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A new approach to solving the distributed control problem for a class of discrete-time nonlinear systems via a wireless neural
control network (WNCN) is presented in this paper. A unified Lurie-type model termed delayed standard neural network model
(DSNNM) is used to describe these nonlinear systems. We assume that all neuron nodes in WNCN which have limited energy,
storage space, and computing ability can be regarded as a subcontroller, then the whole WNCN is characterized by a mesh-like
structure with partially connected neurons distributed over a wide geographical area, which can be considered as a fully distributed
nonlinear output feedback dynamic controller. The unreliable wireless communication links within WNCN are modeled by fading
channels. Based on the Lyapunov functional and the S-procedure, the WNCN is solved and configured for the DSNNM to absolutely
stabilize the whole closed-loop system in the sense of mean square with a H, disturbance attenuation index using LMI approach.

A numerical example shows the effectiveness of the proposed design approaches.

1. Introduction

Artificial neural networks (ANNs) are one of the effective
technologies in modeling and controlling complex non-
linear systems due to the universal nonlinear function
approximation property of ANNs. Because all biological
neural networks (BNNs) have the recursive properties and
most industrial processes are nonlinear dynamic system,
the recurrent neural networks (RNNs) which have inter-
nal feedback loops and are suitable for dynamic mapping
have attracted increasing attention in the control field [1].
Many researchers have extensively investigated RNNs-based
design methods for nonlinear control systems. For example,
in [2], diagonal recurrent neural networks (DRNNs) are
constructed to identify and control, respectively, for both
BIBO and non-BIBO nonlinear plants. Lin et al. [3] studied
an FPGA-based computed force control system based on
the Elman neural network (ENN) considered as a particular
class of RNN to achieve the high-accuracy position con-
trol of linear ultrasonic motor. A neural controller using
recurrent learning (RTRL) network updating algorithm for
nonlinear plants with unknown dynamics is presented in [4].
Guaranteed cost control for exponential synchronization of

cellular neural networks (CNNs) with various activation
functions and mixed time-varying delays is investigated in
[5]. As a dynamic system, the stability analysis of RNNs and
stabilization synthesis of RNNs-based control systems are a
primary consideration. One of the main characteristics of
RNNs is that the nonlinear activation functions in RNNs are
of the sigmoidal type. Since the various sigmoidal functions
in RNNs belong to a subset of nonlinear functions of Lurie-
type system [6], during the past two decades, there have
been a large number of research contributions concerning the
absolute stability of RNNs such as [7-14]. It is worth noting
that a new neural network model termed by the standard
neural network model (SNNM) is proposed in [12]. Most
nonlinear control systems based on delayed (or nondelayed)
RNNs can be converted into the SNNMs, the absolute
stability of which can be analyzed using a unified approach
in the sense of Lurie [6, 13, 14]. However, the traditional
static and dynamic control methods [12-14] for SNNMs are
centralized and do not apply to distributed networked control
systems.

Boosted by advances in computing, communications,
and sensing technologies, cyber-physical systems (CPSs) in



which computational and physical components are closely
conjoined and coordinated are becoming increasingly ubiq-
uitous [15, 16]. A large number of embedded devices (such
as sensors, actuators, and controllers) distributed over a vast
geographical area in CPSs will depend more and more on
communications networks to achieve information interac-
tion and manipulate physical entities; therefore, wireless net-
worked control systems (WNCSs) represent a new research
frontier of CPSs and have recently received a great deal of
attention [17]. Employing wireless networks for CPSs will
enhance the flexibility and expandability of system (e.g.,
network nodes are easy to move or be deployed in scenes
which have difficulties in wiring) whilst reducing installation,
maintenance, debugging, and labour costs. However, the
unreliable communication channels, resource constraints,
and limited bandwidth that characterize the wireless tech-
nology require special care and raise new challenges to
communication, signal processing, closed-loop control, and
so forth. Recently, many researchers have investigated these
issues and some significant results were obtained and many
are in progress. Shi and Zhang [18] investigate the remote
state estimation and optimal schedule for two sensors under
bandwidth constraint. Guo et al. [19] consider the control
and actuators/sensors scheduling problem for linear system
and then propose a novel stability criterion based on the
modes of Markov chains and the transmission delays. The
problem of joint design of an output feedback controller and
the medium access scheduling policy are investigated for
networked control systems in [20, 21]. The analysis and design
of state feedback controllers for linear systems where there
are limitations on the number of active actuators and trans-
mission delays are studied in [22]. A decentralized event-
triggered control method over wireless sensor and actuator
network (WSAN) of centralized controllers is discussed in
[23]. Furthermore, with network scale unceasingly expand-
ing, any of the sensing/actuating nodes cannot access/act to
the full state of the physical plant, so development and design
of distributed control methods for a large-scale WNCSs are
still hotspot issues in both engineering and academic fields
[24].

