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1 Introduction

Consider the following system of nonlinear inequalities:

flx) <0, (L1)

where f(x) = (fi(%),45(x),...,/,(x)) " and f; : R* — Ris a continuously differentiable function
fori=1,2,...,n. This problem finds applications in data analysis, set separation problems,
computer-aided design problems and image reconstructions [1-3]. Among various solu-
tion methods for the inequality problems [4-10], the smoothing-type methods receive
much attention [8—10] which first transform the problem as a system of nonsmooth equa-
tions and approximate it by a smooth equation and then solve it by the smoothing Newton
methods. Since the derivative of the underlying mapping may be seriously ill-conditioned,
which may prevent the smoothing methods from converging to a solution of the prob-
lem, a perturbed regularization technique is introduced to overcome this drawback [9, 11,
12]. In 2003, Huang et al. proposed a predictor-corrector smoothing Newton method for
nonlinear complementarity problem with a P, function based on the perturbed minimum
function [13]. The method was shown to be locally superlinear convergent under the as-
sumptions that all V € dH(z") are nonsingular and f’(x) is locally Lipschitz continuous
around x.

In this paper, motivated by the smoothed penalty function for constrained optimiza-
tion [14], we construct a new smoothing function for nonlinear inequalities, and thus we
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can approximate the nonsmooth system of transformed equations by a system of smooth
equations. We develop a regularization smoothing predictor-corrector method for solv-
ing the problem by modifying and extending the method in [13]. Besides choosing an ar-
bitrarily starting point, the presented algorithm is simpler than the predictor-corrector
noninterior continuation methods developed by Burke and Xu [15].

The rest of this paper is organized as follows. In Section 2, we review some preliminar-
ies to be used in the subsequent analysis and introduce a new smoothing function and its
properties. In Section 3, we present a smoothing and regularization predictor-corrector
method for solving the nonlinear inequalities and establish the global and local conver-
gence of the proposed algorithm. Preliminary numerical experiments are reported to show
the efficiency of the algorithm in Section 5.

To end this section, we introduce some notations used in this paper. The set of m x k
matrices with real entries is denoted by R"*, R (R",) denotes the nonnegative (positive)
orthant in R”. The superscript ' denotes the transpose of a matrix or a vector. Define
N ={1,2,...,n}, and for any vector a € R", we let D, denote the diagonal matrix whose
i-th diagonal element is a;. || u|| denotes the 2-norm of a vector u € R". For a continuously
differentiable function f : R” — R, we denote the Jacobian of f at x € R” by f’(x).

2 Smooth reformulation of nonlinear inequalities
In this section, we first review some definitions and basic results, and then introduce a

new smoothing function and show its properties.

Definition 2.1 A matrix M € R is said to be a Py-matrix if every principle minor of M

is nonnegative.

Definition 2.2 A function F: R" — R" is said to be a Py-function if for all x,y € R” with
x 7y, there exists an index iy € N such that

xio ?/yio, (xl'() _yio)[Fio (x) _Fio ()’)] > 0.
For a Py-matrix, the following conclusion holds [16].

Lemma 2.1 If M € R™" is a Py-matrix, then every matrix of the form
D, + DyM
is nonsingular for all positive definite diagonal matrices D,, D) € R"*".

Definition 2.3 Suppose that G: R" — R™ is a locally Lipschitz function. G is said to be
semi-smooth at x if G is directionally differentiable at x and

lim {Vh/ }

VedG(x+th'), —ht—0*
exists for any /1 € R”, where dG(x) denotes the generalized derivative in [17].

The concept of semi-smoothness was originally introduced by Mifflin for functions [18].
Qi and Sun extended the definition of a semi-smooth function to vector-valued functions
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[19]. Convex functions, smooth functions, piecewise linear functions, convex and concave
functions, and sub-smooth functions are examples of semi-smooth functions. A function
is semi-smooth at «x if and only if all its component functions are. The composition of

semi-smooth functions is still a semi-smooth function.

