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We introduce an iterative process for finding common fixed point of finite family of quasi-Bregman nonexpansive mappings which

is a unique solution of some equilibrium problem.

1. Introduction

Let E be a real reflexive Banach space and C a nonempty
subset of E. Let T : C — C be a map, a point x € C is
called a fixed point of T if Tx = x, and the set of all fixed
points of T' is denoted by F(T'). The mapping T is called L-
Lipschitzian or simply Lipschitz if there exists L > 0, such
that |[Tx — Ty|| < L|x — yl, Vx,y € C,and if L = 1, then the
map T is called nonexpansive.

Let g : C xC — R be a bifunction. The equilibrium
problem with respect to g is to find

z € C such that g(z,y) >0, VyeC. (1)

The set of solutions of equilibrium problem is denoted by
EP(g). Thus

EP(g)={z€C:g(z,y) >0, Vy e C}. (2)

Numerous problems in physics, optimization, and economics
reduce to finding a solution of the equilibrium problem. Some
methods have been proposed to solve equilibrium problem
in Hilbert spaces; see, for example, Blum and Oettli [1],
Combettes and Hirstoaga [2]. Recently, Tada and Takahashi
[3, 4] and S. Takahashi and W. Takahashi [5] obtain weak
and strong convergence theorems for finding a common
element of the set of solutions of an equilibrium problem

and set of fixed points of nonexpansive mapping in Hilbert
space. In particular, Takahashi and Zembayashi [4] establish
a strong convergence theorem for finding a common element
of the two sets by using the hybrid method introduced in
Nakajo and Takahashi [6]. They also proved such a strong
convergence theorem in a uniformly convex and uniformly
smooth Banach space.

In 1967, Bregman [7] discovered an elegant and effective
technique for using so-called Bregman distance function D ;
see (3) in the process of designing and analyzing feasibility
and optimization algorithms. This opened a growing area
of research in which Bregman’s technique has been applied
in various ways in order to design and analyze iterative
algorithms for solving feasibility and optimization problems.

Let f: E — (—00,+00] be a convex and Gateaux differ-
entiable function. The function Dy : dom f x intdom f —
[0, +00) defined as

Di(y,x)=f(y) - f(x)=(Vf(x),y-x) (3

is called the Bregman distance with respect to f (see [8]). It
is obvious from the definition of D ¢ that

Dy (z,x) = Dy (z,y) +Dy (y,x)
+(Vf (») - Vf (x),2-y).
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2
We observed from (4) that, for any y,, ,,..., yy € E, the
following holds:
Dy (1> ¥n)
N
= 2.0 (k1)
&Ps O )

+ kz (Vf 1) = VF () > Yier = 1) -

Recall that the Bregman projection [7] of x € intdom f
onto the nonempty closed and convex set C ¢ dom f is the

necessarily unique vector Pé (x) € C satisfying

Df(Pé(x),x):inf{Df(y,x):yEC}. 6)

A mapping T is said to be Bregman firmly nonexpansive [9],
if, forall x, y € C,

(Vf (Tx) = Vf (Ty), Tx - Ty)
<(Vf(x) = Vf (), Tx - Ty),

or, equivalently,

7)

Dy (Tx,Ty) + Dy (Ty, Tx) + Dy (Tx, x) + Dy (Ty, ) ©
< D; (Tx, ) + Dy (Ty, x).

A point p € C is said to be asymptotic fixed point of a map
T, if, for any sequence {x,} in C which converges weakly to
p, lim,_llx, — Tx,| = 0. We denote by F(T) the set of
asymptotic fixed points of T. Let f : E — R; a mapping
T : C — Cis said to be Bregman relatively nonexpansive [10]
if F(T) # 0, F(T) = F(T), and D(p, T(x)) < D4(p, x) for all
x € Cand p € F(T). T is said to be quasi-Bregman relatively
nonexpansive if F(T') # @, and Dy (p,T(x)) < Dy (p, x) for all
x € Cand p € F(T).

Recently, by using the Bregman projection, in 2011 Reich
and Sabach [9] proposed algorithms for finding common
fixed points of finitely many Bregman firmly nonexpansive
operators in a reflexive Banach space:

x, € E

Q=E i=12..,N

u, € C such that

Yo =Ti(x,+¢,),

Qi )
={ze @, : (Vf(x,+€,)-Vf(5,).z2-y,) <0},
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Under some suitable conditions, they proved that the
sequence generated by (9) converges strongly to ﬂf\__]1 F(T))
and applied the result for the solution of convex feasibility and
equilibrium problems.