At present, the wireless network (WN) is considered
primarily as a communication medium in most of the
research results [17, 23-26] for WNCSs. It means that the
nodes in WN will only achieve the data communication and
transmission tasks among sensing/actuating nodes and one
or more dedicated controllers. However, these works have
potential drawbacks such as that the WNCS is susceptible
to the failures of those dedicated controllers and the packet
losses and delays over unreliable wireless communication
links among nodes. Pajic et al. [27] propose the basic concept
of wireless control network (WCN), a new fully distributed
control method for WNCSs, in which the control function is
achieved over a multihop WN. For WCN, the entire multihop
network fulfills itself as a distributed controller where every
node can be regarded as a local (small) linear dynamical
controller for linear physical plants [28].

In this paper, we focus on the distributed networked H_,
control and absolute stability analysis of delayed standard
neural network model (DSNNM) based on a wireless neuron
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control network (WNCN) introduced in [29], which is an
improved nonlinear WCN. In summary, the aim for intro-
ducing WNCN stems from the need of a distributed control
approach for WNCSs. There are many practical application
requirements that also motivate this study. Typical examples
include industrial humidity, ventilation, air conditioning
(HVAC) control systems in [24], the networked process
control for the distillation column in [30], the drip irrigation
control for agriculture using wireless sensor and actuator
network (WSAN) [31], and so forth.

Compared with normal RNN being the fully connected
among neurons and having a layered architecture as shown
in Figure1(a), the WNCN, as a special kind of control-
oriented RNN, is characterized by a mesh-like structure
with partially connected neurons distributed over a wide
geographical area. Consider a scenario where several neu-
ral nodes forming with limited computation and wireless
communication capabilities are deployed around an indus-
trial plant and can exchange information with immediate
neighbor neuron nodes to form a wireless mesh network,
some of which can also receive state values of the plant
from neighbor sensors or send control signals to neighbor
actuators, respectively, as shown in Figure 1(b). Compared
with WCN behaving as a linear dynamical system, WNCN
is essentially a nonlinear wireless mesh RNN system. To
the best of our knowledge, the problem formulation is
novel.

The remainder of this paper is organized as follows. In
Section 2, we first briefly cover the delayed standard neural
network model (DSNNM) and then describe the nonlinear
dynamic behaviors of WNCN. Section 3 investigates the
absolute stability and the H, performance of the closed-loop
system. The criteria to synthesis of the optimal H_, controller
based on WNCN without stochastic packet dropping are
first presented in Section 4, and then the result is extended
to study the robust case based on stochastic WNCN with
fading communication channels in Section 5. In Section 6, a
numerical example is given to demonstrate the effectiveness
of the derived results. And finally, conclusions are drawn in
Section 7.

Notation. R" is the n-dimensional Euclidean space. R™" is
the set of real n x m matrices. A denotes the transpose of
matrix A. Tr(A) denotes the trace of a square matrix A. "
denotes the set of symmetric n x n matrices. S} denotes the
set of positive semidefinite n x n matrices. S, denotes the
set of positive definite n x n matrices. The curled inequality
symbol > (>, %, <) is used to denote generalized inequality:
A,B ¢ §", the matrix inequality A > (>,%,<)0 means
that A e Si(S},,-S},-S},),and A > (>,%,<)B &
A - B > (>,%,<)0. k(J) denotes the cardinality of set J. I
denotes an identity matrix of appropriate order. e; denotes
the ith vector of the standard basis of R". E(-) denotes the
estimation operator. diag(-) denotes a diagonal matrix. *
is used as an ellipsis for terms induced by symmetry. If
X € RPand Y € R C(X;Y) denotes the space of all
continuous functions mapping R? — RI. [, [0;00) is the
space of square integrable vectors. | - | denotes the Euclidean
norm for vectors or the spectral norm of matrices.



Mathematical Problems in Engineering

> Outputs

| W, Z1k+1 ,_|Zl,kl Uy g
b m + Z—l \ > LN
22 k+1 1] 2k Uy ke
z P
Yike
Inputs < Y2k ©
. CNk+1 71 2Nk Um,k
Yiko z W X J
Input Wa Hidden ¢ Output
layer layer layer
Model of a neuron
in layered RNN
. Activation )
I function |

@ :(> Inputs

Neuron

(a)

I Z; k1, Output
MO0

in WNCN

® A O=

Sensor Actuator Neuron

(®)

FIGURE 1: (a) A three-layer fully connected RNN. (b) Example of WNCN with 10 neurons consisting of a wireless mesh network (WMN)

where dashed lines represent radio connectivity.