Lemma 2.2 [19] Suppose that ¢ : R" — R™ is a locally Lipschitz function semi-smooth at x.
Then
(@) forany V € dp(x + th), h — 0,

Vh—¢'(x:h) = o(I1Al]),
(b) forany h— 0,
@x+h) — o) — ¢ (x 1) = o(|1ll).

For problem (1.1), based on the function

x, = (max{0,x1},. .,,max{O,xn})T, for x € R",

it can be transformed into the following system of equations [8]:
f&). =0. (2.1)

Since problem (2.1) is a nonsmooth equation, the classical Newton methods cannot be
used to solve it. Following the ideas in [14, 20, 21], we adopt the following smoothing

function to approximate the nonsmooth equation

o(u,a) = l<a+;,L(ln2+ln(1+cosh E))), (2.2)
2 iz

. —X
where a smoothing parameter p > 0 and coshx = ex*z—e.

This new smoothing function has the following properties.

Lemma 2.3 For any (i,a) € Ry, X R", it holds that
(1) ¢(-,-) is continuously differentiable at any (1, a) € R,, X R".
(2) Let ¢(0,a) =lim,_,o ¢(u,a), then ¢(0,a) = a,.
(3) W >0 atany (4,a) € R,y X R".

Proof (1) is straightforward, so we only prove (2) and (3).
For (2), following the ideas in [20], we have

la| = o(u,a) = /L(an + ln(l + cosh ﬁ)).
"
Furthermore, one can obtain the estimate [20]

8 lal
|lal - p(u, a)| < ?Me"ﬂ‘.

Page 3 of 16
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Then ¢(0,a) = a,.
For (3), by a simple calculation, we can show

dp(,a) _ sinh

"
= e (-1,1),
da 1+cosh4 ( )
w
then W > 0 atany (u,a) € R,, x R". We complete the proof. (]

Letz=(u,&x) €R,. x R,, x R" and

m
H(z)=H(u,&,x) = P , (2.3)
D(2)
where
(. fi(x))
D(z) = D(u, ex) = + EX. (2.4)
(. fu(x))
Define a merit function
V(@) = |[H@| = u* + 6% + | @) (2.5)

Then the inequalities (1.1) can be reformulated as the following nonlinear equations:
H(z) = H(u,&,x) = 0. (2.6)

Theorem 2.1 Let H(i, ¢,x) be defined as (2.3). Then
(a) H(w,¢&,x) is continuously differentiable at any z = (1, &,x) € Ry, X Ry, x R" with its

Jacobian
1 0 0
H/ (Z) = O 1 0 H (2’7)
dD;L (2) x» @.(2)
where

0,2 = (], (1AW), ., 0 (o)}
1 sinh £
D (2) = qﬁ;(u,f(x)) +el = 3 diag{ (1 + 7M> tie N}f/(x) +el.

1+ cosh /)
m
(b) Iff isa Po-function, then H'(z) is nonsingular at any R, x R, x R".

Proof (a) is straightforward, so we only prove (b). For (b), we only need to show ®/(2)
is nonsingular. In fact, since f is a Py-function, then f’(x) is a Py-matrix for all x € R” by
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1 filx)

sinh ==

Theorem 3.3 in [22]. We also note that diag{(1 + —%—): i € N} and &/ are positive

fix)
1+cosh ll_l

diagonal matrices, we know that ®/(z) is nonsingular by Lemma 2.1, which implies that

H'(z) is also nonsingular. This completes the proof. d

3 Algorithm and convergence
In this section, we first describe our algorithm and then we reveal the global convergence
analysis of the algorithm. Now, we are at a position to give the description of our smooth-

ing predictor-corrector algorithm.

Algorithm 3.1

Step 0. Take & € (0,1), o € (0,1). Let €° = (140,£0,0) € R,, x R,, x R" and x° € R" is
an arbitrary point. Choose z° = (10, £0,4°) and parameter y € (0,1) such that
YIHE) <1, yuo + yeo <1. Set k= 0.

Step 1. If |[H(Z")| = 0, then stop. Otherwise, let fx = B(zX) where B(z) is defined by B(z) =
YIH@].

