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THE UPPER OPEN GEODETIC NUMBER OF A GRAPH

GORNJI OTVORENI GEODETSKI BROJ GRAFA

Summary: For a connected graph G of order
n, a set S of vertices of G is a geodetic set of G if
each vertex v of G lies on a x-y geodesic for some
elements x and y in S. The minimum cardinality of a
geodetic set of G is defined as the geodetic number
of G, denoted by g(G). A geodetic set of cardinality
g(G) is called a g-set of G. A set S of vertices of a
connected graph G is an open geodetic set of G if
for each vertex vin G, either v is an extreme vertex
of Gand v € S; or vis an internal vertex of an x-y
geodesic for some x,y€ S. An open geodetic set of
minimum cardinality is @ minimum open geodetic
set and this cardinality is the open geodetic
number, 0g(G). An open geodetic set S in a
connected graph G is called a minimal open
geodetic set if no proper subset of S is an open
geodetic set of G. The upper open geodetic number
0g*(G) of G is the maximum cardinality of a
minimal open geodetic set of G. It is shown that, for
a connected graph G of order n, og(G)=n, if and
only if og*(G)=n, and also that og(G)=3 if any only
if og*(G)=3. It is shown that for positive integers a
and b with 4 <a <b, there exists a connected graph
G with 0g(G) =a and og*(G)=b. Also, it is shown
that for positive integers a, b, ¢ with 4 <a <b <c
and b < 3a, there exists a connected graph G with
g(G)=a, og(G)=b and og*(G)= c.
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Pesume: 3a nosesanu epagp G peoa n, ckyn S
ugoposa 00 G je eceooemcku ckyn 00 G ako ceaxu
ugop v 00 G nexcu na X-y eeode3ujckoj auHuju 3a
Hexe enemenme X u'y y S. Munumanina kapOunaiocm
eeodemckoe ckyna 00 G degunuwe ce kao eeodemcku
6poj 00 G, u osznauasa ce ca §(G). I'eodemcku cxyn
kapounanocmu §(G) ce naszuea g-ckyn 00 G. Cxyn S
ugoposa nogezanoe epaga G npeocmasma omeopenu
eeooemcku ckyn y G ako je 3a ceaxu ueop v oo G, unu
v excmpemnu ugop y G, a VE S; wiu je v ynympauirou
ugop 2eodesujcke aunuje X-y npu uemy X,y € S. Omeo-
penu 2e00emcKu CKyn MUHUMAIHe Kapou-HATHOCMU je
MUHUMATHU — OMBOPeHU 2e00emcKu CKyn, d ma
KApOUHATHOCM  NPedCmasbad OMEOPeHU  2e00enCKu
6poj, 00(G). Omeopenu 2eodemcku ckyn S 'y
nogesanom zpagyy G nazuea ce MUHUMATHU OMBOPEHU
2e00emcKu  ckyn ako npasu noockyn y S nije
omeopenu eeodemcku ckyn 'y G. T'opwu omeopenu
ceodemcku  6poj 09 (G) 00 G mpe-ocmeamwa
MAKCUMATHY KAPOUHATHOCH MUHU-MATIHOZ OMEOPEHO2
2eodemckoe ckyna y G. [lokasano je da 3a nogesanu
epagh G peda n sasxcu 0g(G)=n, ako u camo axo je
0g*(G)=n, u maxohe da je 0g(G)=3 axo u camo axo je
09" (G)=3. Iokazano je da 3a nozumueue yujene
6pojese a i 6 ca ocobunom 4 < a < b, nocmoju
nogesanu 2pagp G ca ocobunama 09(G) =a, i
09" (G)=b. Taxohe je noxa-3ano oa 3a nozumushe
yujene bojese a, b, ¢ ca ocobunama 4 <a<b<cib<
3a, nocmoju nose-sanu epagh G ca ocobunama (G)=a,
0g(G)=b, i og*(G)=c.