2. Problem Formulation

2.1. Delayed Standard Neural Network Model. Consider the
following discrete-time DSNNM with input-output:

x(k+1) = Ax (k) + Agx (k — d) + By (¢ (k)
+ B,w (k) + B,u (k),
P qe(k) =Cux (k) + Cyx (k —d) + Dy (¢ (k)
+ D, w (k) + D,u (k),
y (k) =Cyx(k),

with the initial condition function x(k) = @(k), Vk € [-d, 0],
where x(k) € R” is the state vector, u(k) € R™ is the control
input vector, y(k) € R’ is the measured output vector, w(k) €
R" is the disturbance that belongs to 1, [0, 00), ¢(e(k)) €
C(RY; RY) is the activation function with the input vector
e(k) € RE, L € R is the number of nonlinear activation
functions, d > 0 is the time delay, A € R™", A; € R™",
B¢ € RnxL’ Bw € Rnxr’ Bu € Rnxm’ Cs € Ran’ Cd € Ran,
D, € R™E, D, e R, D, € R™™, and C, € R>". Assume
that the activation function ¢ satisfies ¢(0) = 0 and belongs
to a type of set (A(K) as follows:

o (81' (k))

& (k)

)

<k,i=1,..

1

Q(K)é{¢|0s L} (2)
which means that ¢ is sector restricted to the interval [0, K],
where K = diag(k,,...,k;) > 0.

2.2. Wireless Neural Control Network. The traditional design
approaches of dynamic controllers based on SNNMs are
centralized and the dimension of controller and plant must
remain consistent [12-14]. However, without losing system
stability, the WNCN can be structured as a distributed recur-
rent neurocontroller (RNC) with arbitrary dimension which

will be in favor of controlling the complex nonlinear sys-
tems with multiple geographically distributed sensors (multi-
output) and actuators (multi-input). So, the motivation for
introducing WNCN stems from the need for distributed
control approaches for WNCSs.

Assume that we use a WNCN consisting of N neuron
nodes to control the aforementioned DSNNM 2. The wire-
less network in the whole system can be described by a
directed graph as follows:

g2lguzus, & ug‘ug’t, 3)

vertex set edge set
where 7" = {v,,..., vy} is the set of N neuron nodes, &/ =
{a;,...,a,} is the set of m actuators which can execute the

input vector u(k) = [ul(k),...,um(k)]T, S = {sp,....s}
is the set of I sensors used to measure the output vector
YK = (K)o (k)T and edge sets &7 = {(va,) |
v € 7,a, € d}, ¢ {(vi,vj) | v € 7'}, and
&’ = {(s>vi) | s; € &,v; € 7} correspond to the physical
radio communication links in the wireless network. Define
the following three sets:

the neighbor sensors of v;, Vi € {1,..., N}
S" 2 s, 15, € 8,3(spv) € 8% ={s, | wj #0}, (4)
the neighbor neurons of a,, Vp € {1,...,m}
7 2 {v,- | v € W,H(Vi,ap) € %J} = {vi | w‘fi#O}, (5)
the neighbor neurons of v;, Vi € {1,..., N}

i é{vj | v e%,El(vj,vi) € %%}z{vjlwfaﬁo}, (6)



where wi, w% wi@q are the weights of edge (v;,a,), (v, ;)
and (s, v;), respectively. This implies that s, € & if v; can
receive data directly from s,, v; € 7" if a,, can receive data
directly from v;, and v; € 7" if v; can receive data directly
fromv,.

The dynamic behavior of the neuron node v; may be

represented by the following pair of nonlinear equations:

2k +1) = i (& (),
LM =uwiz+ Y win®+ Y wiy,®,
v e Sq esvi

where z;(k) is the state of neuron node v;, zj(k) is the state
of neuron node Vi, v € VA yq(k) is the measurement
value of sensor Sp Sq € 8", &(k) is the weighted linear
combination of v;’s present state and exogenous input signals
(from neuron nodes in 7™ or sensors in §"),and y;(-) €
Q(K) is the activation function of neuron node v;, where
K = diag(k;,s...,k;,ny) > 0. Each plant input u,(k),

p € {1,...,m} is a weighted linear combiner output due to
neighbor neuron nodes of the actuator a,, as follows:
v, €7

If each neuron node is regarded as a nonlinear dynamical
subcontroller, the whole WNCN consisting of N neuron
nodes may act as a fully distributed RNC whose dynamic
behavior may be described as

z(k+1) =y (& k),
HEK) =Wz (k) +W y(k), 9)
uk)=w7’z k),

where z € RY is the state vector of WNCN, VAS C(RN;RM),
£ e RV, W ¢ RN w? ¢ RY and W/ ¢ R™N,
In the above-mentioned equations, Vi € {1,...,N}, wf =
0ifv; ¢ 7V U v wg = 0ifs, ¢ &', and w;i =
0ifv; ¢ 7. Therefore, the weight matrices W%, we,
and W have the sparsity constraints. This means that the
WNCN has considerably fewer weights (accounting for little
computational overhead) than the fully connected neural
network, which is conducive to industrial real-time control.