Step 2. Predictor step. If || H(z)|| > 1, set 2* := zF and go to Step 3. Otherwise, compute
AZF = (Afig, Aé, AXF) € R x R x R" by

H(zk) +H'(zk)Azk = ,BkHH(zk) ||e°. (3.1)
If

¥ (Z+ AZ) <y?(2h), (3.2)
then set 2% = z* + AzZ¥. Otherwise, set 2¥ = 2X.
Step 3. Corrector step. If |[H(zX)| = 0, then stop. Otherwise, compute AZK = (Ajig, Agy,
AX) € R x R x R" by

H(Z) + H' (Z") Az = B(2")e°. (3.3)
Let /x be the smallest nonnegative integer / such that
w(2k+81A5:k) < [l—a(l—y(,uo +80))51]1ﬂ(2k). (3.4)

Set Ag = 8% and z¥*1 = 2k + A A,

Step 4. Set k := k + 1 and return to Step 1.

Remark 3.1 If |[H(zX)|| > 1, then Algorithm 3.1 solves only one linear system of equa-
tions at each iteration. Otherwise, it solves two linear systems of equations at each
iteration. However, the coefficient matrices of these two systems are identical when
(3.2) is not satisfied. There are the same points as the algorithm in [13], the neighbor-
hood of the path does not appear in the algorithm, thus, it does not need a few addi-
tional computations which keep the iteration sequence staying in the given neighbor-
hood.
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To prove the convergence of Algorithm 3.1, first, define the set
Q={z=(1,6%) €Ryy X Rey x R'| 1t > B(2)100,€ > B(2)e0}.

The following lemmas show that Algorithm 3.1 is well defined and generates an infinite

sequence with some good features.

Lemma 3.1 If f is a continuously differentiable Py-function, then Algorithm 3.1 is well
defined. In addition, j; > 0, &x > 0 and z2° = (ux, ex, %) € Q for any k > 0.

Proof Sincef is a continuously differentiable P, function, then it follows from Theorem 2.1
that the matrix H'(z) is nonsingular for # > 0, & > 0. Since u > 0, &9 > 0 by the choice of an
initial point, we may assume, without loss of generality, that px > 0, &, > 0, we show that
[k > 0, & > 0. If the predictor step is accepted, then by (3.1),

fik = Be| H (2") | 120, (3.5)
& = || H(2") | €0, (3.6)
otherwise, we have z* = 2X, which means uy = [ix, £x = &x. Thus, we obtain fix > 0, & > 0.
Furthermore, H'(zX) and H'(z*) are nonsingular which means that (3.1) and (3.3) are well

defined.
Given k > 0, for any « € (0,1], let

R(e) = H(Z* + a AZ) - H(Z") — aH'(2") AZ". (3.7)

Noting H(-) is continuously differentiable, we obtain ||[R(e)|| = o(«). Then, it follows from
(3.3) and (3.7) that

|HE +aaZ)| = |H(EY) + oH (25 AZ + R(@)||
< -a)|HE)| + [R@)] +ay [HE)] ]
< U-)|HE)] +ay o +e0) [HE) | + o(@)

< [1 - (1 — v (o + 80))a] ||H(2k) || +o(a). (3.8)

Therefore, from (3.8), it shows that there exists a positive number & € (0,1] such that
for all @ € (0,&] and o € (0,1),

|H(Z +aaz")| < [1-0(1-y (ko +e0))a]|H(Z)| (3.9)
holds, which implies
v (2 +anz) < [1-0(1-y(no+ 80))(1]1[/(2]().

That is, the nonnegative /i satisfying (3.4) can be found, which demonstrates that (3.4) is
well defined.
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For k = 0, since B(z°) = y||H(2°)| < 1, we know z° € Q. Assuming now that z € Q is
true for i = 0,1,...,k, we show that it continues to hold for k + 1. If the predictor step is
accepted, then it follows from (3.5), (3.6) and (3.2) that

fix = Be| H(Z") || 1o
= ¥ (Z)mo
>y (v (2t + A24) o
= v |H (" + A2 1o

_ ﬂ(%k)’uo (3.10)

and

& = BelH(Z) ] eo
= ¥ ()0
>y (v + A%"))l/zeo
o 83 e

- ﬁ(gk)go, (3.11)
which implies

Feq. (3.12)

k

Otherwise, from z* = 2% and the inductive assumption, we obtain that (3.12) also holds.