In 2011, Chen et al. [11] introduced the concept of weak
Bregman relatively nonexpansive mappings in a reflexive
Banach space and gave an example to illustrate the existence
of a weak Bregman relatively nonexpansive mapping and the
difference between a weak Bregman relatively nonexpansive
mapping and a Bregman relatively nonexpansive mapping.
They also proved strong convergence of the sequences gen-
erated by the constructed algorithms with errors for finding
a fixed point of weak Bregman relatively nonexpansive
mappings and Bregman relatively nonexpansive mappings
under some suitable conditions.

Recentlyin 2014, Alghamdi et al. [12] proved a strong con-
vergence theorem for the common fixed point of finite family
of quasi-Bregman nonexpansive mappings. Pang et al. [13]
proved weak convergence theorems for Bregman relatively
nonexpansive mappings, while Zegeye and Shahzad in [14, 15]
proved a strong convergence theorem for the common fixed
point of finite family of right Bregman strongly nonexpansive
mappings and Bregman weak relatively nonexpansive map-
pings in reflexive Banach space, respectively.

In 2015 Kumam et al. [16] introduced the following
algorithm:

x;=x€C

2, = Res] (x,)

Yo = VT (B (%) + (1= B,) VT (T, (2,))
Xpar = VI (0, VS () + (1 - ) V™ (T, (3)))

(10)

where T,, n € N, is a Bregman strongly nonexpansive
mapping. They proved that the sequence {x,} which is
generated by algorithm (10) converges strongly to the point
P(J;x, where Q == F(T) N EP(g).

Motivated and inspired by the above works, in this paper,
we prove a new strong convergence theorem for finite family
of quasi-Bregman nonexpansive mapping and system of
equilibrium problem in a real Banach space.

2. Preliminaries

Let E be a real reflexive Banach space with the norm | - || and
E” the dual space of E. Throughout this paper, we will assume
f: E — (-00,+00] is a proper, lower semicontinuous, and
convex function. We denote by dom f = {x € E : f(x) <
+o0o} the domain of f.

Let x € intdom f; the subdifferential of f at x is the
convex set defined by

of (x)

={x"€E" : f(x)+(x",y-x) < f(y), Vy €E},

(1)
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where the Fenchel conjugate of f is the function f* : E* —
(—00, +00] defined by

f5(x") =sup{(x",x) — f(x):x € E}. (12)
We know that the Young-Fenchel inequality holds:
(x"x) < f(x)+ f (x"), VxeE, x"€E". (13)

A function f on E is coercive [17] if the sublevel set of f is
bounded; equivalently,

lim f(x) = +o0. 14)

|lx| —=+00

A function f on E is said be strongly coercive [18] if

lim M = +00. (15)

lxl—+oo x|

For any x € intdom f and y € E, the right-hand derivative
of f at x in the direction y is defined by

£ (x,y) = lim —f (x+ty) - f (X). (16)

t—0* t

The function f is said to be Géteaux differentiable at x if
lim, 5+ ((f(x + ty) — f(x))/t) exists for any y. In this case,
f°(x, y) coincides with Vf(x), the value of the gradient Vf
of f at x. The function f is said to be Géteaux differentiable
if it is Gateaux differentiable for any x € intdom f. The
function f is said to be Fréchet differentiable at x if this limit
is attained uniformly in ||y| = 1. Finally, f is said to be
uniformly Fréchet differentiable on a subset C of E if the limit
is attained uniformly for x € C and | y|| = 1. It is known that
if f is Gateaux differentiable (resp., Fréchet differentiable) on
intdom f, then f is continuous and its Gateaux derivative
Vf is norm-to-weak” continuous (resp., continuous) on int
dom f (see also [19, 20]). We will need the following results.

Lemma 1 (see [21]). If f : E — R is uniformly Fréchet
differentiable and bounded on bounded subsets of E, then Vf is
uniformly continuous on bounded subsets of E from the strong
topology of E to the strong topology of E*.

Definition 2 (see [22]). The function f is said to be

(i) essentially smooth, if 0f is both locally bounded and
single-valued on its domain,

(ii) essentially strictly convex, if (f) ™" is locally bounded
on its domain and f is strictly convex on every convex
subset of dom df,

(iii) Legendre, if it is both essentially smooth and essen-
tially strictly convex.

Remark 3. Let E be a reflexive Banach space. Then we have
the following:

(i) f is essentially smooth if and only if ™ is essentially
strictly convex (see [22], Theorem 5.4).

(ii) @f)" = of* (see [20]).

(iii) f is Legendre if and only if f* is Legendre (see [22],
Corollary 5.5).

(iv) If f is Legendre, then Vf is a bijection satisfying
Vf = (Vf*) ™, ranVf = dom Vf* = intdom f*, and
ranVf* = dom f = intdom f (see [22], Theorem
5.10).

