as In(||V|| — 8)/ln(||/W||) <t =<mn(|V]l+ 8)/ln(||W||),
where||[W|| = [|[AW + I — Al

Followed the same lines of the convergence results by Ishii and Tempo [31], and Golub
and Jackson [32], by showing the ergodicity property, Frasca et al. proved the conver-
gence result of system (1); [29]. Touri and Nedic studied the ergodicity and consensus
problem with a linear discrete-time dynamic model driven by stochastic matrices [33].

It should be noted according to Defintion 1, that equilibrium opinions may settle on
the mean of group members’ initial opinions, a compromise opinion that differs from
the initial ones, or altered opinions that does not form a consensus. When consensus is
formed in system (1), i.e., as £ — 400, W will have the form of a stratification of indi-

vidual contributions as following,

ot ot ot
w11 Wyo WNN
ot ot ot
Win Wi o Wan

=t =t =t

Wi W o WaN
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which suggests that the initial opinion of each individual makes a particular relative con-
tribution to the emergent consensus.

Random walk on weighted graph

In this section, without the lose of the generality of system (1), we first introduce the
weighted adjacency random matrix, the weighted Laplacian and the transition matrix of
the random walk, then we present the conditions for a group opinions consensus under
the framework of social influence network model. Here we use the canonical graph sym-
bol G(V, E) in which V and E denote vertexes and edges respectively.

A weighted directed graph G is defined as w: V x V — R such that w;; # 0, if
{i,j} € E(G)then w;; = 0. In the context, the weighted degree d; of a vertex i is defined as
di = Z/‘ wij, vol(G) = ), d; denotes the volume of the graph G. For a general weighted
directed graph G, the corresponding random walk is determined by transition probabili-
ties p;j = Pr(x¢11 = jlx¢ = i) = w;j/d;, which are independent of i. Clearly, for each ver-
tex i satisfies 0 < p;; < 1, Zi pij = 1, in other words, transition matrix P is row stochastic
matrix. In addition if for any j € V(G) satisfying Zj pij = 1, then transition matrix P is
named double stochastic matrix.

For any fixed time step ¢, we define transition matrix P on graph W without normali-
zation, with entries p; = Pr(xi41 = jla; = i) = vAvf]/af, where 25 =2 ij, and matrix L

as follows:
dt - ifi=j,
Lj= —ﬁ/fj if i and j are adjacent, “)
0 otherwise.

where 17/; € W' is defined in Equations (2) and (3). Let T denote the diagonal matrix
with the (i, i)-th entry having value d! as following

d . . 0
0 db 0

T = ‘ ) )
0 o .. df

we set T~1(i,i) = 0 for 2f = 0,and ifaf = O we say i is an isolated vertex. Then the graph
Wts Laplacian matrix ¢ is defined to be the form ¢ = T~Y2LT~1/2, and each entry in ¢
is listed as following,

1-2¢  ifi=janddf #0,

i

ot

Gj =1 ——2L if i andj are adjacent, (6)
‘/dfd/?
0 otherwise.

Obviously, ¢ is real number matrix, assume its eigenvalues are all real and non-nega-
tive. Let the eigenvalues of ¢ be {;|i = 0 : N — 1} in increasing order of 4; such that
0=1yg <A <..</n_1 Then transition matrix P satisfies P = T~Y2(I — £)T"2 and
17TP = 1T, where 1 is unit vector.

Page 5 of 12
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Definition 3 The random walk P” is said to be irreducibility if for any i,j € V, there
exists some ¢ such that p:]’»q > 0. Definition 3 ensures the graph P is strongly connected.

Definition 4 The random walk P” is aperiodic if the greatest common divisor of the
lengths of its simple cycles is 1, i.e,, gcd {m : p! > 0} = 1for any state i.

Definition 5 The random matrix P is said to be ergodic if there is an unique # x 1 sta-
tionary distribution vector 7 satisfying lim,,_, o P”(y1)) = 7, where / is the transpose

operation.

Definition 6 The random matrix P is convergent if lim,,_, o P (y(l))/ exists, for any
initial vectors beliefs y(1).

The social influence exchange among the N agents may be represented by a graph
G(V, E,,) with the set E,, of edges given by E,,, = {(i, ) Iplf;‘ > 0}. But this condition is not
sufficient to guarantee consensus of dynamic system (1) as stated in Ref. [24]. This moti-
vates the following stronger version Definition 7, as addressed in Refs. [35, 36].

