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This experiment studies the mode II fracture behavior of an adhesively bonded joint composed of GFRP laminates. A new beam
model is presented to calculate the mode II ERR for GFRP bonded 4-ENF specimens. In this model, the deformation of 4-ENF
specimens caused by the relative deflection angle between the upper and lower layers and by the bending deformation of the upper
and lower layers, respectively, is introduced; the effect of the adhesive layer deformation is presented. The closed-form analytical
solutions of compliance and energy release rate based on the crack compliance method are obtained. The high accuracy of present
analytical solutions are verified by finite element analysis through bonded GFRP 4-ENF specimens and compared to the rigid joint
model and the CBTmodel.The interfacial crack propagation is numerically simulated using shear fracture toughness determined in
this experiment, fromwhich the predicted critical load results are in good agreement with the experimental results.The conclusion
indicates that the compliance and ERR can accurately be predicted using the new bonded 4-ENF beam model.

1. Introduction

To combat problems associated with concrete/steel deck fati-
gue and corrosion, glass fiber-reinforced polymer (GFRP)
bridge deck structures have been widely used in the bridge
engineering field in recent years. Advantages of using GFRP
include its light weight, high strength, and corrosion resis-
tance [1, 2]. A GFRP bridge panel system is comprised of
modular tube form units integrated via adhesive bonding.
The adhesively bonded interface usually transfers shear forces
and allows the GFRP modular tubes to bear loads together.
However, the adhesive bonding joints are the weak links in
the entire structure. They can easily delaminate and crack
due to overloading or fatigue. Therefore, the reliability of the
adhesive bonding joints plays a key role in ensuring the integ-
rity, and influences the structural behavior of GFRP bridge
decks [3, 4]. To design effective, reliable bonding joints, the
accurate determination of shear fracture toughness of GFRP
adhesively bonded joints under mode II loading is necessary.

Fracture toughness is the characterization of the bonding
interface properties of GFRP. In the literature, there has

been much study of fracture toughness [5–13]. However, it
is the stable cracking problem that should be investigated
in the interfacial debonding test. The end-notched flexure
(ENF) test and the four-point bend end-notched flexure (4-
ENF) test have been commonly employed to determine the
mode II bonding fracture toughness. The original ENF test is
essentially unstable and requires to measure the crack sliding
displacement of the specimen during the experimental pro-
cess [5].This test procedure is too complex to achieve accurate
results. To avoid the disadvantages of the ENF test, a 4-ENF
test was proposed by Martin and Davidson [6, 7]. The 4-ENF
test is stable and does not requiremeasuring crack length dur-
ing the experiment.What ismore, there is only puremoment,
and no shear force exists within the crack tip of the 4-ENF
test, which reduces the frictional effect across the delaminated
interface. Other alternatives for mode II fracture research are
the end-loaded split (ELS) test [8–10] and the over notched
flexure (ONF) test [11, 12]. The ELS test raises stable crack
propagation, but it contains large vertical deflection for thin
specimens. The ONF test seems to be simple and also results
in stable crack propagation, similar to the 4-ENF test [13].
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To get accurate values for the mode II fracture toughness
of materials, both theoretical and experimental fracture
characteristic research have been conducted in past decades.

Russell and Street [14] performed a simple beam theory
that neglected the crack tip singularity and the transverse
shear deformation of the specimen, so the energy release
rate (ERR) is significantly underestimated in their solution.
Carlsson et al. [15] suggested Timoshenko’s beam theory to
obtain the flexibility and ERR of 4-ENF beams. However,
there was some deviation from the result obtained by using
finite element analysis. To get an accurate solution, several
modifications have been provided in recent years. Whitney
and Sun [16] proposed a higher order beam theory based
on Reissner’s Principle to analyze an ENF specimen. The
shear deformation is considered and the shear singularity at
the crack tip is omitted and regarded as the surface tensile
stress in the higher order beam theory. Wang and Williams
[17] derived an additional length of Vℎ to the original crack
length by introducing a correction factor V. Then the ERR
was evaluated by the formulation of classical beam theory
(CBT) using the adjusted crack length. Corleto and Hogan
[5] employed two-parameter semi-infinite elastic foundation
to the Timoshenko beammodel to obtain the compliance and
ERR of ENF specimens, in which the crack tip deformation
was considered in their model. Ding and Kortschot [18]
adapted a simplified analysis of a beam supported on a
shear spring without accounting for the transverse shear
deformation in order to find a simple and precise analytical
solution. By using the superposition principle, Wang and
Qiao [19] decomposed ENF into a three-point uncracked
bending beam and an asymmetric cracked beam under shear
action on the crack surface. The compliance and ERR of the
ENF are obtained based on the compatibility of deformation.

Currently, most of the literature is confined to GFRP
laminates delamination, and a method is developed that can
predict delamination of GFRP laminates through analysis.
In practice, however, in fiber-reinforced polymer (FRP)
engineering structures, mode II crack growth is the common
failure form of adhesive bonding joints for the bonding
structure (e.g., GFRP bridge decks and FRP strengthening
concrete structures) [20]. As there are some deviations (e.g.,
joint dimensions and failure modes) from the available
results, it is necessary to study interfacial debonding behavior
of adhesively bonded composite joints [21]. However, there is
little research into the behavior of adhesively bonded joints
composed of pultruded FRP laminates. It is necessary to study
the mode II bond interface fracture toughness of adhesive
joints. Therefore, research into the validity and practical
formulas for determining mode II fracture toughness of FRP
adhesive bonding joints is necessary.