Noting (3.3), we have

Mie1 = i + A Afig = (1= Ag) fl + A B(Z1) 1os (3.13)

ek = B + M AF = (1— 1)8k + MeB(2) 0. (3.14)
In addition, from (3.9) we know that there exists A« € (0,1) such that

[HE + 82| <[1-0(1- y(uo + eo)iu] [HE)] < [HE): 615
Therefore, it follows from (3.12), (3.13) and (3.15) that

1kt = Braibo = (L= ) + MB(2) o — v [ H(Z) | 1o
> (L= 2)B(E o + 4B (E Yo - v [ H(EZ) | o
= B(E) o~ [H(E) |10
= v [HE) o -y [H(") | 10 = 0. (3.16)
Similarly, we can obtain &x,; — Brs180 > 0. Thus, Zleq.

Since ug > 0, &0 > 0, we may assume that py > 0, & > 0 for any given k > 0. From fix > 0,
& > 0, it follows from (3.13) that 41 > 0, k41 > 0. Hence, g >0, & > 0 forany k > 0. O

Page 7 of 16
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Lemma 3.2 Suppose that the infinite sequence {z* = (ur, ex,%¥)} is generated by Algo-
rithm 3.1, then 0 < g1 < fix, 0 < ex1 < & and the sequence {|H(Z)||} is monotonically

decreasing.

Proof For any k > 0, it follows from (3.12), (3.13) and (3.14) that

st = (1= ) + B () 1o

< (= M) ke + Ml

= [k (3.17)
e = (L= 203k + 1eB(E) 20

< (1= Ap)éx + A

= &. (3.18)

If the predictor step (Step 2) is not accepted at the k-th iterate, then (3.17) and (3.18) show
the desired result. Otherwise, from (3.5), (3.6), ||[H(z¥)|| <1 and z* € €, one has

fik = Bic| H () | 1o < Brrto < 1 (3.19)

&= B H(2") | €0 < Breo < &k (3.20)

Thus, we obtain that ur < i, g1 < & hold for any k > 0.
If the predictor step (Step 2) is not accepted at the k-th iterate, then (3.15) implies that

[F )] = [HE)] = ()

’

and the desired result has been obtained. Otherwise, it follows from (3.2) and ||[H(z")|| < 1
that

|HE)] < [HE)| < [HE)].
Hence, for any k > 0, we obtain

[F )] = ()

which means the sequence {||H(zX)|} is monotonically decreasing. (]

Lemma 3.3 Assume that f is a Py-function and |1, Lo, €1, & are given positive numbers

satisfying ju1 < la, €1 < &;. Then, H defined by (2.3) has the property

lim |H(Z")| = +o0

k—+00

for any sequence {(jir, ex,x%)} such that 11 < i < iy, &1 < & < & for any k and | x*|| —
+00 as k — +o00.
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Proof We outline the proof by contradiction. Suppose that the lemma is not true. Then
there exists a sequence {z¥ = (i, &, 4%)} such that 1 < px < fo, &1 < &x < &3, ¥ (2F) <
¥ (2°) but [|x|| — oo. Since the sequence {xX} is unbounded, the index set I = {i € N :
{xf } is unbounded} is nonempty. Without loss of generality, we can assume that {|xf [} —
+0o0 for all i € I. Then the following sequence {¥*} is bounded which is defined by

K 0, i€l
xf, ¢l

R
|

Since f is a Py-function, by Definition 2.2, we have
0 < max[(xf - &) (fi (") ~£(*")]
= max [0, max[# (f(+") - /i(#)) ]}
IS

= i [fio () ~fio ()], (3.21)
where iy is one of the indices for which the max is attained, and i, is assumed, without
loss of generality, to be independent of k. Since i € I, one has {Ixﬁ) |} = +o00 as k — oo.
We now break up the proof into two cases.