Definition 7 (Bounded interconnectivity times). There is some B > 1 such that for
each nodes pairs (i, j) € Ex, agent j sends his/her social impact to neighbor i at least once
at every B consecutive time slots, i.e., the graph (G(P), Ej, U ... U EgntB-1)) is strongly
connected. This condition is equivalent to the requirement that there exists B > 1 such
that (i,/) € Esy ...\ Em+B—1for all (i,j) € Esccand m > 0.

Definition 5 is the well-known result that aperiodicity is necessary and sufficient for
convergence in the case where P is strongly connected. In other words, the necessary
conditions for the ergodicity of P are (i) irreducibility, (ii) aperiodicity, i.e., Definition 5 is
equivalent to Definitions 3 and 4. If Definition 5 holds, Definition 6 is satisfied.

If a Markov chain is irreducible and aperiodic, i.e., Definition 3 (or Definition 3’s
stronger version Definition 7) and Definition 4 are both satisfied, or equivalently Defi-
nition 5 holds, then P converges to its corresponding steady distribution. This conclu-
sion is fairly easily verified by adapting theorems on steady-state distributions of Markov
chains, such as the proof provided in Ref. [37]. From another alternative, we will prove
this result by spectrum graph theorem in the following section.

For above Definitions 3—7, we summarize the associated results in the following Theo-
rem 1, then we emphasize on consensus result proof.

Theorem 1 If Pis a random matrix, the following are equivalent:

(i) Pisaperiodic and irreducible.

(i) Pis ergodic.

(i) P is convergent, there is a unique left eigenvector ps of P correspond-
ing to eigenvalue 1 whose entries sum to 1 such that, for every y),
(im0 Pm(y(l))/),' = 7w (i),where (i) = (ps)/(y(l))/for every i.
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Both (i) and (ii) in Theorem 1 are the well-known results. Next we focus on the proof
of (iii) based on spectral graph theory. Theorem 1 presents the conditions for the forma-

tion of opinions convergence.

The convergence of opinions profile on random graph

In this section, with the above Definitions 3, 4 or 7, we prove that the convergence of
group opinions over general weighted and undirected random graph are almost surely.
In addition, we prove the lower bounds on the convergence time ¢ for random walk P*
to be close to its stationary distribution, given an arbitrary initial distribution and small
positive error €. We note that this proof is based on spectrum graph theorem, which is
different with Markov chains methods, such as in [20-22, 29].

Proof In a random walk associated with a weighted connected graph G, the transi-
tion matrix P satisfies 17P = 17T, where 1 is the vector with all elements are scalar 1.
Therefore, the stationary distribution is exactly 7 = 17 /vol(G). We show that for
any initial opinions profile distribution y), when m is large enough, P"y con-
verges to the stationary distribution 7 in the sense of Ly or Euclidean norm. We write
y(l) T2 = >, aie;, where e; denotes the orthonormal eigenfunction associated with 4;.
Because ep = 1T1/2/«/V01(G) and <y, 1 >=1, ||.|| represents the L? norm, we have
<yOT-1/2 171/25 We then h
VR Jvol(G) e then have

Iy VP — wl| = lyVP™ — 1T jvol(G)|| = [y P — ageo T2

=y T2 = )" TV — ageo T\ = 11 Y (1 = 2)"aiei TV

i#0

ap) =

., max; 2; , max; 2]?
SA-)t— = e — = (7

s Py
miny d/' min 4 /di
where

4 Ay ifl—7; > )»Nfl -1
Al = .
2 — An—1, else.

Given any € > 0, for Eq. (7) we have

B ,max,ﬁ
" mm,\/» = ®

dt /!
then we havealxli\/7 < e”M som > 1log DEVE .
emmj\/th eminj\/;f
With the symmetry of transition probability P, we easily check that
IO — || = IGDP" — || = 6P ==l = 1™ 6P — 7|l =
1P () =l
With this we conclude that after m > log( \/7)] steps, the L, distance
Emln/\/;]t

e

between P (y)  and its stationary distribution 7' is at most €. Thus, P converges to

a matrix with all of whose rows are equal to the positive vector 7 = (71, 72 0 TN) s
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when a consensus is formed in Friedkin and Johnsen’s model. Accordingly, we have
(limyy,— 00 y); = f\il niygl) almost surely with e approximating error corresponding
to t updating steps.