Kbyune pujeun: ceooemcku, ceooemcku o6poj,
omeopenu 2eodemcku Opoj, 20prU  OMEOpPeHU
2eodemcku 6poj.
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1. INTRODUCTION

By a graph G=(V,E), we mean a finite undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For basic graph
theoretic terminology we refer to Harary [6] and we refer to [1] for results on distance in
graphs. The distance d(u,v) between two vertices u and v in a connected graph G is the length
of a shortest u-v path in G. An u-v path of length d (u,v) is called an u-v geodesic. It is known
that this distance is a metric on the vertex set of G. The neighborhood of a vertex v is the set
N (v) consisting of all vertices which are adjacent with v. A vertex v is an extreme vertex of G
if the subgraph induced by its neighbors is complete. A vertex is an end- vertex if its degree is
1. For a cut- vertex v in a connected graph G and a component H of G—v, the subgraph H and
the vertex v together with all edges joining v and V(H) is called a branch of G at v. A
geodetic set of G is a set S of vertices of G such that every vertex of G is contained in a
geodesic joining some pair of vertices in S. The geodetic number g(G) of G is the cardinality
of a minimum geodetic set. The geodetic number of a graph was introduced in [7] and further
studied in [3,4,5,8]. A vertex x is said to lie on a u-v geodesic P if x is a vertex of P and x is
called an internal vertex of P if x # u, v. We denote by I[u, v] the set of all vertices lying on a
u-v geodesic. If x is an internal vertex of an u-v geodesic, we also use the notation x € I(u,v).
A set S of vertices in a connected graph G is an open geodetic set if for each vertex v in G,
either v is an extreme vertex of G and v € S; or v is an internal vertex of an x-y geodesic for
some Xx,yeS. An open geodetic set of minimum cardinality is a minimum open geodetic set
and this cardinality is the open geodetic number og(G) of G. The open geodetic number of a
graph was introduced and further studied in [3, 9]. Throughout the following G denotes a
connected graph with at least two vertices.

The following theorems are used in the sequel.

Theorem 1.1. [3] Every geodetic set of a connected graph contains its extreme
vertices. Also, if the set S of all extreme vertices of G is a geodetic set, then S is the unique
minimum geodetic set of G.

Theorem 1.2. [8] Let G be a connected graph with a cut-vertex v. Then every
geodetic set of G contains at least one vertex from each component of G-v.

Theorem 1.3. [9] Every open geodetic set of a graph G contains its extreme vertices.
Also, if the set S of all extreme vertices of G is an open geodetic set, then S is the unique
minimum open geodetic set of G.

Theorem 1.4. [9] For any tree T, the open geodetic number og(T) equals the number
of end vertices of T. In fact, the set of all end vertices of T is the unique minimum open
geodetic set of T.

Theorem 1.5. [9] Let G be a connected graph with a cut-vertex v. Then every open
geodetic set of G contains at least one vertex from each component of G-v.

Theorem 1.6. [3] Let G be a non-trivial connected graph that contains no extreme
vertices. Then og(G) > 4.

Theorem 1.7. [3] For every connected graph G with no extreme vertices,
max{g(G),4} <og(G)< 39(G).

2. THE UPPER OPEN GEODETIC NUMBER OF A GRAPH

Definition 2.1. An open geodetic set S in a connected graph G is called a minimal
open geodetic set if no proper subset of S is an open geodetic set of G. The upper open
geodetic number og*(G) of G is the maximum cardinality of a minimal open geodetic set of G.

Example 2.2. For the graph G given in Figure 2.1, it is easily verified that no 3-
element subset of vertices is an open geodetic set. The set S={vi,vs, 5,17} IS an open geodetic
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set of G and so og(G)=4. Also, it is easy to see that S is the unique minimum open geodetic set
of G. The set S’ ={w1,v»,v3,v4,v7} is an open geodetic set of G. Since S is not a subset of S’
and no 4- element subset other than S is an open geodetic set of G, it follows that S’is a
minimal open geodetic set of G. It is also easily seen that S’is the unique minimal open
geodetic set of G. Thus og™(G)=5.

vl
ug 4 vr
g

G
Figure 2.1

-~

Remark 2.5. cvery mmminum upen yevueuc sew ol @ yrapn G is a minimal open
geodetic set of G and the converse is not true. For the graph G given in Figure 2.1,S" = {v-
1,V2,v3, V4, V7 } IS @ minimal open geodetic set but not a minimum open geodetic set of G.

The following proposition is clear.

Proposition 2.4. For the complete graph G = K, (n > 2), og(G)=0g" (G)=n.

Theorem 2.5. If G is a connected graph of order n, then 2 <o0g(G) <og*(G) <n.