The following result was proved in [23] (see also [24]).

Lemma 4. Let E be a Banach space, let v > 0 be a constant, let
p, be the gauge of uniform convexity of g, and let g : E — R
be a convex function which is uniformly convex on bounded
subsets of E. Then,

(i) for any x, y € B, and & € (0, 1),
glax+(1-a)y)<ag(x)+(1-a)g(y)
—a(l=a)p (Jx -],
(ii) for any x, y € B,,

P (|x = y]) <Dy (% 9), (18)

(iii) if, in addition, g is bounded on bounded subsets and
uniformly convex on bounded subsets of E then, for any
x €E y*,z" € B,,anda € (0, 1),

V,(xay +(1-a)z")
<aV,(xy" ) +(1-a)V,(x,2") (19)

" =)

—a(l-w)p; (

Lemma 5 (see [25]). Let E be a Banach space, let v > 0 be
a constant, and let f : E — R be a continuous and convex

function which is uniformly convex on bounded subsets of E.
Then

f(i“kxk> < OZO:“kf (%) —“i“jpr(
k=0 k=0

foralli,j e NU{0}, x, € B,, o € (0,1), and k € N U {0}
with Y220 o4 = 1, where p, is the gauge of uniform convexity
of f

), (o)

|x,. ‘xj'

We know the following two results; see [18].

Theorem 6. Let E be a reflexive Banach space and let f: E —
R be a convex function which is bounded on bounded subsets
of E. Then the following assertions are equivalent:

(1) f isstrongly coercive and uniformly convex on bounded
subsets of E.

(2) dom f* = E*, f* is bounded on bounded subsets and
uniformly smooth on bounded subsets of E*.

(3) dom f* = E*, f* is Fréchet differentiable and Vf
is uniformly norm-to-norm continuous on bounded
subsets of E*.



Theorem 7. Let E be a reflexive Banach space and let f: E —
R be a continuous convex function which is strongly coercive.
Then the following assertions are equivalent:

(1) f is bounded on bounded subsets and uniformly
smooth on bounded subsets of E.

(2) f* is Fréchet differentiable and f* is uniformly norm-
to-norm continuous on bounded subsets of E*.

(3) dom f* = E*, f* is strongly coercive and uniformly
convex on bounded subsets of E*.

The following result was first proved in [26] (see also
(27]).

Lemma 8. Let E be a reflexive Banach space, let f : E — R be
a strongly coercive Bregman function, and let V be the function
defined by

V(ex™) = f(x) - (x6x7) + f7(x7),

xeE, x" eE".

(21)

Then the following assertions hold:
(1) Dy(x, Vf(x™)) = V(x,x") forall x € E and x* € E".

(2) V(x, x™) + (Vf*(x") =%, ¥") < V(x,x" + ") for all
x€Eandx*,y" € E".

Examples of Legendre functions were given in [22, 28].
One important and interesting Legendre function is (1/p)|| -
[P (1 < p < oo) when E is a smooth and strictly convex
Banach space. In this case the gradient Vf of f is coincident
with the generalized duality mapping of E; that is, Vf =
Jp (1 < p < 00). In particular, Vf = I, the identity mapping
in Hilbert spaces. In the rest of this paper, we always assume
that f: E — (—00,+00] is Legendre.

Concerning the Bregman projection, the following are
well known.

Lemma 9 (see [26]). Let C be a nonempty, closed, and convex
subset of a reflexive Banach space E. Let f : E — R be
a Gdteaux differentiable and totally convex function and let
x € E. Then

(@) z = Pé(x) if and only if (Vf(x) — Vf(z),y —z) <
0, Vy eC.

(b) Dy(y, PL(x)) + Dy(PL(x),x) <
E,yeC.

Df(y, x), Vx €

Let f : E — (—00,+00] be a convex and Gateaux
differentiable function. The modulus of total convexity of f
atx € intdom f is the function ve(x,-) : [0, +00) — [0, +00]
defined by

vy (x, 1)

=inf {D; (y,x) : y € dom f, |y - x| = ¢},

The function f is called totally convex at x if v(x,t) > 0
whenever ¢ > 0. The function f is called totally convex if
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it is totally convex at any point x € intdom f and is said
to be totally convex on bounded sets if v((B,f) > 0 for any
nonempty bounded subset B of E and t > 0, where the
modulus of total convexity of the function f on the set B is
the function vy o int dom f x [0, +00) — [0, +00] defined by

ve(Bit) = inf{vf (x,t):xeBﬂdomf}. (23)

Lemma 10 (see [29]). If x € dom f, then the following
statements are equivalent:

(i) The function f is totally convex at x.
(ii) For any sequence {y,} C dom f,

lim D¢ (y,,x)=0= lim [y, -x|=0. (24)

n—+00 n—+00

Recall that the function f is called sequentially consistent
[26] if for any two sequences {x,,} and {y,} in E such that the
first one is bounded

Jim Dy (3,x,) =0 = lim [y, —x,| =0 (25)
Lemma 11 (see [30]). The function f is totally convex on

bounded sets if and only if the function f is sequentially
consistent.