In the herding example, there is consensus (of sorts), while which could lead to the
wrong outcome or misunderstandings (misdirections) for the whole social group, such
the “Mob phenomenon” of French revolution described by Gustave LeBon. In this case,
group consensus is equivalent to the unwisdom of crowds. If group consensus to be
emerged at certain slot m* such that y) — % Ei\il yl(»l), for each j in a social group, we
say that the society is wise, i.e., each individual arrives the group average initial opinions
profile.

One special case of the above theorem is when P is a double random matrix.
With this condition, the matrix has vector 1 as their common left eigenvec-
tor at all times, and, therefore, all the entries of the state vector converge to
(l/N)(lTy(l))l = (1/N) Ejlilyl(»l)l, in other words, the mean of the initial N individu-
al’s opinion profile, with probability 1. This special case is addressed in Ref. [38], we say
this group is a wise social group, as introduced in Ref. [32].

Numeric simulation

In this section, we aim to test the theoretical conclusion by numeric simulation meth-
ods. We consider the a group (with 34 individuals) discussion processes, and assume
that (a) each member is presented with an issue on which opinions could range from
—10 to 10 uniformly, (b) independently form an initial opinion on the issue. We fix
time ¢ = 1, and generate random initial interpersonal influence matrix W, with entries
between 0 and 7. After realization of W, we calculate mozxj(%t) =48, and minj(%t ) =3.
Then following the same theoretical line, we construct P! for ¢ = 1, compute (4—6) and
have {4;]i = 0 : N — 1}. According to inequality (7), based on {4;[i = 0 : N — 1} we have

! . . 1 max/ﬁ
/4 =0.1101. Given € = 0.01, according to (8) we have m > —;log(—— =) = 54.4184.
4 emin,-\/dj?
The result means that after m > 54 rounds of discussion and negotiation, the group
reaches consensus steady state with preestablished error ¢ = 0.01. Figure 1 illustrates the

opinions

20 40 60 80 100

Fig. 1 Group opinions dynamics
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group opinions dynamic processes, we can see that after m > 50 the difference among
members approximate to zero.
Next, we continue simulate Friedkin and Johnsen’s model (1) based on the following

assumptions:

Al. Prototype group: where group numbers do not know each other, so each one put
equal weight on other individuals;

A2. Group in evolution: where group numbers have already known each other, so each
one might put unequal weight on different individuals according to his/her prior

judgements.

Under these two assumptions, we try to find the connection between the behavior
of agents and how long the group reaches consensus. Here, we refer to the individu-
als behaviors as individuals susceptibilities to interpersonal influence on the opinions,
or individuals is open minded to take others opinions into account. It is obviously that
the diagonals of matrix A represent the susceptible level (SL) as an parameter meas-
ure to describe individuals’ open minded level. Since I-A is the diagonal of W, i.e,
SL=a;=1—-w;,i=1,...,N, where SL = 0 means that an agent only looks at his
opinion (stubborn or egoistic behavior) and SL = 1 means that he does not look at
his opinion at all, but takes all other opinions into account (open minded or altruistic
behavior).

Under assumption Al, since an agent does not know all the other, that is why he
equally takes all other opinion into account. In our simulation, we set equal influence
weight for each individual (however with small weights if the group size is larger). Under
A2, in order to describe each individual might exert different effects on other individu-
als, we randomly assign w;; € [0,1],i # j. Figure 2 show the connection between suscep-
tible level (SL) and how long it takes to reach consensus, within Prototype group/Group

in evolution.
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Fig. 2 Connection between SL and number of iterations
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The Fig. 2 also illustrates, under both assumption Al and A2, if SL = 0, according
to (1) which means that every agent sticks on his opinion, completely without taking
care of any other opinion, infinite iterations are needed to reach consensus, means that
no consensus will be reached. For a group of very stubborn agent (SL close to 0, but
SL # 0 which means that every agent sticks on his opinion taking less care of any other
opinion), the group needs more time to reach consensus. However, carefully examine
we observe the dominant difference between Al and A2: (1) when SL = 0, both group
under assumptions Al and A2 need enough time to reach consensus, but group A2
needs less convergence time than that of group Al. (2) for Prototype group if SL just a
little greater than zero, then the group could rapidly toward consensus. However, for
a group in evolution, because each individual imposes different influence weights on
others (this means the group is heterogeneous comparing with Prototype group), with
the continuously increasing of SL, the number of iterations needed to reach consensus
(group consensus time) shows smoothing decaying characteristic.