This research is to understand the mode II fracture
behavior of adhesive-bonded composite joints using pul-
trudedGFRP 4-ENF specimens. To better represent the effect
of adhesive layer stiffness on the deflection and ERR on
GFRP 4-ENF specimens, a two-dimensional model based
on adhesive layer deformable beam theory is used in this
paper. The adherends are treated as a distinct deformation
Euler-Bernoulli beam, and the adhesive layer is treated as
Goodman’s elastic interlayer.The longitudinal deformation of

adherends is caused by the relative deflection angle between
the upper and lower layers, the longitudinal displacement
of the adherends, and the vertical displacement caused by
the bending deformation of the upper and lower layers. The
compatibility of deformation at themid-plane of the bonding
specimen is satisfied by incorporating deformation of the
adhesive layer and bonding interface. Using a combination of
the beam force balance equation and the adhesive constitutive
equation, the theoretical calculation formula of deflection
deformation of 4-ENF beams is derived. In addition, mode II
ERR 𝐺II is calculated using the compliance method, which is
compared with finite element analysis and existing literature
results. Further, a 4-ENF test on GFRP bonded specimens
was conducted to determine the critical energy release rate𝐺IIc based on load versus displacement curves. Finally, an
interfacial crack propagation process is simulated by the
virtual crack closure technique (VCCT) applying existing𝐺IIc. The critical load for interfacial crack initiation also
predicted by finite element analysis is validated by comparing
the experimental results.

2. Analysis of 4-ENF Specimens with
an Adhesive Layer

A typical 4-ENF specimen with an adhesive layer under
loading of 𝑃 at the points of 𝑥 = 𝐿0 and 𝑥 = 𝑎 + 𝐿1 by
the left rollers can be modelled as a simply supported beam
with a span of 𝐿 and an end traction free crack of length 𝑎
(Figure 1). In this paper, the 4-ENF test takes place under
the symmetric loading, so the length 𝑎 + 𝐿1 = 𝐿 − 𝐿0. The
top beam and bottom beam have thicknesses of ℎ1 and ℎ2,
respectively. The thickness of the adhesive layer is ℎ𝑎 and the
beamwidth is 𝑏. Considering that the span of 𝐿 is greater than
the bonded beam thickness, transverse shear deformation is
not incorporated.

Next, considering the uncracked region (𝑎 < 𝑥 < 𝐿) in
Figure 1, the internal forces are expressed as a beam theory
(Figure 2).𝑁𝑖,𝑀𝑖, and𝑄𝑖 (𝑖 = 1, 2) are defined as the internal
axial forces, bendingmoments, and transverse shear forces in
sublayers 1 and 2, respectively.

According to the internal forces and stresses shown
in Figure 2, the equilibrium equations for an infinitesimal
isolated body of two adherends are given by

𝑑𝑁1 (𝑥)𝑑𝑥 = 𝑏𝜏 (𝑥) ,
𝑑𝑄1 (𝑥)𝑑𝑥 = 𝑏𝜎 (𝑥)

(1)

𝑑𝑁2 (𝑥)𝑑𝑥 = −𝑏𝜏 (𝑥) ,
𝑑𝑄2 (𝑥)𝑑𝑥 = −𝑏𝜎 (𝑥)

(2)

𝑑𝑀1 (𝑥)𝑑𝑥 = 𝑄1 (𝑥) − 𝑏𝜏 (𝑥) ℎ12 ,
𝑑𝑀2 (𝑥)𝑑𝑥 = 𝑄2 (𝑥) − 𝑏𝜏 (𝑥) ℎ22 ,

(3)
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Figure 1: Configuration of the 4-ENF beam.
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Figure 2: Infinitesimal isolated body diagram of sublayers.

where 𝜎(𝑥) and 𝜏(𝑥) are the peel and shear stresses of the
adhesive layer, respectively.

According to GFRP laminated beam theory, the relation-
ship between the internal forces and displacement for two
adherends can be described as follows:

𝑁𝑖 = 𝐴 𝑖𝑖 𝑑𝑢𝑖𝑑𝑥 + 𝐵𝑖𝑖 𝑑𝜙𝑖𝑑𝑥 ,
𝑀𝑖 = 𝐵𝑖𝑖 𝑑𝑢𝑖𝑑𝑥 + 𝐷𝑖𝑖 𝑑𝜙𝑖𝑑𝑥 ,

(4)

where 𝑢𝑖 and𝜙𝑖 are the 𝑖th sublayer’s longitudinal and rotation
angle, respectively; 𝐴 𝑖𝑖, 𝐵𝑖𝑖, and 𝐷𝑖𝑖 are the 𝑖th sublayer’s
tension stiffness, coupling stiffness, and flexural stiffness,
respectively; (𝐴 𝑖𝑖, 𝐵𝑖𝑖, 𝐷𝑖𝑖) = 𝑏 ∫ℎ𝑖/2