Lemma 12 (see [31]). Let f : E — R be a Gateaux
differentiable and totally convex function. If x, € E and the
sequence {Df(xn,xo)} is bounded, then the sequence {x,} is
bounded too.

Lemma 13 (see [31]). Let f : E — R be a Gateaux
differentiable and totally convex function, x, € E, and let C
be a nonempty, closed, and convex subset of E. Suppose that
the sequence {x,} is bounded and any weak subsequential limit

of {x,} belongs to C. If D ¢(x,, x,) < Df(Pé(xo),xo)for any
n € R, then {x,} converges strongly to Péc (x0)

Lemma 14 (see [32]). Let E be a real reflexive Banach space,
let f: E — (—00,+00] be a proper lower semicontinuous
function, and then f* : E* — (00, +00] is a proper weak”
lower semicontinuous and convex function. Thus, for all z € E,
one has

Dy <z, vf* <Zt,.Vf (x,.)>) < Zt,-Df (z,x;).  (26)

In order to solve the equilibrium problem, let us assume
that a bifunction g : C x C — R satisfies the following
conditions [1]:

(A1) g(x,x) =0,Vx € C.

(A2) g is monotone; that is, g(x, y) + g(y,x) <0, Vx, y €
C.

(A3) lim sup; o glx+t(z—x),y) <glx,y) Vx,z,y € C.

(A4) The function y — g(x,y) is convex and lower
semicontinuous.
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The resolvent of a bifunction g [2] is the operator Resg :E—
2€ defined by

Res) (x) ={z € C: g(z,y)

+(Vf (2) -

From Lemma 1,in [33],if f : (0o, +00] is a strongly coercive
and Géteaux differentiable function and g satisfies conditions
(A1)-(A4), then dom (Resg ) = E. The following lemma gives

some characterization of the resolvent Resg .

(27)
Vf(x),y—z) >0, Vy€C}.

Lemma 15 (see [33]). Let E be a real reflexive Banach space
and let C be a nonempty closed convex subset of E. Let f : E —
(—00, +00] be a Legendre function. If the bifunction g : C x
C — R satisfies the conditions (Al)-(A4), then, the following
hold:

. f oo s _
(i) Res g 1S single-valued.
(ii) Resy is a Bregman firmly nonexpansive operator.

EP(g).
(iv) EP(g) is closed and convex subset of C.

(iii) F(Resg ) =

(v) For all x € E and for allq € F (Resj; ), one has
Dy (q, Resg (x)) + Dy (Resg (x), x) <Ds(g.x). (28

Lemma 16 (see [34]). Let {a,} be a sequence of nonnegative
real numbers satisfying the following relation:

A < (1-a,)a, +a,0, n=ng, (29)

where {a,} C (0,1) and {5,} is a real sequence satisfying the
following conditions:

1% = 0
o0
Y =00, (30)
n=1
as limsup§, < 0.
n—-o00
Then, lim,,_, a, = 0.

Lemma 17 (see [35]). Let {a,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such that a, <
a1 for all i € N. Then there exists a nondecreasing sequence
{m;} < N such that m;, — oo and the following properties are
satisfied by all (sufficiently large) numbers k € N:

D < Amer1>

31)

@ < mk+1

In fact, m = max{j < k:a; <a;,}

3. Main Results

We now prove the following theorem.

Theorem18. Let C be a nonempty, closed, and convex subset of
a real reflexive Banach space E and f : E — R a strongly coer-
cive Legendre function which is bounded, uniformly Fréchet
differentiable, and totally convex on bounded subset of E. For
each j = 1,2,...,m, let g; be a bifunction from C x C
to R satisfying (A1)-(A4) and let {TX|} be a finite family
of quasi-Bregman nonexpansive self-mapping of C such that
F = (X, F(T;) # 0, where F = F(TyTyn_ Ty -~ T,T}) =
F(T,TNTy Ty Ty) = -+ = F(Ty_Tn_y - T, T, Ty) #
0 and Q = (ﬂ EP( g])) NF # 0. Let {x,},2, be a sequence
generated by x, = x € C, C, = C, and

x, €C

_ f . _
Ui, —Resgjx j=123,....m

Y= Po (V" ((1 =) Vf (7))

Xnt1 = PC (Vf* (ﬁnvf (yn) + (1 - ﬁn) Vf (T[n]yn))) >
where T,y = Tymoany and {a,},2, € (0,1) and {ﬁn 1
[c,d] c (0,1) satisfying lim =0and Y2, 0.