Conclusions

In this study, from random walk aspects, we investigate the well-known Friedkin and
Johnsen’s model. We define a weighted random walk P based on the social influence
matrix. If P satisfies ergodicity, i.e., aperiodic and irreducible, Friedkin and Johnsen’s
model converges to the stable consensus. Furthermore, we prove the lower bounds on
the convergence time m for random walk P" to be close to its consensus state, given an
arbitrary initial opinions profiles and a small achieved convergence tolerance €. We also
verify the theoretical result by numeric simulation. Finally, under both Prototype group
and Group in evolution assumptions, we simulate how long the group takes to reach a
steady consensus state. We find that with the increasing of susceptible level (SL) both
Prototype group and Group in evolution demonstrate opinions convergent characteris-
tics, however, Prototype group rapidly tends to consensus if susceptible level (SL) bigger
than 0.

We hope this study succeeds in providing a rigorous framework to explain and under-
stand group consensus phenomenon. The next work will further consider influence of
opinion leaders on population differentiation and the role of the convergence and the
control of polarization in Internet group opinions. In addition, because the topology of
networks could also be a key factor when opinions spreads among individuals, the net-
works model in this study may be replaced by small-world, scale free, regular networks,
or interdependent network.

Since this paper mainly focuses on the group opinions dynamics over the networked
social influence structure, that might ignore the case as social influence mostly follows
either independent cascade or linear threshold model. We will combine the cascade or
threshold effect into the social influence network model in our future study.

Authors’ contributions
Conceived and designed the experiments: ZL, XT. Performed the experiments: ZL, BC. Contributed simulation tools: JY,
PS. Wrote the paper: ZL, JY. All authors read and approved the final manuscript.

Author details
! Department of Applied Statistics, Dali University, Dali 671003, China. > Academy of Mathematics and Systems Sciences,
Chinese Academy of Sciences, Beijing 100190, China.



Li et al. Comput Soc Netw (2016) 3:9 Page 11 of 12

Acknowledgements

The authors thank reviewers'helpful suggestions. This research was supported by National Natural Science Foundation
of China under Grant Nos.71171187,71661001, 61473284,61462003, 71462001,11661030 and Scientific Research Founda-
tion of Yunnan Provincial Education Department under Grant No. 2015Y386,20147137.

Competing interests
The authors declare that they have no competing interests.

Received: 1 January 2016 Accepted: 11 November 2016
Published online: 21 November 2016

References

1.
2.

w

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.
31

32.

Mark G. The strength of weak ties. Am J Sociol. 1973;78:1360-80.

Burt RS. Innovation as a structural interest: Rethinking the impact of network position on innovation adoption. Soc
Netw. 1980;2(4):327-55.

Newman MEJ. Complex systems: a survey. Am J Phys. 2011;79:800-10.

Stoner JA. A comparison of individual and group decision involving risk. Master’s thesis, Massachusetts Institute of
Technology, 1961.

Myers DG, Lamm H.The group polarization phenomenon. Psychol Bull. 1976,83(4):602.

Mackie DM. Social identification effects in group polarization. J Personal Soc Psychol. 1986;50:720-8.

Moscovici S, et al. Studies in group decision II: differences of positions differences of opinion and group polarization.
Eur J. 1972;2:385-99.

Sunstein CR. The law of group polarization. University of Chicago Law School. John M. Olin Law and Economics
Working Paper, 1999;91.

Friedkin NE. Choice shift and group polarization. Am Sociol Rev. 1999,64(6):856-75.

Li Z, Tang X. Group polarization: connecting, influence and balance, a simulation study based on hopfield modeling.
In: PRICAI 2012: trends in artificial intelligence. Berlin: Springer; 2012; p. 710-721.

. DeGroot MH. Reaching a consensus. J Am Stat Assoc. 1974,69(345):118-21.

Friedkin NE, Johnsen EC. Social influence networks and opinion change. In: Lawler EJ, Macy MW editos. Advances in
Group Processes. 1999;16:1-29.