−ℎ𝑖/2
𝑄𝑖𝑖(1, 𝑧, 𝑧2)𝑑𝑧, where𝑄𝑖𝑖 is the off-axis stiffness coefficient, and 𝑖 = 1, 2 denotes

sublayers 1 and 2.
For the 4-ENF beam, the axial force on the bonded cross

section is zero. The equilibrium conditions can be shown as
follows:

𝑁𝑇 (𝑥) = 𝑁1 (𝑥) + 𝑁2 (𝑥) = 0, (5)

where𝑁𝑇(𝑥) is the resultant axial internal force. From (5), we
can obtain

𝑁1 (𝑥) = −𝑁2 (𝑥) . (6)

The shear force on the cross section is described as

𝑄1 (𝑥) + 𝑄2 (𝑥) + 𝑄𝑎 (𝑥) = 𝑄𝑇 (𝑥) , (7)

where 𝑄𝑇(𝑥) and 𝑄𝑎(𝑥) are the resultant transverse shear
force and the shear force of the adhesive.

The integral bending behavior of the 4-ENF beam can
be considered as the superposition of the overall bending
action and the bending action for the upper and lower layers,
respectively.

𝑀𝑡𝑐 (𝑥) = −𝑁2 ℎ2 + ℎ𝑎2 + 𝑁1 ℎ1 + ℎ𝑎2
𝑀12 (𝑥) = 𝑀1 (𝑥) + 𝑀2 (𝑥)
𝑀𝑇 (𝑥) = 𝑀12 (𝑥) + 𝑀𝑡𝑐 (𝑥) ,

(8)

where𝑀𝑇(𝑥) is the resultant transverse moment of the cross
section for the bonded beam.
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Taking the derivative of the 1st equation and 2nd equation
for (3) and adding the two equations, then combining with
(4), the deflection differential equation is derived:

𝐸1𝐼1 𝑑4𝑤1𝑑𝑥4 + 𝐸2𝐼2 𝑑4𝑤2𝑑𝑥4 = 𝑏𝑑3 𝑑𝜏 (𝑥)𝑑𝑥 , (9)

where 𝑑3 = (ℎ1 + ℎ2 + 2ℎ𝑎)/2.
When the 4-ENF beam is in linear elastic range, the

longitudinal displacement is caused by the relative deflection
angle between the upper and lower layers, the longitudinal
displacement of the adherends, and the vertical displacement
caused by the bending deformation of the upper and lower
layers.

Based on the linear superposition principle, the lower
surface displacement of the upper layer is

𝑢𝑢 = 𝑢1 − ℎ1 + ℎ𝑎2 𝜙 + ℎ12 𝜙𝑖. (10)

The upper surface displacement of the lower layer is

𝑢𝑙 = 𝑢2 + ℎ1 + ℎ𝑎2 𝜙 + ℎ22 𝜙𝑖, (11)

where 𝜙 is the relative deflection angle between the upper and
lower layers.

Combined with (10) and (11), the constitutive relation of
the adhesive layer is expressed as follows:

𝜏 (𝑥) = 𝐺 (𝑢𝑢 − 𝑢𝑙)ℎ𝑎 = 𝐺ℎ𝑎 (𝑢1 −
ℎ1 + ℎ𝑎2 𝜙 + ℎ12 𝜙𝑖

− 𝑢2 − ℎ1 + ℎ𝑎2 𝜙 − ℎ22 𝜙𝑖) .
(12)

Equation (12) by second derivative is reduced to

𝑑2𝜏 (𝑥)𝑑𝑥2 = 𝐺ℎ𝑎 (( 1𝐸1𝐴1 +
1𝐸2𝐴2)

𝑑𝑁1𝑑𝑥 + ℎ12 𝑑3𝑤1𝑑𝑥3
+ ℎ22 𝑑3𝑤2𝑑𝑥3 ) .

(13)

For the configuration of the 4-ENF specimen, the vertical
extrusion can be ignored; that is, 𝑤𝑖 = 𝑤, 𝑑𝜙/𝑑𝑥 =𝑑𝜙𝑖/𝑑𝑥 = −𝑑2𝑤𝑖/𝑑𝑥2. By differentiating (13) and combining
this with (12), the deflection differential equation of the 4-
ENF specimen is obtained as

𝑑6𝑤𝑑𝑥6 = 𝐺𝑎ℎ𝑎 (
𝑏𝐸1𝐴0 +

𝑏𝑑3 (ℎ1/2 + ℎ2/2)(𝐸1𝐼1 + 𝐸2𝐼2) ) 𝑑4𝑤𝑑𝑥4 , (14)

where 1/𝐸1𝐴0 = 1/𝐸1𝐴1 + 1/𝐸2𝐴2.
Solving (14), the deflection of the 4-ENF specimen is

obtained as

𝑤 = 𝐵1𝑒𝑠𝑥 + 𝐵2𝑒−𝑠𝑥 + 𝐵3𝑥3 + 𝐵4𝑥2 + 𝐵5𝑥 + 𝐵6, (15)

where

𝑠 = √𝐺𝑎ℎ𝑎 (
𝑏𝐸1𝐴0 +

𝑏𝑑3ℎ1 + 𝑏𝑑3ℎ22 (𝐸1𝐼1 + 𝐸2𝐼2)). (16)

For crack area 1 (0 ≤ 𝑥 ≤ 𝐿0), the bendingmoment of the
upper layer is

𝑀1 (𝑥) = 𝛼𝑃𝑥, (17)

where 𝛼 = 𝐷1/(𝐷1+𝐷2),𝐷1 and𝐷2 are the bending stiffness
on upper and lower layer, respectively.