Case 1. If xﬁ) — +0o as k — oo. In this case, since f;, (¥%) is bounded, we deduce from

(3.21) that fi, (xX) > f;, (x5).
If fi, (x5 <ﬁo(xk) < +00, for 0 < 1 < g < o, &1 < &k < &, letting k — oo yields

%(fio (") + 1 <ln2 + ln(l + COSh%)))

is bounded and

1 o (F
3 <f,0 (xk) + Wk (an + ln(l + coshM>)> + ekxﬁ) — +00.
223

Thus, || ®(z¥)| — +00 as k — oo.
If f;, (6X) — +00, for 0 < juy < pg < o, &1 < & < &2, we have

-k
1<ﬁ0 () + 1 <ln2 + ln<1 + coshﬁo(—x)>>> — +00
2 Mk

and

© ok
%(ﬁo (xk) + Uk (ln2 + ln<1 + coshﬁo(—x)>>> + gkxﬁ) — +00.

Mk

Thus, || ®(z¥)| — +00 as k — oo.

Case 2. xf‘o — —o00 as k — oo. In this case, since f;, (%%) is bounded, we deduce from (3.21)
that fj, (x%) < fio (x%).

If —oo < f;, (x%) <fo (%), for 0 < g < pi < tg, &1 < €x < &, we have

%(ﬁo () + 1 <ln2 + ln<1 + coshﬁoli—ik)>)>

Page9of 16
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is bounded and

1 (oK
5 <ﬁ0 (xk) + i <ln2 + ln<1 + COSth;i—t)>)> + skxﬁ) — —00.

Thus, ||P(z¥)| — +00 as k — oo.

If fi, (x*) = —o0, for 0 < U1 < i < (o, &1 < & < &5, we have

%(ﬁo () + 1 <ln2 + 1n<1 + coshﬁ(’li—ik)>)>

1, g g Yip &)
:E(ﬁo(x)+,u,k(ln(e i (2e  +1+e % ))))
fio @) ;0 &5
= %uk(ln(Ze i +1l+e i

is bounded and

.k
%(ﬁo () + 1 (an + 1n<1 + coshﬁo(—x)>)> ¥ gkxﬁ) s _oo.

Mk

Thus, || P(z¥)|| — +00 as k — oo.
In summary, we obtain ¥ (zX) — +00 as k — oo, which contradicts ¥ (zX) < v (z°), and
the proof is completed. d

Under the assumption of f being a Py-function, Lemma 3.2 and Lemma 3.3 indicate that
the level set L, (z°) defined by

L, () = {z€Riy x Ruy x R"|Yr(2) < ¥ (2°) } (3.22)

is bounded.

To obtain the global convergence of Algorithm 3.1, we need the following assumption.
Assumption 3.1 The solution S := {x € R",f(x) < 0} of (1.1) is nonempty and bounded.

Note that Assumption 3.1 seems to be the weakest condition used in the previous liter-
ature to ensure the bound of iteration sequences (see [23]).

Theorem 3.1 Assume that the infinite sequence {z*} is generated by Algorithm 3.1. Then
(a) The sequences {|H(Z)||}, {ux} and {ex} converge to zero as k — +00, and hence any
accumulation point of {x*} is a solution of (1.1).
(b) If Assumption 4.1 is satisfied, then the sequence {Z*} is bounded, hence there exists at
least one accumulation point z = (=, &+, ) with H(Z') =0 and x’ € S.

Proof By Lemma 3.2, we know that {||H(z")|} converges to /" as k — oo. Suppose that
{IIH(Z")||} does not converge to zero. Then, /" > 0 and {zX} is bounded by Lemma 3.2 and
Lemma 3.3. Assume that z° = (u-,&-,%") is an accumulation point of {z¥}. Without loss

of generality, we assume that {zX} converges to z'. Then, by the continuity of H and the
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definition of 8(-), we know that {us}, {ex} and {Bx} converge to -, &, B+ respectively and
that #" = |H(z')|| > 0. Therefore, by (3.4), we have

lim A% = 0.