Proof. Any open geodetic set needs at least two vertices and so og(G)=2. Since every
minimal open geodetic set is an open geodetic set, 0g(G) < og*(G). Also, since V(G) is an
open geodetic set of G, it is clear that og™(G) <n. Thus 2 < 0g(G) <og*(G) <n.

Remark 2.6. The bounds in Theorem 2.5 are sharp.

For any non-trivial path P, og(P)=2. For any non-trivial tree T, the set of all end
vertices of T is the unique minimum open geodetic set of T so that og(T)=og"(T). For the
complete graph K,, og*(Kn)=n for n > 2. Also, all the inequalities in the Theorem 2.5 are
strict. For the graph G given in Figure 2.1, 09(G)=4, og*(G)=5 and n =7.

Theorem?2.7. For a connected graph G of order n, og(G) = n if and only if og™(G)=n.

Proof. Let og™(G) = n. Then S=V(G) is the unique minimal open geodetic set of G.
Since no proper subset of S is an open geodetic set, it is clear that S is the unique minimum
open geodetic set of G and so og (G)= n. The converse follows from Theorem 2.5.

Corollary 2.8. If G is a graph of order n such that og(G) = n -1, then og*(G) = n -1.

Problem 2.9. Characterize graphs G of order n for which 0og(G) = 0og™(G) = n -1.

Theorem 2.10. No cut-vertex of a connected graph G belongs to any minimal open
geodetic set of G.

Proof. Let S be any minimal open geodetic set of G. Let ve S. We prove that v is not a
cut-vertex of G. Suppose that v is a cut-vertex of G. Let G1,Gy,..., G¢ (k>2) be the
components of G —v. Then v is adjacent to at least one vertex of each G; for 1<i <k. Let S'=
S—{v}. We show that S’ is an open geodetic set of G. Let x be a vertex of G. If x is an extreme
vertex of G, then x=v and so by Theorem 1.3, x € S’. If x is not an extreme vertex, then,
since S is an open geodetic set of G, x € I(u,w) for some u,weS. If v£u,w, thenuw € S". Ifv
= u, then v =w. Assume without loss of generality that we G;. By Theorem 1.5, S contains a
vertex w'from G; (2<i<k). Then w' #v. Since v is a cut-vertex of G, we have I(w,u) c
I(w,w"). Hence x el(w,w’), where w, w' e S’". Thus S’is an open geodetic set of G. This
contradicts that S is a minimal open geodetic set of G.
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Corollary 2.11. For any tree T with k end- vertices, og(T) = og™(T) = k.

Proof. This follows from Theorems 1.3, 1.4 and 2.10

Lemma 2.12. Let G be a connected graph. If G has a minimal open geodetic set S of
cardinality 3, then all the vertices in S are extreme.

Proof. Let S = {u,v,w} be a minimal open geodetic set of G. Then og(G) <3. Suppose
that the vertex w is not extreme. We consider three cases.

Casel. u and v are non-extreme. Then u,v,w are all non-extreme and by Theorem 1.3,
G has no extreme vertices. Hence by Theorem 1.6, we see that og(G)>4, which is a
contradiction.

Case 2. u is extreme and v is not extreme. Since S is an open geodetic set of G, we
have v e I(u,w) and we I(u,v). These in turn, give d(u,w) > d(u,v) and d(u,v) > d(u,w). Hence
d(u,w) >d(u,w), which is a contradiction.

Case 3. u and v are extreme. Since S is an open geodetic set of G, we have w < |
(u,v). Let d(u,v) = k and let P be a u-v geodesic of length k, d (u,w) = 1; and d(w,v) = I,. Then
I, + I, =k Let P’ be the u-w subpath of P and P" the w-v subpath of P. We prove that S’ =
{u,v} is an open geodetic set of G. Let x be any vertex of G such that x ¢ S'. Since S =
{u,v,w} is a minimal open geodetic set of G with w non-extreme, u and v extreme, it follows
that u and v are they only two extreme vertices of G. Hence x is not extreme. Since S is an
open geodetic set of G, we have x I(u,v) or x el(u,w) or xel(v,w). If x el(u,v), there is
nothing to prove. If xe I(u,w), let Q be a u-w geodesic in which x lies internally. Let R be the
u-v walk obtained from Q followed by P". Then the length of R is k and so R is a u-v geodesic
containing X. Thus x € I(u,v). Similarly, if xe I(v,w), we can prove that xe I(u,v). Hence S’is
an open geodetic set of G, which contradicts that S is a minimal open geodetic set of G. This
completes the proof.