Substituting (15) and (17) into (4) yields

𝑤 (𝑥) = −𝛼𝑃𝑥36𝐷1 + 𝐶1𝑥 + 𝐶2. (18)

For crack area 2 (𝐿0 ≤ 𝑥 ≤ 𝑎), the bending moment of
upper layer is

𝑀1 (𝑥) = 𝛼𝑃𝐿0. (19)

Substituting (18) and (19) into (4) yields

𝑤 (𝑥) = −𝛼𝑃𝐿02𝐷1 𝑥
2 + 𝐶3𝑥 + 𝐶4. (20)

The boundary conditions and displacement compatibility
for the 4-ENF specimen can be expressed as

𝑤|𝑥=0 = 0,
𝑤|𝑥=𝐿 = 0,
𝑤|𝑥=𝐿−

0

= 𝑤|𝑥=𝐿+
0

,
𝑤𝑥=𝐿−

0

= 𝑤𝑥=𝐿+
0

,
𝑤|𝑥=𝑎− = 𝑤|𝑥=𝑎+ ,
𝑤𝑥=𝑎− = 𝑤𝑥=𝑎+ ,
𝑤𝑥=𝑎+ = −𝑃𝐿0𝐷 ,
𝑤𝑥=𝑎+ = 0,
𝑤𝑥=𝐿− = 0,
𝑤𝑥=𝐿− = 𝛼𝑃𝐷1 ,

(21)

where 𝐷 = 𝑏(ℎ1 + ℎ2 + ℎ𝑎)3/12. From (21), the ten unknown
constants 𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐵5, 𝐵6, 𝐶1, 𝐶2, 𝐶3, and 𝐶4 can be
obtained as detailed in Appendix, from which the vertical
displacement 𝑤 of the 4-ENF beam can be determined.

From [19], the ERR from the 4-ENF test data is accurately
calculated based on the compliance method:

𝐺II = 𝑃22𝑏 𝑑𝐶𝑑𝑎 . (22)

Asmentioned in [22], the compliance calibrationmethod
is very suitable for the linear elastic loading configuration
characterized by a single applied load and a single induced
displacement. To realize the linear elastic loading configura-
tion, the single applied load is deemed as the total load applied
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to the bonded beam, and the single induced displacement
is deemed as the displacement at the center of the span [6].
Therefore, the compliance 𝐶 of the 4-ENF beam is defined as

𝐶 = 𝑤𝑃𝑇 = 𝑤𝐿 + 𝑤𝑅2 (𝑃𝐿 + 𝑃𝑅) = 𝑤𝐿 + 𝑤𝑅4𝑃 , (23)

where𝑃𝑇 = 2𝑃 is the applied load,𝑤 is the displacement at the
center of the span,𝑤𝐿 and𝑤𝑅 are the displacements at the left
and right loading rollers, respectively, which can be obtained
by the above-mentioned deflection formula as follows:

𝑤𝐿 = −𝛼𝑃𝐿306𝐷1 + 𝐶1𝐿0
𝑤𝑅 = 𝐵1𝑒𝑠(𝐿−𝐿0) + 𝐵2𝑒−𝑠(𝐿−𝐿0) + 𝐵3 (𝐿 − 𝐿0)3

+ 𝐵4 (𝐿 − 𝐿0)2 + 𝐵5 (𝐿 − 𝐿0) + 𝐵6.
(24)

By combining with (23) and (24), the compliance 𝐶 is
determined as

𝐶 = 𝐹024𝐷𝐷1𝑠3 (𝑠𝐿 − 2)
+ 2𝛼𝐷𝐿20𝑠 − 𝐷1𝐿20𝑠 − 𝛼𝐷𝐿08𝐷𝐷1𝑠 𝑎,

(25)

where 𝐹0 is given in Appendix.
Then, by combining with (25), the energy release rate,𝐺II,

is obtained as follows:

𝐺II = 𝑃2𝑇2𝑏 𝑑𝐶𝑑𝑎 = 2𝑃2𝑏 (2𝛼𝐷𝐿20𝑠 − 𝐷1𝐿20𝑠 − 𝛼𝐷𝐿08𝐷𝐷1𝑠 ) . (26)

From (26), we can see that the fracture toughness can be
directly obtained for each testing process by determining the
critical load, from which the length of crack propagation is
not measured. The critical load is determined by examining
the typical load-displacement curve during the fracture
experiment.