Friedkin NE. A formal theory of reflected appraisals in the evolution of power. Admin Sci Q. 2011;56(4):501-29.
French J. A formal theory of social power. Psychol Rev. 1956,63:181-94.

Latane B. The psychology of social impact. Am Psychol. 1981;36:343-56.

Jadbabaie A, Lin J, Morse AS. Coordination of groups of mobile autonomous agents using nearest neighbor rules.
IEEE Trans Autom Control. 2003;48(6):988-1001.

Blondel V, Hendrickx JM, Olshevsky A, et al. Convergence in multiagent coordination, consensus, and flocking. The
44th IEEE conference on decision and control and the European control conference 2005, 2996-3000

Olfati-Saber R, Murray RM. Consensus problems in networks of agents with switching topology and time-delays.
IEEE Trans Autom Control. 2004;49(9):1520-33.

Moreau L. Stability of multiagent systems with time-dependent communication links. [EEE Trans Autom Control.
2005;50(2):169-82.

Fagnani F, Zampieri S. Randomized consensus algorithms over large scale networks. IEEE J Sel Areas Commun.
2008;26(4):634-49.

Tsitsiklis JN. Problems in decentralized decision making and computation. Ph.D. Dissertation, Massachusetts Insti-
tute of Technology. 1985.

Kempe D, Dobra A, Gehrke J. Gossip-based computation of aggregate information. In: Proceedings of the 44th
annual IEEE symposium on foundations of computer science, IEEE. 2003. p. 482-91.

Intanagonwiwat C, Govindan R, Estrin D. Directed diffusion: a scalable and robust communication paradigm for
sensor networks. In: Proceedings of the 6th annual international conference on mobile computing and networking.
ACM. 2000. p. 56-67.

Zhao J, Govindan R, Estrin D. Computing aggregates for monitoring wireless sensor networks. In: Proceedings of the
first IEEE international workshop on sensor network protocols and applications, IEEE. 2003; p. 139-48.

Xiao L, Boyd S, Lall S: A scheme for robust distributed sensor fusion based on average consensus. The 4th interna-
tional symposium on information processing in sensor networks, IEEE. 2005, p. 63-70.

Dimakis AG, Sarwate AD, Wainwright MJ: Geographic gossip: efficient aggregation for sensor networks. In: Proceed-
ings of the 5th international conference on information processing in sensor networks. ACM. 2006, p. 69-76.

Galam S. From 2000 Bush-Gore to 2006 Italian elections: voting at fifty-fifty and the contrarian effect. Qual Quant.
2007;41(4):579-89.

Arrow KJ. Social choice and individual values. New York: Wiley; 1951.

Frasca P, Ravazzi C, Tempo R, et al. Gossips and prejudices: Ergodic randomized dynamics in social networks.
arXiv:1304.2268.2013.

Chung FRK. Spectral Graph Theory, Vol. 92. American Mathematical Society; 1997.

Ishii H, Tempo R. Distributed randomized algorithms for the PageRank computation. IEEE Trans Autom Control.
2010;55(9):1987-2002.

Golub B, Jackson MO. Naive learning in social networks and the wisdom of crowds. Am Econ J Microecon.
2010;2(1):112-149.


http://arxiv.org/abs/1304.2268

Li et al. Comput Soc Netw (2016) 3:9 Page 12 of 12

33

34
35.

36.

37.
38.

Touri B, Nedic A. On ergodicity, infinite flow, and consensus in random models. IEEE Trans Autom Control.
2011;56(7):1593-605.

Bertsekas D, Tsitsiklis JN: Parallel and Distributed Computation: Numerical Methods,Prentice Hall, 1989.

Nedic A, Ozdaglar A. Distributed subgradient methods for multi-agent optimization. IEEE Trans Autom Control.
2009;54(1):48-61.

Olshevsky A, Tsitsiklis JN. Convergence speed in distributed consensus and averaging. SIAM J Control Optim.
2009;48(1):33-55.

Kemeny JG, Snell JL: Finite Markov Chains. Berlin: Springer-Verlag. 1960.

Boyd S, et al. Randomized gossip algorithms. IEEE Trans Inf Theory. 2006;52(6):2508-30.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Why continuous discussion can promote the consensus of opinions?
	Abstract 
	Background
	Problem formulation and terminology
	Random walk on weighted graph
	The convergence of opinions profile on random graph
	Numeric simulation
	Conclusions
	Authors’ contributions
	References