Theorem 2.13. For a connected graph G, og(G) = 3 if an only if og™(G) =3.

Proof. Let og(G) = 3. Let S be a minimum open geodetic set of G. Since every
minimum open geodetic set is also a minimal open geodetic set, by Lemma 2.12, all the three
vertices in S are extreme. Hence it follows from Theorem 1.3 that S is the unique minimal
open geodetic set of G so that og™(G)=3. Conversely, let og*(G)=3. Let S’ be a minimal open
geodetic set of G of cardinality 3. By Lemma 2.12, all the vertices in S’ are extreme. Hence it
follows form Theorem 1.3 that S’is the unique minimum open geodetic set of G so that og
(G) =3.

Theorem 2.14. For every two positive integers a and b with 4 <a<b, there exists a
connected graph G with og(G)=a and og™(G)=b.

Proof. Ifa =D, let G = Ky o. Then by Corollary 2.11, 0g(G) = 0og*(G) = a. Let 4< a <

b. Let H=K,+C, .., With V(Kz) ={x,y} and V(Cp-a+3) = {V1,V2,...,Vp-a+3}. Let G be the graph
in Figure 2.2 obtained from H by adding a—3 new vertices uj U, ..., Us3 and joining each u;
(1<i<a-3) withy. Itis clear that S ={uy, uy,..., Ua3} IS NOt an open geodetic set of G. Also,
it is easily seen that S w{w,z}, where w,z¢S, is not an open geodetic set of G. Let
S"=Su{x,v;,vj}, where v; and v; are non-adjacent.. Then it is clear that S" is an open geodetic
set of G and so 0g(G) = a.

G

Figure 2.2
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We now prove that og*(G) = b. It is clear that T=SuU {v1,V2,...,Vb-a+3} iS an open
geodetic set of G. We show that T is a minimal open geodetic set of G. On the contrary,
assume that W is a proper subset of T such that W is an open geodetic set of G. Then there
exists a vertex ve T such that ve W. By Theorem 1.3, it is clear that v = v; for some j(1<j <

b—a+3). Then vj:1 does not lie on a geodesic joining any pair of vertices of W and so W is not
an open geodetic set of G, which is a contradiction. Hence T is a minimal open geodetic set of
G so that og*(G) >b. Now, since y is a cut-vertex of G, y does not belongs to any minimal
open geodetic set of G. Suppose that og*(G)=b+1. Let X be a minimal open geodetic set of
cardinality b+1. Then X=V(G) —{y} and S'is a proper subset of X so that X is not a minimal
open geodetic set, which is a contradiction. Hence og™(G)= b.

Lemma 2.15. Let G be a connected graph with v a cut-vertex such that G-v has a
component having no extreme vertices. Then every open geodetic set of G contains at least
three vertices from each such component of G-v.

Proof. Let C be a component of G—v having no extreme vertices. Then C must contain
at least three vertices. Let S be any open geodetic set of G. By Theorem 1.5, it follows that
SNV(C)= ¢.

IfS AV (C)={x} then x¢ I(u,w) for any u,weS. Hence |[S nV(C)|>2. If S nV (C)
={x,y}, thenx e | (y,w) for some w eSandyel(x,z)for some z € S. It follows that x
el(y,v)andy € I (x,v). Then

d(x, y) =d (y,v) —d (x, v) (1)
and d(x,y) = d(x,v) — d(y,v) (2

From (1) and (2), we see that d (x,v) = d (y,v). Hence d (x,y) =0. This gives x=y, which
is a contradiction. Thus |S "NV (C)|>3.
Next, we show that every three positive integers a,b,c with 4<a<b<c and b<3a is

realizable as the geodetic number, open geodetic number and upper open geodetic number of
some connected graph. For this purpose we introduce the following special graphs Gs, H, and
H given in Figures 2.3, 2.4 and 2.5 respectively.