3. Result Verification and Discussion

To verify the accuracy of this model, the analytical results for𝐺II of the GFRP bonded interface 4-ENF specimen are exam-
ined by comparison with a rigid joint model, conventional
beam theory, and two-dimensional finite element analysis
(FEA). The geometry of the designed 4-ENF bonded GFRP
specimen [shown in Figure 1] is set as follows: the section
size of the GFRP beam is 𝑏 × ℎ = 40 × 4mm; the span of the
GFRP beam is 𝐿 = 260mm.The twoGFRP beams are bonded
together using 1mm thick epoxy resin, and the prefabricated
crack of length 𝑎 is located at the end of the bonded beam.
Thematerial properties of the GFRP laminates are as follows:𝐸𝑥 = 34.9GPa; 𝐸𝑦 = 7.29GPa; V𝑥𝑦 = 0.258; 𝐺𝑥𝑦 = 3.92GPa.
The material properties of the epoxy resin are 𝐸𝑎 = 1.5GPa;
V𝑎 = 0.3.

In numerical analysis, a typical two-dimensional finite
element model of the 4-ENF test was undertaken using finite

Figure 3: Interface mesh of the crack tip area in 4-ENF model.

element software ANSYS. The layered Plane42 element was
selected to model the GFRP laminates plate. The prefabri-
cated crack is modelled as a discontinuity element in the
middle of the GFRP 4-ENF specimen, setting Targe169 and
Conta172 contact elements on the upper and lower contact
surfaces of the prefabricated crack zone. The bonded section
of the upper and lower beams is set as a Combin14 spring
element. Considering that there exists contact phenomena
between the upper and lower surfaces of the prefabricated
crack, the elements near the crack tip are divided into 0.2ℎ,
as suggested in [4], where ℎ is the thickness of beam. Since
the number of finite elements is so large that the refined
meshing sizes are only seen with difficulty in the GFRP 4-
ENF specimen numerical model, only a typical FE mesh
characteristic near the crack tip is shown in Figure 3, in which
the red line denotes the crack.

The relational value of the compliances for the 4-ENF
specimens with the crack length calculated by different
methods (i.e., CBT, rigid joint model, and FEA) is shown
in Figure 4(a). The linear curve of the compliance crack
length can be observed for the bonded 4-ENF specimen.
From Figure 4(a), we can see that the compliance is larger
than the rigid joint model and CBT. Moreover, the rigid joint
model undervalues the compliance because it ignores the
deformation of the adhesive layer. By taking account into
the adhesive layer deformation, the present model gives a
compliance value closer to the FEA results, which indicates
that the adhesive layer deformation is another important
factor in contributing to the compliance of 4-ENF specimen.
The energy release rate 𝐺II of the adhesive joint crack front
can be calculated using the VCCT [23] in FEA.The variation
of ERR with regard to the crack length adopted by CBT, the
rigid joint model, and FEA is shown in Figure 4(b). As shown
in Figure 4(b), the ERR based on all models is a constant
value,which is independent of crack length.What ismore, the
calculatedERR is in good agreementwith the FEA result, with
a difference of 3.3%, which shows that the current theoretical
model is accurate and reasonable.

4. The GFRP-GFRP Bonded Interface Fracture
Toughness by Four-Point Bending Test

While many studies on the interfacial delamination fracture
toughness of FRP material have been conducted, there are
few studies on the interfacial fracture toughness for FRP
bonded specimens with an adhesive layer. However, the
related research shows that the bond performance has an
influence on the whole performance and on local failure
behavior of the adhesive structure [20, 21]. As bond interface
crack propagation is different from delamination, the crack
propagation of the bonded specimens is unstable. Tomeasure
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Figure 4: Typical compliance and ERR evaluated as a function of crack length for 4-ENF: (a) compliance; (b) ERR.

Table 1: Mechanical properties of pultruded GFRP composite and
adhesive layer.

Material name 𝐸𝑥 (GPa) 𝐸𝑦 (GPa) V𝑥𝑦 𝐺𝑥𝑦 (GPa)
GFRP composite 34.9 7.29 0.29 3.92
Adhesive layer 1.5 1.5 0.30 0.58

the bonded interfacial fracture toughness accurately, the fab-
rication of the 4-ENF specimens mentioned in the previous
section is used to study the GFRP-GFRP bonded interface.
The 4-ENF specimens are made of pultruded GFRP laminate
bonded by a 1mm thick adhesive layer with a crack length 𝑎
at the end of the bonded beam. Equal amounts of epoxy resin
and curing agent were used in the adhesive layer.Thematerial
mechanical properties of pultruded GFRP and adhesive are
obtained from ASTM [24–26], as shown in Table 1. The
geometry of the designed 4-ENF bonded GFRP specimen is𝐿 = 260mm; 𝑏 × ℎ = 40 × 4mm. The length of the precrack
is 150mm. The fracture test is performed on a material
testing system (MTS) servohydraulic testing machine [see
Figure 5(a)]. The loading schematic diagram is shown in
Figure 5(b). The experiment was performed adopting the
displacement control with a loading speed 0.5mm/min.

During the experiment, the load-displacement informa-
tion is continuously and automatically saved by the MTS
machine. A typical load-displacement curve for the 4-ENF
bonded specimen interfacial fracture is shown in Figure 6.
Initially, the displacement increases linearly as the applied
load increases. Meanwhile, the elastic strain energy is accu-
mulating in the bonded specimen. When the strain energy
increases to the critical value, the crack extension occurs and
the elastic strain energy is released. After that, the applied
load is decreased, and the propagation of the crack is arrested.