Then {x,},>, converges strongly to Pé(x), where Pé is the
Bregman projection of C onto Q).

(32)

n—00 i’l

Proof. Let p = Pé € Q) from Lemma 15; we obtain

Dy (p, uj’n) =Dy (p, Resgjxn> <D (p,x,)- (33)

Now from (32), we obtain
Df (p’ yn) < Df (P’ Vf* ((1 - ‘xn) Vf (uj,n)))
=Dy (P’ Vf* (“nvf 0)+(1-a,) Vf (”j,n)))
<a,Df(p0)+ (1~ a,) Dy (p,uj)n)
= ‘Xan (p,()) + (1 - ‘xn)Df (P’xn)'
Also from (32), (26), and (34), we have
Df (p’ xn+1)
< Df (p’ Vf* ((1 - ﬁn) Vf (yn) + anf (T[n]yn)))
< (1 - ﬁn) Df (p’yn) + ﬁan (P T[n]yn)
(35)
(
+(

(34)

S(l_ﬁn)Df(P’yn)"'ﬁan P’y)
=Df(p’yn)S“an(P>0) 1- ‘xn)Df(p’xn)

< max {Df (p,0),Dy (p,xn)}.

Thus, by induction we obtain

Dy (P, %,01) < max{Ds (p,0),Ds (p.x,)} 5



which implies that {x,} is bounded and hence {y,}, {T},; y,.},
{T(yx,}, and {uj)n} are all bounded for each j = 1,2,...,m.
Now from (32) let z,, == Vf*((1 - ocn)Vf(uj,n)). Furthermore
since «,, — 0 as n — 00, we obtain

(-7 ()] — 0

as n — O0.

19/ () = Vf ()] = @,

(37)

Since f is strongly coercive and uniformly convex on
bounded subsets of E, f* is uniformly Fréchet differentiable
on bounded sets. Moreover, f* is bounded on bounded sets;
from (37), we obtain

lim

n—o00

zZ, - uj)n“ =0. (38)

On the other hand, in view of (3) in Theorem 6, we know that
dom f* = E* and f" is strongly coercive and uniformly con-
vex on bounded subsets. Let s = sup {[Vf (y,)Il, [V (T}, v, )1}
and p; : E* — R be the gauge of uniform convexity of the
conjugate function f*. Now from (32) and Lemmas 4 and 8,
we obtain

Dy (p,ya) < Dy (p>2,) =V (P, Vf (2,))

<V (p, Vf (2,) + o, Vf (p))
+a, (=Vf (p)>2,— P)

=Dy (pVf" (1~ ) Vf () + 2,9 (p)))
+a,Vf (p) + o, (=Vf (p) 2, - P)

<a,Df(p.p) + (1= a,) Dy (pou;)
+a, (=Vf (p)>2,— p)

< (1-a,) Dy (p>x,) + 0, (=Vf (p) 2, = P)>

(39)

Dy (P xp11)

<Dy (p.Vf* (1= Bo) VS (3) + BuVF (Tiyya)))

=V (P, (1= B) Vf () + BuYSf (Tyy )

= £ (p) =P (1= B) VS (3) + BV (T ya))
+ =BV (ya) + BVS (T )

<(1-B,) f(p)+B.f (p)
= (1= B) P Vf (7)) = Bu (VS (T yn))
+ (1= B) £ (Vf (Tyy )

+ ﬁnf* (Vf (T[n]yn))
- ﬁn (1 - ﬁn) Ps* ("Vf (yn) - Vf (T[n]yn)")
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=(1=B)V (£ Vf (7)) + BV (p VS (Tiy y))
=B (1= B) o ([VF () = Vf (Tipa)l)
= (1= B) Dy (P y4) + BuDy (0 Ty )
=B (1= B) o ([9F () = Vf (Tppa)l)
< (1= B,) Dy (P y4) + BiDy (P> 32)
=B (1= B) o ([9F () = Vf (Tppa)l)
=Dg (P, ya)
=B (1= B) o ([VF () = Vf (Tppa)l)
<(1-a,) Dy (p,x,) + e, (~Vf (p) 2, — p)

- :8n (1 - /jn) Ps* ("Vf (yn) - Vf (T[n]yn)")
(40)

S(l_ocn)l)f(p’xn)-’—(Xn<_Vf(p)’zn_P>' (41)

Now, we consider two cases.