For integers i and s with 1<i<s, let each F; be a copy of K3, 3 with partite sets Vi1 =
{vi1, Vi2} and Viz = {wi,wiz,wiz}. Let Gs be the graph in Figure 2.3 obtained from the F; by
identifying the s vertices vi; (1<i<'s). Let x be the common vertex representing the identified
vertices. It is clear that S = {vi1,V21,...,Vs1} IS the unique minimum geodetic set of Gs so that
g(Gs) = s. Since each vertex vi; (1<i<s) lies only on a geodesic joining any two of the three
vertices Wiz, Wiz,Wis, it follows that S {wi1, wiz: 1<i<s} is a minimum open geodetic set of G
and so 0g(Gs) =3s.

Figure 2.3
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For | >3, let H, = Ci+ K> be the graph given in figure 2.4, where V (K,)={X, y} and
C, is the cycle with V(C)) ={z1,z2...,z1}. It is clear that S = {x,y} is the unique minimum
geodetic set of H, so that g(Hi) =2. Moreover, S {z;,z;}, where z and z; (1<i, j<I)are non-
adjacent vertices of C;, is a minimum open geodetic set of H, so that og(H,) = 4.

Figure 2.4

Let H be the graph given in Figure 2.5. It is clear that S = {us,us} is a geodetic set of
H and so g(H)=2. Since H is a graph without extreme vertices, by Theorem 1.6, og(H) >4.
It is easily verified that no 4-element subset of V(H) is an open geodetic set of H. Now, S; =
{u1, Uy, Us,Wi,W,4}is an open geodetic set of H and so og(H) = 5.

Figure 2.5

The arguments used in determining the geodetic number and open geodetic number of
the graphs Gs, H, and H will also be used in the proof of the following theorem.

Theorem 2.16. For any three positive integers a,b,c with 4<a<b<cand b<3a, there
exists a connected graph G such that g(G) = a, 0g(G) = b and og™(G) = c.

Proof. For a=b=c, the star K; , has the desired properties. Let b = a+p, where
1<p<2a. We consider three cases.

Case l.a<b <c.

First suppose that p = 2a-1. We consider two subcases.

Subcase 1a. p is even. First, let p = 2. Let G be the graph in Figure 2.6 obtained form
the graph Hcp+s by adding a-1 new vertices uj,uy,...,U,1  and joining the edges u; X
(1<i<a-1). ltisclear that S :{ul,uzv...,uafl} is not a geodetic set of G and S; =Su{y}isa
geodetic set of G and so by Theorem 1.1, g(G)=a. Now, let S,=S; U {z; z;}, where z; and z
(1<i, j<c—b+3)are non-adjacent vertices on Cc.p+3. By Theorem 1.3, every open geodetic
set contains S and it is easily verified that S, is @ minimum open geodetic set of G and so
09(G)=a+2=b. Let S3=S {z,,7,,...,Z. ..} Then it is clear that S3 is an open geodetic set of
G. We show that Sz is a minimal open geodetic set of G. Otherwise, there exists a proper

subset W of S3 such that W is an open geodetic set of G. Then there exists a vertex say v € S3
such that v ¢ W. By Theorem 1.3, it is clear that v = z; for some j(1<j<c-b+3). Letz bea

vertex on the cycle Ccp+3 such that it is adjacent to z;. Then z; is not an internal vertex of a
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geodesic joining any pair of vertices of W and so W is not an open geodetic set of G, which is
a contradiction. Hence S3 is a minimal open geodetic set of G so that og*(G)>c. Now,
suppose that og*(G)>c +1. Let X be a minimal open geodetic set with |[X|>c+1. Then X

=V(G)—{x}. Since S; is an open geodetic set properly contained in X, we see that X is not a
minimal open geodetic set of G, which is a contradiction. Hence og*(G) =c.

Figure 2.6
Now, let p>4. Let G be the graph in Figure 2.7 obtained from G, and Hc.p+5 by first
£

identifying at the vertex x and then adding the new vertices u,,u,,...,u and then joining the
2
edges u, x(lgiga—g).