Based on the load-deflection curve, the compliances for
the 4-ENF specimens were obtained, and the critical ERR
were calculated by applying the critical loads and the com-
pliance rate change 𝑑𝐶/𝑑𝑎 accordingly. Table 2 summarizes

a group of experimental data. For each specimen the value
of the critical energy release rate 𝐺IIc was calculated by (26)
or VCCT [23] using the crack initiation critical load. An
average value of 365.46 J/m2 was obtainedwith the coefficient
of variation being 19.8%, which is reasonable for bonded
composite material. Therefore, it can be observed that 𝐺IIc
for the GFRP 4-ENF laminates specimens is determined to
be 365.46 J/m2.

To validate the fracture energy of the interfacial crack
determined in the experiment, a numerical simulation of
the whole bonded interfacial crack growth process is carried
out. Based on the determined average value of 𝐺IIc (𝐺IIc =365.46 J/m2) shown in Table 2, the whole interfacial crack
propagation process is simulated using the VCCT [23, 27].
When the working ERR in the crack tip satisfies the fracture
criterion 𝐺II ≥ 𝐺IIc, the interfacial crack starts to grow. The
comparison between the experimental result and numerical
prediction for both load-deflection curves (𝑃 versus 𝑤) is
shown in Figure 7. It is clear that the displacement for the
load point in the experiment is consistent with the finite
element predicted value, which indicated that the previously
determined fracture toughness by (26) is true.

5. Conclusions

In this study, a beam model including the effect of the
adhesive layer deformation is presented to calculate themode
II energy release rate𝐺II of GFRP bonded four-point bending
end-notched flexure (4-ENF) specimens for fracture.

(1) The analytical formula of compliance and ERR based
on the crack compliance method for 4-ENF are
obtained. According to the model, a linear relation
between the average compliance and the crack length
is found for the bonded 4-ENF specimens.

(2) The accuracy of the analytical solutions for both
the compliance and ERR are verified by finite ele-
ment analysis through the GFRP bonded interface
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Figure 5: Testing configuration: (a) MTS apparatus; (b) schematic diagram for 4-ENF test.

Table 2: Results of critical load 𝑃𝑐 and fracture toughness 𝐺IIc.

Specimen Critical load 𝑃𝑐 (N) 𝐺IIc calculated by Eq. (26) (J/m2) 𝐺IIc obtained from VCCT (J/m2) Error (%)
1 570.00 337.90 349.43 3.30
2 612.00 389.53 402.65 3.26
3 593.00 365.71 378.11 3.28
4 507.00 267.33 276.63 3.36
5 670.00 466.86 482.30 3.20
Average 590.40 365.46 377.82 3.38
COV (%) 10.09 19.94 19.89

4-ENF

0

200

400

600

800

P
 (N

) 

2 4 6 8 10 12 14 160
w (mm)

a = 15 mm

Figure 6: Typical load-displacement curve for 4-ENFGFRPbonded
specimens.

specimen when compared to the rigid joint model
and the CBT model. The compliance and ERR of
the present model are closely related to the results
obtained by the finite element analysis, demonstrat-
ing that the present model is accurately evaluating
the compliance and ERR of the four-point bending
fracture test.

(3) The interfacial crack propagation is numerically sim-
ulated using fracture toughness 𝐺IIc determined in
the experiment, by which the predicted 𝑃𝑐 is in good
agreement with the experimental results.

Numerical
Experimental

4-ENF
a = 150 mm
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1000
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) 

Figure 7: Comparison of numerical solution and experimental
result for crack growth.

The results obtained from both the theoretical model
method and corresponding finite element analysis indicate
that the compliance is linearly correlated with crack length
and that the calculation of the ERR does not require mea-
suring crack length propagation in the experiment for the
bonded 4-ENF beam. By considering adhesive deformation,
the present model can calculate the compliance and estimate
ERR accurately without knowing the crack length for the
bonded 4-ENF beam.
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Appendix

Coefficient of Adhesively Bonded
GFRP 4-ENF Model

𝐵1 = 𝑃 [(𝐷1𝑆𝐿0 + 𝐷𝛼 + 𝐷𝑆𝑎𝛼 − 𝐷𝑆𝛼𝐿) 𝑒−𝑆𝑎
− (𝐷1𝑆𝐿0 + 𝐷𝛼) 𝑒−𝑆𝐿]
⋅ (𝐷𝐷1𝑆3 [2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿))
+ (𝑒−𝑆(𝑎−𝐿) − 𝑒𝑆(𝑎−𝐿)) (𝑆𝑎 − 𝑆𝐿) − 4])−1

𝐵2 = 𝑃 [(𝐷1𝑆𝐿0 − 𝐷𝛼 + 𝐷𝑆𝑎𝛼 − 𝐷𝑆𝛼𝐿) 𝑒𝑆𝑎
− (𝐷1𝑆𝐿0 − 𝐷𝛼) 𝑒𝑆𝐿]
⋅ (𝐷𝐷1𝑆3 [2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿))
+ (𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐵3 = −𝑃 [(𝐷1𝑆𝐿0 + 𝐷𝛼) 𝑒𝑆(𝑎−𝐿) + (𝐷𝛼 − 𝐷1𝑆𝐿0)
⋅ 𝑒−𝑆(𝑎−𝐿) − 2𝐷𝛼]
⋅ (6𝐷𝐷1 [(𝑆𝑎 − 𝑆𝐿) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
− 2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) + 4])−1