Case 1. Suppose that there exists 1, € N such that {D ¢ (p, x, )}
is nonincreasing. In this situation {D((p, x,,)} is convergent.
Then from (40) we obtain

/jn (1 - ﬁn) ps* ("vf (yn) - Vf (T[n]yn)“) —0
(42)

which implies, by the property of p, and since 3, € [c,d] ¢
(0, 1),

Since f is strongly coercive and uniformly convex on
bounded subsets of E, f* is uniformly Fréchet differentiable
on bounded sets. Moreover, f* is bounded on bounded sets;
from (43), we obtain

Jim ||y, = Tyl = 0. (44)
Now from (4), we obtain
Dy (¥ Tpy )
= D¢ (p. Ty yn) = Dy (P )
+(Vf (Tiayn) = Vf () 2 = y) (45)
< D¢ (p,yu) =Dy (P> y0)
+(Vf (Tia ) = Vf ()2 = y)

and therefore
Df (yn’ T[n]yn)
< "Vf (yn) - Vf (T[n]yn)" "P - yn“ —0 (46)

as n — 0.
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Also, from (28) in Lemma 15, we have

Dy (x,,, uj,,,) =Dy (xn, Resgjxn)

<Dy (p,Resg;jxn) - D¢ (p.x,) @)
<D (p,x,) - Dy (p.x,) — 0
as 1 — 00.
Then, we have from Lemma 10 that
;}Lngo X, — uj)n" =0. (48)

Also, from (b) of Lemma 9, we have
Dy (¥ Pcz,) = Dy (Y0 2)
= Dy (3 VF* (VF (0)+ (1= 0,) VF (u;)))
< a,D; (3,,0) + (1= a,) Dy (3,01, (49)
<a,Ds (9,,0) + (1 - ,) D (uj)n, uj)n) —0
as n — 00.
Then, we have from Lemma 10 that
lim |y, - z,[ = 0. (50)
From (38) and (48), we obtain
lim [x, - z,] = 0. (51)
From (50) and (51), we obtain
lim lx, - y,] = 0. (52)

Since f is strongly coercive and uniformly convex on
bounded subsets of E, f* is uniformly Fréchet differentiable
on bounded sets. Moreover, f* is bounded on bounded sets;
from (52), we obtain

lim [[Vf (x,) - Vf (z,)] = 0. (53)
Also from (44) and (52)
lim lx, = Ty 3] = 0. (54)
Now from (4) and (34), we obtain
Dy (%, ¥,) = Dy (P> y,) = Dy (P, x,,)
+(Vf (%) = Vf (7) P = %)
<o, Dy (p,0) + (1 -a,) Dy (psx,)
-Dy (p,x,) (55)
+{Vf (%) = Vf (7) P — %)
= a, (D (p,0) =Dy (p.x,))

+ <Vf (xn) - Vf (yn)’p _xn>;

therefore, from (53), we obtain
Dy (x5 yu) < , (Df (p,0) = D (p, x,))
198 () = 9 Gl o = 5 — 0
as n — 0.
Also
Dy (%, Tpyy )
=Dy (P T yn) — Dy (p,x,)
+ (VS (%) = Vf (T yn) » P = %)
<Dy (P> y) — Dy (p>x,)
+ (VS (%) = Vf (T yn) » P = %)
<a,Dy(p,0) + (1 -a,) - Df (p,x,)
+ (VS (%) = Vf (T yn) > P = %)
=, (Df (p,0) =Dy (p, xn))
+(Vf (%) = Vf (Tpyyn) » p = %) 5
thus
Dy (% T[n]yn)
<a, 'Df (p,0) =Dy (p, xn)'
+ |V (Tigya) = Y (x)[ lp = x4 — 0
as 1 — 0.
Also, from (56)
Dy (Tyy%p Ty ¥n) < Dy (% ¥) — 0
as 1 — 0.
Then, we have from Lemma 10 that
Tim [T, = Ty pa]| = 0.
Then from (32) and (44), we have
IVF (i) = VF ()
= BulVf (Tpyya) = Vf ()| — 0 as n— co.
This implies
[ni1 =2l — 0 asn— oo,
It = Tigall < 60 = all + 13 = T 3
+ [ Ti 3 = Trxalls
from (44), (52), and (60), we obtain

,,11{20 "xn - T[n]Xn" =0.

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)



This implies that
lim [[Vf (x,,) = Vf (Tjx,)|| = 0. (65)

Also from (52) and (62), we obtain
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as n — 00. Hence

,,11{20 "xn+N X ” - (68)

From the uniformly continuous Vf, we have from (66)
that

lim [|[Vf (1) = Vf (x,)] = (69)

n—o00

From (4), (35), and (69), we obtain

Xpr1 ~ Xnll S [ Xpr1 = Yall T lIVn — X —0
o =5 < P =l < | (66) Dy (x> Xpe1) = Dg (P, Xpi1) = Dy (P %)
as n — 00.