Figure 2.7

LetS={u,U,,....u ,}. Then it follows form Theorem 1.1 and Theorem 1.2 that S, =
)
S ULy {Vyy, VeV, 11} IS @ minimum geodetic set (in fact, S; is unique) and so g(G)= a.
Efv

Let S;=S;u{w,,w, :1§i§§—1}u{zi,,zj}, where z; and z; (1<i, jgc—b+3) are non-adjacent
vertices of C¢.p+3. By Theorem 1.3 and Lemma 2.15, S, is @ minimum open geodetic set of G

and so og(G)=a+p=b. Let Ss-S U{w, , W, :lgisg—l} U VarenVp | J {20,250 2 s} -
Eiv
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We show that S; is a minimal open geodetic set of G. Otherwise, there exists a proper
subset W of Sz such that W is an open geodetic set of G. Then there exists a vertex say ve Sz
such that vegW. By Theorem 1.3 and Lemma 2.15, it is clear that v=z; for some

J(A<j<c —b+3). Let z be the vertex on the cycle Ccp+3 such that it is adjacent to z;. Then z
IS not an internal vertex of a geodesic joining any pair of vertices of W and so W is not an
open geodetic set of G, which is a contradiction. Hence Ss is a minimal open geodetic set of G
so that og™(G)>c. Now, suppose that og*(G) > c+1. Let X be a minimal open geodetic set of
cardinality >c¢ +1.

First suppose that yeX. By Lemma 2.15, it is clear that any two non-adjacent

vertices  z;,z; (I<i, j<c-b+3)of Cepses must belong to X. Also, by Theorem 1.3,
u,eX (1§i§a—§). Since vj; are the end vertices of any geodesic in which wi; lies internally,

we have vi; € X (1§i§§—1). Also, it is clear that w,,w,, e X (1§i§§—1). Then it is clear that
S, is a proper subset of X such that S, is an open geodetic set of G with |Sz|= a+p = b, which
is a contradiction to X a minimal open geodetic set of G.

Now, suppose that ye X.Then it is clear that z,eX for each i(1<i<c-b+3). Then,
jUSt as above U, X (1Siﬁa—§) and Wi1,V11 W12, Wo1,V21,Wo25...; W Y W e X.

1
a-P1 aPi’ alPo
2 2 2

Then it is clear that Ss is a proper subset of X such that S; is an open geodetic set of G with
|Ss| = ¢, which is a contradiction to X a minimal open geodetic set of G. Hence og™(G) =c.

Subcaselb. p is odd. Then 1< p < 2a-3. For p=1, let G be the graph in Figure 2.8
obtained from H .3 by adding a-1 new vertices uj,Us,...,Us1 and joining the edges
u;z;,u;x(2<i<a-1).

T T
” e e
" . |Ce-tsa s
-""-u\__\__ & s —
Ug—1 R L e
z]
g
T |
iy
o
Figure 2.8

Let S={u,,u,,..,u,,} By Theorem 1.1, S, =S U1y} is a minimum geodetic set of G
and so g(G)=a. Let z be a vertex on Cc.p+3 such that z; and z; are non-adjacent. Then
S, =Su{z,| is a minimum open geodetic set of G and so 0g(G)=a+1=b. Let Ss=Su (V(C-.
b+3) —{z,}). Then Sz is an open geodetic set of G. we show that S is a minimal open geodetic

set of G. Otherwise, there exists a proper subset W of Sz such that W is an open geodetic set of
G. Then there exists a vertex say v €Ss such that v ¢ W. By Theorem 1.3, it is clear that

v =z, for some k such that k =1. Let z; and z/ be the vertices adjacent to z,. Suppose that
Z, #1,,Z,_,.,- Thenitis clear that both z,and z/ do not lie as internal vertices of a geodesic
joining a pair of vertices of W. Suppose that z, =z, or z,, ,. Then one of the vertices z
or z, does not lie as an internal vertex of any geodesic joining a pair of vertices of W. Thus W

is not an open geodetic set of G, which is a contradiction. Hence Sz is a minimal open
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geodetic set of G so that og*(G)>c. Now, suppose that og™(G) > c+1. Let X be a minimal
open geodetic set of cardinality >c+1.

First, Suppose that ye X. By Theorem 1.3, uije X (1<i<a-1). Since X is an open
geodetic set there exists z, €V (C_,.;) withz =z (i=1,2,c—b+3) such that ze X. Now, let

T=Su{y,z}. Then it is clear that T is an open geodetic set contained in X such that
[T|=a+1=b, which is contradiction to X a minimal open geodetic set of G. Next, suppose
that ye X. Then just as above u, € X(L<i<a-1). Also, since yg X, it is clear that, zie X for
each i(2§i§c—b+3). Then clearly S; is a proper subset of X such that S; is an open
geodetic set of G with |S;|=c, which is a contradiction to X a minimal open geodetic set of G.
Thus og*(G)=c.