𝐵4 = −𝑃 [(𝐷1𝐿𝐿0𝑆2 + 𝐷1𝑆𝐿0 − 𝐷𝛼 + 𝐷𝑎𝛼𝑆) 𝑒𝑆(𝑎−𝐿)
+ (𝐷1𝑆𝐿0 + 𝐷𝛼 + 𝐷𝑆𝑎𝛼 − 𝐷1𝐿𝐿0𝑆2) 𝑒−𝑆(𝑎−𝐿)
− 2𝐷1𝑆𝐿0 − 2𝐷𝑆𝛼𝐿]
⋅ (2𝐷𝐷1𝑆 [2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿))
+ (𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐵5 = −𝑃 [(𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) (6𝐷𝑆2𝑎2𝛼𝐿0
− 3𝐷1𝑆2𝑎2𝐿0 − 3𝐷1𝑆2𝐿2𝐿0 − 3𝐷𝑆2𝑎𝛼𝐿2
− 2𝐷𝑆2𝛼𝐿30 + 12𝐷1𝐿0 − 𝐷𝑆2𝑎3𝛼 − 6𝐷𝛼𝐿
+ 𝐷𝑆2𝛼𝐿3) + (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿)) (𝐷𝑆3𝑎𝛼𝐿30
− 3𝐷1𝑆3𝑎2𝐿𝐿0 − 3𝐷𝑆3𝑎3𝛼𝐿0 − 2𝐷1𝑆3𝐿3𝐿0
+ 2𝐷1𝑆3𝑎3𝐿0 − 𝐷𝑆3𝛼𝐿𝐿30 + 3𝐷𝑆3𝑎2𝛼𝐿𝐿0
+ 3𝐷𝑆𝛼𝐿2 − 6𝐷1𝑆𝑎𝐿0 + 3𝐷𝑆𝑎2𝛼) + 6𝐷1𝑆2𝑎2𝐿0
+ 6𝐷𝑆2𝑎2𝛼𝐿 + 6𝐷1𝑆2𝐿2𝐿0 + 4𝐷𝑆2𝛼𝐿3
+ 4𝐷𝑆2𝛼𝐿30 − 4𝐷𝑆2𝑎3𝛼 + 12𝐷𝛼𝐿 − 12𝐷𝑆2𝑎2𝛼𝐿0
− 24𝐷1𝐿0]