k—00

On the one hand, from Step 3 in Algorithm 3.1, we get

Y+ 85T AZ) = [1- 0 (1-y (1o + £0)8% ']y (2Y),

which implies that
sk Slk_lANk _ sk .
Ve 51k_f G (1= v (1o + 0)) ¥ (29). (3.23)
Letting k — +00, we have
H(Z) H(Z) Az =~ (1-y(po +20) ¥ (2)- (3.24)

On the other hand, by (3.3), we have

H(z)+H'(z)Az=B(2)e",

ie.,
H(Z) H(Z)AZ =~y (2) + B(2)H(Z) e (3.25)
Combining (3.24) and (3.25), we deduce that
[1-0(1-y(uo +e) ] (2) < B(2)H(E) e < () usd + 3|1 (2]
which means
[1-0 (1~ v o + €)W () < BE) g + 3 [H(2)]|
<y (1o +€0)¥ (2). (3.26)

Since ||H(z")|| > 0, then

1-0 (1= y(io +¢0)) < (ko + &),

(1-0)(1-y(uo +&)) <0.

This contradicts the fact that o € (0,1) and y (1o + €0) < 1. Hence, we have #" = 0, - =
0,&- = 0. Thus, H(z) = 0, that is, x"is a solution of (1.1).

Page 11 of 16
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Next we prove (b). It follows from (a) that H(zX) — 0 as k — oco. By (2.3), one has
li =0, li =0, lim | ® ()| = 0.
Jim e dim o Jm @)l

Therefore, by the famous mountain pass theorem (Theorem 5.4 in [24]) and along the
lines of the proof of Theorem 3.1 in [23], we obtain that {x} is bounded and hence {z*}
is. Thus, {z*} has at least one accumulation point z* = (i, &+, x"). By (a), we have H(z') = 0
and - =0,8 =0,x €. O

Next, we show the local superlinear convergence of Algorithm 3.1.

Theorem 3.2 Suppose that f is a continuously differentiable Py-function, Assumption 3.1
is satisfied and " is an accumulation point of the iteration sequence {z*} generated by Algo-
rithm 3.1. Ifall V € 0H(2") are nonsingular and f'(x) is locally Lipschitz continuous around

¥, then the whole sequence {Z*} superlinearly converges to 7, i.e.,
|4 2] = o(|]* -2
and

i1 = o(), €k+1 = 0(8k).

Proof First, from Theorem 3.1, we know that z" is a solution of H(z) = 0. Then since all
V € 3H(z') are nonsingular, it follows from [19, 25, 27] that for all z* sufficiently close to

Z , we have
|1 =<

where C > 0 is a constant.
Then, since H(z) is semi-smooth at z*, H(z) is locally Lipschitz continuous near z, for

all Z* sufficiently close to z',
V(&) = [HE) = [H() -HE) ] = ol ~= ). (327)
For all z* sufficiently close to z°, we have

|25+ AZF - 2|
= |+ B (@) [H(E) + el H () ] < |
= |1 @) () ~2) - HE) + sl H ) €]
= C|H'(@)(" -2) - H() | + Bl HE) ]
= C[|H() - HE) - H (@) =2) | + B HE) [ 1e]]

=o(|& -2). (3.28)
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Thus, for z* sufficiently close to z, we obtain

Y (& + AZY) = |H(Z + AZ) ||2
= (| - a2 -£]")
=o(|#-2)
- o 1) - H )

o(¥(2")). (3.29)

Hence, for z* sufficiently close to z', we have zK*! = z€ + AzK. By (3.28), we prove that
|24 =2 = o(]]* - ='])

holds.
Next, when k is sufficiently large, then 5! = 25 + Az, so

Miel = Mk + Ay = ,BkHH(Zk) HMO»
and
Eky1 = €k + Agk = 51‘||H(Zk) ||80'

Hence, for all k sufficiently large,

2 2
)

) Eks1 = Y €0 ||H(Zk)

Wi+l =Y Ko ||H(Zk)

which, together with (3.29), yields

o e IHE
m = 11 —_— " =
koivo koo [HEZ )]

’

and
im &g IH(Z")|)?
im = —_— =
k—+00 & k— +00 ||H(Zk_1)||2
This means that 1,1 = 0(tr), x+1 = 0(gx) and the desired result follows. O