For p>3, let G be the graph in Figure 2.9 obtained from the graph G, by first
=
2
new vertices us,uy,..., U and a_(p+1) new edges uiwi; and uix(2<i<

2

addin 1
Ja® a(

P
2

a_(pTH)) and then identifying this with H_, ,at the vertex x.

y
A,

)

Figure 2.9
Let S]_ = {ul,uz,...,uai(ﬁ), V11,V21,...,VL+1711, yjp dnua o= o1 U{le}U{Wil,Wi2:
2 2 7

2<i< (pTJrl) -1}y u{z, z;} where z; and z; (13 I,j<c-b +3) are non-adjacent vertices on

Ccp+3. Then as earlier, it can be seen that S; is a minimum geodetic set of G and S; is

a minimum open geodetic set of G and so g(G) = a and og(G):a+ p=Db. Let
. +1
Ss={u,Uz,...,u oo Vi1 Vo1,V 11}u{wlz}u{wil,wiz: 2 <i £ (pT)—l}u{zl,zz,...,zc-
a—(—) — L
2 2

b+3}. Then as in subcase 1a of case 1, it can be proved that og*(G)>c. Now, let X be a
minimal open geodetic set of G such that |X|>c+1.

If ye X, then by using arguments similar to the one in Subcase 1a of Case 1, it is
clear that S, is a proper subset of X such that S; is an open geodetic set of G with
|Sz| =a+ p=b, which is a contradiction to X a minimal open geodetic set.

Proceedings of the Faculty of Economics, 2012, 6, pp. 31 - 43



40 | AP Santhakumaran, T. Kumari Latha

If y¢ X, then just as above, it can be seen that S is a proper subset of X such that S3
is an open geodetic set of G with |S,|=c, which is a contradiction to X a minimal open

geodetic set. Thus og*(G)=c.
Now, Suppose that p=2a—1. Let G be the graph in Figure 2.10 obtained from G,.3,
Hcb+3 and H by identifying the vertices x and x'.

Figiam 2.10

It follows from Theorem 1.2 that S = {y1V11!V21!"'!Va—3,1!ul!us} Is @ minimum geodetic

set of G so that g(G)=a. Let S1 = {y, zi, zj,; Wiz, Vi1, Wi; Wo1, Va1, Wo2; ...,Wa31, Va3 1, Wa32;
Wi,Uz, U, U3, Wa}, Where z;and z; (1§i, ] éc—b+3) are non-adjacent vertices on Ccp+3. By
Lemma 2.15, it is straight forward to verify that S; is a minimum open geodetic set of G so
that og (G)=a+p=b. Let Sy={z1,2, ...,Zcb+3W11,V11,W12; Wo1,V21,W02; ...,Wa-31,Va-31,Wa-32;
Wi,U1,Up,U3,Ws}. We show that S; is a minimal open geodetic set of G. Otherwise, there exists
a proper subset W of S; such that W is an open geodetic set of G. Then there exists a vertex,
say ve S; suchthat veW . It is easily seen that v = z; for some jl<j<c-b+3). Letzbe
the vertex on the cycle Cc.p+3 such that it is adjacent to z. Then z, is not an internal vertex of a
geodesic joining any pair of vertices of W, and so W is not an open geodetic set of G, which is
a contradiction. Hence S; is a minimal open geodetic set of G so that og™(G)>c. Now, let X
be a minimal open geodetic set of cardinality >c+1.

Suppose that y € X . By Lemma 2.15, z;,z; € X(lé I, ] < c—b+3), where z; and z
are non-adjacent vertices on Ccp+3. Also, it is easy to see that X must contain the vertices
Wap,Vyg s Wap s Wag s Vor, Wy seeey Wy 53,V g1 Wa 55 W, Up, Uy, Ug, W, Then clearly S; is a proper subset
of X such that S; is an open geodetic set of G, which is a contradiction to X a minimal open
geodetic set.