⋅ (6𝐷𝐷1𝑆2𝐿 [(𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
+ 2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐵6 = 𝑃 [(𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) (6𝐷1𝑆𝐿0 − 6𝐷𝑆𝑎𝛼
+ 6𝐷𝑆3𝑎2𝛼𝐿0 − 3𝐷1𝑆3𝑎2𝐿0 − 𝐷𝑆3𝑎3𝛼
− 2𝐷𝑆3𝛼𝐿30) + (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿)) (3𝐷𝑆2𝑎2𝛼
+ 6𝐷𝛼 − 𝐷𝑆4𝛼𝐿𝐿30 + 3𝐷𝑆4𝑎2𝛼𝐿𝐿0 − 3𝐷𝑆4𝑎3𝛼𝐿0
− 3𝐷1𝑆4𝑎2𝐿𝐿0 + 𝐷𝑆4𝑎𝛼𝐿30 + 2𝐷1𝑆4𝑎3𝐿0
− 6𝐷1𝑆2𝑎𝐿0) + 12𝐷𝑆𝛼𝐿 − 12𝐷𝑆3𝑎2𝛼𝐿0
+ 4𝐷𝑆3𝛼𝐿30 − 4𝐷𝑆3𝑎3𝛼 − 12𝐷1𝑆𝐿0 + 6𝐷𝑆3𝑎2𝛼𝐿
+ 6𝐷1𝑆3𝑎2𝐿0]
⋅ (6𝐷𝐷1𝑆3 [(𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
+ 2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐶1 = −𝑃 [(𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) (−12𝐷𝑆2𝑎𝛼𝐿𝐿0
− 3𝐷1𝑆2𝐿2𝐿0 + 12𝐷1𝐿0 + 6𝐷𝑆2𝛼𝐿𝐿20
+ 6𝐷𝑆2𝑎2𝛼𝐿0 − 3𝐷1𝑆2𝑎2𝐿0 − 𝐷𝑆2𝑎3𝛼
+ 3𝐷𝑆2𝑎2𝛼𝐿 + 𝐷𝑆2𝛼𝐿3 − 2𝐷𝑆2𝛼𝐿30 − 3𝐷𝑆2𝑎𝛼𝐿2
+ 6𝐷1𝑆2𝑎𝐿𝐿0) + (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
⋅ (9𝐷𝑆3𝑎2𝛼𝐿𝐿0 − 6𝐷1𝑆𝑎𝐿0 − 6𝐷1𝑆3𝑎2𝐿𝐿0
+ 3𝐷𝑆𝛼𝐿2 + 𝐷𝑆3𝑎𝛼𝐿30 + 6𝐷1𝑆𝐿𝐿0
+ 6𝐷1𝑆3𝑎𝐿2𝐿0 − 6𝐷𝑆𝑎𝛼𝐿 − 6𝐷𝑆3𝑎𝛼𝐿2𝐿0
− 3𝐷𝑆3𝑎3𝛼𝐿0 + 2𝐷1𝑆3𝑎3𝐿0 + 3𝐷𝑆𝑎2𝛼
− 3𝐷𝑆3𝑎𝛼𝐿𝐿20 + 3𝐷𝑆3𝛼𝐿2𝐿20 − 2𝐷1𝑆3𝐿3𝐿0
− 𝐷𝑆3𝛼𝐿𝐿30) − 12𝐷𝑆2𝑎𝛼𝐿2 − 24𝐷1𝐿0
+ 24𝐷𝑆2𝑎𝛼𝐿𝐿0 + 6𝐷1𝑆2𝑎2𝐿0 + 4𝐷𝑆2𝛼𝐿30
− 12𝐷𝑆2𝛼𝐿𝐿20 + 12𝐷𝑆2𝑎2𝛼𝐿 − 12𝐷1𝑆2𝑎𝐿𝐿0
+ 6𝐷1𝑆2𝐿2𝐿0 − 4𝐷𝑆2𝑎3𝛼 − 12𝑆2𝑎2𝐷𝛼𝐿0
+ 4𝐷𝑆2𝛼𝐿3]
⋅ (6𝐷𝐷1𝑆2𝐿 [(𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
+ 2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐶2 = 0
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𝐶3 = −𝑃 [(𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) (12𝐷1𝐿0 − 3𝐷1𝑆2𝑎2𝐿0
− 12𝐷𝑆2𝑎𝛼𝐿𝐿0 − 3𝐷𝑆2𝑎𝛼𝐿2 + 6𝐷𝑆2𝑎2𝛼𝐿0
− 2𝐷𝑆2𝛼𝐿30 + 3𝐷𝑆2𝑎2𝛼𝐿 + 6𝐷1𝑆2𝑎𝐿𝐿0 − 𝐷𝑆2𝑎3𝛼
− 3𝐷1𝑆2𝐿2𝐿0 + 𝐷𝑆2𝛼𝐿3) + (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
⋅ (6𝐷1𝑆𝐿𝐿0 + 2𝐷1𝑆3𝑎3𝐿0 − 6𝐷𝑆𝑎𝛼𝐿
+ 9𝐷𝑆3𝑎2𝛼𝐿𝐿0 − 2𝐷1𝑆3𝐿3𝐿0 + 3𝐷𝑆𝛼𝐿2
+ 6𝐷1𝑆3𝑎𝐿2𝐿0 − 3𝐷𝑆3𝑎3𝛼𝐿0 − 6𝐷𝑆3𝑎𝛼𝐿2𝐿0
− 6𝐷1𝑆3𝑎2𝐿𝐿0 − 6𝐷1𝑆𝑎𝐿0 + 3𝐷𝑆𝑎2𝛼
+ 𝐷𝑆3𝑎𝛼𝐿30 − 𝐷𝑆3𝛼𝐿𝐿30) + 6𝐷1𝑆2𝐿2𝐿0
+ 6𝐷1𝑆2𝑎2𝐿0 − 12𝐷𝑆2𝑎𝛼𝐿2 − 24𝐷1𝐿0
+ 4𝐷𝑆2𝛼𝐿30 + 4𝐷𝑆2𝛼𝐿3 − 4𝐷𝑆2𝑎3𝛼
− 12𝐷𝑆2𝑎2𝛼𝐿0 − 12𝐷1𝑆2𝑎𝐿𝐿0 + 24𝐷𝑆2𝑎𝛼𝐿𝐿0
+ 12𝐷𝑆2𝑎2𝛼𝐿]
⋅ (6𝐷𝐷1𝑆2𝐿 [(𝑆𝐿 − 𝑆𝑎) (𝑒𝑆(𝑎−𝐿) − 𝑒−𝑆(𝑎−𝐿))
+ 2 (𝑒𝑆(𝑎−𝐿) + 𝑒−𝑆(𝑎−𝐿)) − 4])−1

𝐶4 = −𝛼𝑃𝐿306𝐷1
𝐹0 = (6𝐷𝑆𝛼𝐿0 − 6𝐷1𝑆3𝐿𝐿20 − 6𝐷𝑆𝛼𝐿 + 3𝐷𝑆3𝛼𝐿2𝐿0

− 3𝐷𝑆3𝛼𝐿𝐿20 + 3𝐷1𝑆3𝐿30 + 6𝐷1𝑆𝐿0 + 9𝐷𝑆3𝛼𝐿30)
− (𝐷1𝑆4𝐿40 − 3𝐷1𝑆4𝐿2𝐿20 + 6𝐷𝑆2𝛼𝐿𝐿0
− 3𝐷𝑆2𝛼𝐿20 − 6𝐷𝛼 + 6𝐷1𝑆2𝐿20 + 4𝐷𝑆4𝛼𝐿𝐿30)
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