4 Numerical experiments
In this section, we test our algorithm for solving the systems of inequalities. In our imple-
mentation, we adopt the strategy in [8], the function H defined by (2.3) is replaced by

m
H(z) = H(u, &,%) = P , (4.1)

d(u, f(x)) + cex

where ¢ is a constant. It is easy to see that such a change does not destroy any theoretical
results obtained in Section 3.


http://www.journalofinequalitiesandapplications.com/content/2012/1/214

Che Journal of Inequalities and Applications 2012, 2012:214

http://www.journalofinequalitiesandapplications.com/content/2012/1/214

Table 1 Numerical results of Example 4.1

Our proposed algorithm

Smoothing algorithm [8]

st C &0 ic ip sol cpu iter sol cpu
©,07 10 05 1 2 (0.0424,-1.0101)7 0.14 23 (0.0592,-0.9961) " 1.1
a,-nT 10 04 1 2 (0.5090,-0.8655) " 0.18 26 (0.3440,-0.9392)T 13
(a,-nT 10 08 1 2 (06132,-0.7744)7 0.18 28 (0.2568,-0.9667) " 14
Table 2 Numerical results of Example 4.2

Our proposed algorithm Smoothing algorithm [8]
st C &0 ic ip sol cpu iter sol cpu
©,07 05 1 2 1 (0.0442,03356)T 012  fail fail fail
©,07 05 05 2 1 (-0.0105,0.9541)T 0.15 21 (-0.0000, 1.2045) T 0.87
a,n’ 05 0.1 2 1 (-0.0019,1.5663) " 016 21 (0.0004,1.5704)" 0.87
a,n’ 05 1 2 1 (-0.0206,0.8605) " 017 22 (0.0006,1.5698) " 0.90
Table 3 Numerical results of Example 4.3

Our proposed algorithm Smoothing algorithm [8]
st [4 &0 ic ip sol cpu iter sol cpu
onT 10 05 1 2 (0.1237,0.5902) T 0.17 fail fail fail
a,n’ 10 1 1 2 (0.0590,0.5236)" 0.16 23 (0.5023,0.5153)7 126
a,n’ 1 1 1 2 (0.4533,0.4973)7 0.20 23 (0.5274,0.5080) " 122

In our numerical experiments, the parameters used in the algorithm are chosen as fol-
lows: o = 0.06,8 = 0.3, ;ug = 1, ¥ = 0.01 min{1,1/||H(z°) | }. The algorithm terminates when

Z%)|| <1073. In the tables of test results, s¢ denotes the starting point of x°, ic denotes
gp

the corrector iteration numbers in Step 3 followed directly from Step 1, ip denotes the

predictor iteration numbers, iter denotes the iteration numbers of smoothing method (in

[8]), cpu denotes the CPU time for solving the underlying problems in seconds, and sol

denotes a solution of the test problem. In the following, we reveal a detailed description

of the tested problems.

In the following, we reveal a detailed description of the tested problems. For Exam-

ple 4.1, 4.2 and 4.3, we compare the results obtained by our method with which obtained

by smoothing method [8]. The results are summarized in Table 1, Table 2 and Table 3.

Example 4.1 [9, 10] Consider (1.1), where f = (f;,5) T with x € R? and

filx) =x% +x§ -1,

fo(x) = —xF —x3 +(0.999).

Example 4.2 [9, 10] Consider (1.1), where f = (f;,f2) " with x € R? and

Alx) =sin(xy),  flx) =

—cos(x7).

Example 4.3 [26] Consider (1.1), where f = (f;,f2) " with x € R? and

fix) =% — 0.7 sin(x1) — 0.2 cos(xy),

fo(x) = x5 — 0.7 cos(x1) + 0.2 sin(xy).

Page 14 of 16
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5 Conclusion

In this paper, we present a new smoothing and regularization predictor-corrector algo-
rithm to solve the nonlinear inequalities, the global and local convergence are obtained.
Furthermore, the smoothing parameter 1 and the regularization parameter ¢ in our algo-
rithm are viewed as independent variables. Preliminary numerical results show the effi-

ciency of the algorithm.
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