+ <Vf (xn) - Vf (xn+) P~ xn>

But S0‘71Df (p’0)+(1_‘xn)Df (P’xn) (70)
- Df (p’ xn)

I = Xall < 1% = et |+ %o = Xenoa| 67) +(Vf (x,) = Vf (x,41) > P — X,) »
oot Xy = x| — 0, which implies
Df (xn’ xn+1) < &, |Df (p’ ) Df p’ ' + ”Vf (xn+1) Vf (xn)" "p X “ —0 as n — 09. (71)

Also from quasi-Bregman nonexpansivity of T}, we have

Df (T[n]xn>T[n]xn+l) < Df (xn’ xn+1) —0
(72)
as n — 09,
which implies
nan(;lo ”T[n] Xn ~ T[n]xn+1” =0, (73)

and from the uniform continuous Vf, we obtain
lim [Vf (Tjyx,) = Vf (T Xpad)|| = 0. (74)
Also from (4) and (64), we obtain
Dy (% T[n]xn)
=Dy (p, Tyyx,) — Dy (ps x,,)
+ (VS (%) =V (T %) = %)
< D¢ (p,x,) = Dy (p x,) (75)
+ (VS (%) =V (T %) = %)
< |Vf (Ty,) = VF ()| lp - %, — 0
as n — 00.
From (64), (66), and (73), we obtain
I = Tiwryxall < loew = Xpirll + [%0i1 = Twiny X

+ ||T[n+1]xn+1 - T[n+1]xn“ —0 (76)

as n — 00,

which from uniform continuous Vf implies
nlgglo "Vf (T[n]xn) - Vf (T[n+1]xn)" =0, (77)
and from (4) and (77), we obtain

Df ('xn’ T[n+1]'xn)
< Df (p’T[nH]xn) - Df (p’ xn)
+ <Vf (xn) - Vf (T[n+1]xn) sP— xn)

(78)
= Df (P’xn) _Df (p’xn)
+ "Vf (T[n+l]xn) - Vf (xn)” ”p - xn" —0
as n —> O00.
From (4), (71), (77), and (78)
Df (xn+1’T[n+1]xn)
= Df (xn+1’ ) + Df (X Tn+1]xn)
+ <Vf (T[n+1]xn) - Vf (xn) » Xy — xn+1>
(79)

< Df (xn+1’ ) + Df (X Tn+1]xn)

+ "Vf (T[n+1]xn) - Vf (xn ” ”xn - xn+1" —0

as 1 — O0O.
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Also from (4), (71), and (79)

Df (xn’ T[n+1]xn) = Df (xn’xn+l) + Df (xn+1’T[n+1]xn) +

= Df (xn’xn+1) + Df (xn+1’T[n+1]xn) + ”Vf (T[n+1]xn) - Vf (xn+1)|l |lxn+1 - xn" — 0 asn-— oo.

Using the quasi-Bregman nonexpansivity of T}; for each
i, we obtain the following finite table:

Dy (%eno T(n+N)xn+N—1) — 0 asn-—o00

D f (T(n+N)xn+N—1> T(n+N)T(n+N—l)xn+N—2) —0

asn— oo

(81)

D¢ (Teny Ty Xnst> Tonsny = Ty %) — 0

as n — 0o.
Then, applying Lemma 10 on each line above, we obtain

XN = TnsnyXnin-1 — 0 asn— 00

Ty Xnien-1 — Tooeny TinsN-1)Xnen—2 — O

as n — oo
(82)

Tony ToneyXner = Toeny - TineyXn — 0

as n — 00,
and adding up this table, we obtain

XpeN ~ T(n+N)T(n+N—1) T T(n+1)xn — 0
(83)

as n — O0.

Using this and (68), we obtain

nanc}o “‘xn - T(n+N)T(n+N—1) Tt T(n+1)xn|| =0. (84)
Also from quasi-Bregman nonexpansivity of T;, for each i,
we have

Dy (T(n+N) Tonen-1) *** Tine)%m Tonen) Tinen-1

(85)
Tiuen)Yn) < Dg (%, ¥,) — 0,
as 1 — 00. Then, we have from Lemma 10 that
Ty Tnin-1) * Tinr1)%n
=Ty Tinin-1)* Tns)Vn — 0 (86)

as n — 0Q.