Suppose that y¢ X. Then X must contain all the vertices on C¢.p+3. Also, it is easy to

see that X must contain the vertices W, Vi, Wiy Wy, Vo, Woyieos W, 51,V 51,
W,_3,; W, Up, U,,Us, W, . Then clearly S is a proper subset of X such that S, is an open geodetic
set of G with |S,| = ¢, which is a contradiction to X a minimal open geodetic set. Thus og*(G)
=C.

Case 2. a < b=c. First suppose that p=2a—1. We consider two subcases.
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Subcase 2a. p is even. Let G be the graph in Figure 2.11 obtained from the graph G
2
by adding a—g new vertices Uy, U,,...,.u , and the a—g new edges ux(L<i< a—g).

a

Let S, ={u,u,,...u p,vll,v21,...,vpl} and S; =S1u{w,,w, :lﬁiég}. Then, as
2 2

earlier it can be seen that S; is @ minimum geodetic set of G and S; is a minimum open
geodetic set of G so that g(G)=a and og(G)=a+p=Db. Now, it also follows that og*(G)>b.
suppose that og*(G)>b+1. Let X be a minimal open geodetic set of cardinality >b+1. Then
it can be seen as earlier that S, is a proper subset of X such that S, is an open geodetic set of G
with |S,]=a+ p=b, which is contradiction to X a minimal open geodetic set. Hence
0g”(G)=b=c.

Subcase 2b. pis odd. Then 1< p<2a-3. Let G be the graph in Figure 2.12

obtained from the graph G,,, by adding a—(%) new vertices, U,,U,,..,u, e+, and
S 2

a-— (pTJrl) new edgesuix (2 < i< a- (%)) and the edge u; wis.

Let S]_ = {Ul,Uz,..,Uai(pTJrl),V11,V21,...,VE1} and 82281U{W12}U{Wi1,Wi2: 2< i
>

P+1
2

<

}. Then, as earlier it can be seen that S; is a minimum geodetic set of G and S, is a
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minimum open geodetic set of G so that g(G)=a and og(G)=a+p=b. Now, it also follows that
0g*(G)>b. Suppose that og*(G)>b+1. Let X be a minimal open geodetic set of G with |X|
>pb+1. Then, it can be seen as earlier that S, is a proper subset of X such that S, is an open

geodetic set G with |Sz| =a+ p =Db,which is a contradiction to X a minimal open geodetic set.
Hence og™(G) =b=c.

Now, suppose that p=2a—1. Let G be the graph in Figure 2.13 obtained from the
graph  Ga.2 and H by identifying the vertices x and x'.

Eagrare 1%

It follows from Theorem1.2 that S= {v11,V12,...,Va-2.1,U1,Us} IS @ minimum geodetic set
of G so that g(G):a Let S]_ = {Wl,Ul,Uz,U3,W4; W11,V11,W12, W21,V21,W22;...,Wa-z,l,Va-z,l,Wa-z,z}. It
is straight forward to verify that S; is a minimum open geodetic set of G so that
0g(G)=a+p=Db. Now, it also follows that og™(G)>b. Suppose that og*(G)>b+1. Let X be a
minimal open geodetic set of G with |X|2b+1. Then it can be seen that S; is an open

geodetic set contained in X with |S,|=a+ p=h, which is a contradiction to X a minimal open
geodetic set of G. Hence og*(G)=b=c.

Case3.a=b<c.

Let G; be the graph obtained from Hcp+3 by adding a—3 new vertices uy,Uy,..., Ua3
and a—3new edges ujx (1<i<a-3). Let G be the graph in Figure 2.14 obtained from G; by
adding two new vertices w; and w; and joining both w; and w; to z; and zs.

Figure 2.14
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Let S; = {uy,Uy,...,Ua3, Z1,Z3,Y}. Then it can be seen that S; is both a minimum geodetic

set and a minimum open geodetic set of G so that g(G)=o0g(G)=a. Let S,={us,U,..., Ua
321,22,...,Zc-b+3}. Then as earlier, it can be seen that S, is a minimal open geodetic set of G, so

that 0g™(G)>|S,|=c.Let X be a minimal open geodetic set with |X|>c+1. Then it is clear

that S; is a proper subset of X and so X is not a minimal open geodetic set, which is a
contradiction. Hence og*(G)=c. Thus the proof of the theorem is complete.
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