9
<Vf (anrl) - Vf (T[n+1]xn+l) > Xpy1 — xn)
(80)
Since
"yn - T(n+N)T(n+N—1) e T(n+1)yn" < ||yn - xn“ + “xn
=Ty Tinen-1) - - + T(n+1)xn||
(87)

+ | Tosmy Tonsn-1) = Tns1) X

T(n+1)yn“
then, from (52), (84), and (86), we obtain

o T(n+1)yn|| =0. (88)

- T(n+N) T(n+N 1)

nli_{}}o Iy, - Tieny Tinen-1)

Following the argument from (85), (86), and (88) by replacing
y, with z, and using (51), we obtain

lim |z,

n—00

= Ty Tinen-1) - Tlus1)Znl = 0. (89)

Let {xni} be a subsequence of {x,}. Since {x,} is bounded
and E is reflexive, without loss of generality, we may assume
that x,, — g for some g € F and since x,,—z,, = 0asn — 09,
then z, — g. Since the pool of mappings of Tj,; is finite,
passing to a further subsequence if necessary, we may further
assume that, for some i € {1,2,..., N}, from (89), we get

w— Lieny  Tis1)Zn, — 0 asi— 00,  (90)
and also
lim sup (-Vf (p) .z, - p)
n—00
(91)
= lim (~Vf (p),z, - p)-
Noticing that u;,, = Resgj(xn) foreachj=1,2,...,m,we
obtain
gj (uj,n’ y) + <)’ - uj,n’vf (uj,n) - Vf (xn)> =0, (92)
Yy eC.
Hence
95 (> 9) + (¥ = 1 Y (1,) = VS () 2 0, (93)
Vy e C.
From (A2), we note that, for each j = 1,2,...,m
ly—u, |9 (5,) = ¥F ()]
T,
(94)
2 (v =t VS () = Vf (%)) 2 ~g; ()

2 g; (y,uj)ni), Vy eC.
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Taking the limit as i — co in above inequality and from (A4)
andu;, — g, we have g;(y,q) < 0foreach j = 1,2,.

For 0 < t<l and y € C, deﬁne v =ty +(1-1t)q. Not1c1ng
that y,q € C, we obtain y, € C, whichyield that g;(y,,q) < 0.
It follows from (A1) that

0=9g;(yoy) <tg;(ypy) + (1 =1)g; (¥-9)
(95)

<tg; (¥ ).

That is, for each j = 1,2,...,m, we have g;(y,, y) > 0.
Lett | 0; from (A3), we obtain g;(g, y) > Oforany y € C,
for each j = 1,2,...,m. This implies that g € ﬂ EP(g)).

Hence g € Q. It follows from the definition of the Bregman
projection that

lierSOEP (-Vf(p).z,— p) = llgglo <—Vf (P))Zn,. - P>

<(-Vf(p),qa-p) <0

It follows from Lemma 16 and (41) that Df(p, x,) — Oas
n — 00. Consequently, from Lemma 10, we obtain x, — p
asn — 0.

Case 2. Suppose D ( p, x,) is not monotone decreasing
sequences; then set ®, = D (p,x Yandlet 7 : N — N be
a mapping defined for alln > N, for some sufﬁc1ently large
N, by

7(n) =max{k e N:k<n &, <D, }. (97)
Then by Lemma 17 7(n) is a nondecreasing sequence such

that 7(n) — coasn — coand @,y < Dy, forn > Nj.
Then from (40) and the fact that «,,,, — 0, we obtain that

Ps* ("Vf (y‘r(n)) - Vf (T[T(n)]) y‘r(n) ”) —0

as 7 (n) — oo.

(98)

Following the same argument as in Case 1, we obtain
Yty = Tieny = Trn) Yoy — 0 as 7(n) — 00, (99)

and also we obtain

lim sup <_Vf (p) ’y‘r(n) - p> <0.

7(n)—00 (100)
Then from (41), we obtain that
0 < Dy (P Xeguyr1) = Dy (s X))
(101)

< % (n) (<_Vf (p) > Ven) — P) - Df (p’xr(n))) .

It follows from (101) and @,, < @, ,;,1, &,y > O that

Df (P’ x‘r(n)) < <_Vf (p) ’y‘r(n) - P> — 0, (102)
as 7(n) — oo. Thus
lim ® )= lim ®,,., =0. (103)

T(n)—o00 17(n)—00

Journal of Operators

Furthermore, for n > Ny, if n # 7(n) (i.e., 7(n) < n), because
®; > @, for 7(n) + 1 < j < n. it then follows that for all
n > N, we have

0< q)n < max {q)r(n)’ q)‘r(n)+1} = q)'r(n)+1' (104)

This implies that lim,_,,,®, = 0, and hence D(p, x,) — 0
asn — 00. Consequently, from Lemma 10, we obtain x,, — p
as n — 00. Therefore from the above two cases, we conclude
that {x,} converges strongly to p € Q and this completes the
proof. O
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