In this paper, a MAC synchronized network protocol
based on time division multiple access (TDMA) architecture
is used to schedule neuron nodes in WNCN to accomplish
the cooperative control for the system (1). Under the scheme,
every neuron node v;, i € {l,...,N} transmits its state
information once per time frame. In the beginning, v; has
an arbitrary initial state value and then successively receives
information from its neighbors in 7" and §" in each time
slot of frame. After v; has received all the information from
its neighbors, v; will update its state by (7). Furthermore, in a
similar way, every actuator a,, p € {1,...,m} can receive the
combination of control signals from neighbor neuron nodes
in 7% and then act to system (1) by (8).
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Define vectors ¥ = [x z ]T e R"N g = [T, &7
RN and ¢ = [¢T T e Q(K), K = diag(k,,..., k;.n) >
0. Then the overall closed loop system & of the DSNNM %
and the WNCN % is described as

. 4
Xk+1)= [/3 B"ZV ] [283]
A x(k)

. A; Of [x(k—-4d)
0 0]|z(k-d)
i, (k—d)

¢ (e (k)
+[01Hw@®] [] “:
B, B(E(k)) B,
c. DW7][x(k)
wec, w* ][z(k)]

< 4
E(k):[

[cd Hx(k d)
z(k-d)
X(k-d)
¢ (¢ (k)

[ ]b@wJ []Mb

(£(k D,

(10)

Consider that the performance output of the closed-loop
system & is described as y(k) = Cyﬁ(k), where Cy = [I0],
then the following definition is introduced.

Definition 1 (see [6, 32, 33]). Given a scalar y > 0, the
closed-loop system & is said to be absolutely stable with a
H_ -norm bound y if there exists a distributed dynamic neu-
ral controller WNCN % such that the following conditions
are satisfied (Algorithm 1).

(1) With zero disturbance, that is, w(k) = 0, the zero
solution of the closed-loop system & is globally
asymptotically stable, Vx(0), V(E e Q(K).

(2) Under the zero-initial condition, the performance
output y(k) satisfies

Y nonzero w (k). 11)

YIF®I < v Y lo @I
k=0 k=0

Then the WNCN % is said to be a H,, controller for the
DSNNM . Furthermore, if we can find a minimal y* to
satisfy the above conditions, the WNCN % is an optimal H_
controller.

Our aim is to design the WNCN % for DSNNM & such
that the closed-loop system & satisfies the requirements (1)
and (2)in Definition 1.
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3. H_, Performance Analysis of
the Closed-Loop System

In this section, we will investigate the absolute stability
and H_, performance of the closed-loop system €. Before
deducing the main results, we need to make use of the
following two lemmas.

Lemma 2 (S-procedure [34]). Let Ty, T,..., T, € S". If there

exists 7, >0, i =1,..., p such that
p
To- Y 1,1;<0 (12)
i=1

then CTTOC < 0 for all { #0 such that CTT,-C <0,i=1...,p.
Lemma 3 (Schur complement [35]). Consider a matrix X €

S" partitioned as

ATPA-P
o~
+R+CyCy

[1]

—_

(

where K diag(k,,...,kp,N), then the zero solution of
closed-loop system & is absolutely stable and the H -norm
constraint (11) is achieved for all nonzero w(k).

Proof. From system & with w(k) = 0, one can obtain

7|

Assume that the X(k) 0 is the only equilibrium of €.
Consider the following Lyapunov-Krasovskii functional for

systems ¥ as

X (k+1) = A% (k) + A X (k - d) + By (€ (k)),

g(k) = C.x (k) + Cyx (k — d) + Dy¢ (£ (k) . (16)

d
V(X (k) =% (k)Px(k)+ Y % (k—i)RX(k—i). (17)

i=1
According to the sector bound set Q(K) of ¢, we have
¢ (& k) 7+ [6: (5 (R) - k& ()]

= 1.4} (& (k) - 1.k;5 (k) §; (5 (k)
0,

(18)

<

wheree; > 0,i=1,...,L+N.

A B

B C (13)

x=|5 o

where A € S¥. If A is nonsingular, the matrix S = C—B' A™'B
is called the Schur complement of A in X. Then, the following
characterizations of positive definiteness or semidefiniteness of
the block matrix X hold:

(1) X>0, iff A>0,S>0,

(14)

(2) IfA>0, then X =0 iff Sx0.

Theorem 4. Given y > 0 and WNCN K with parameter set
H = (WO WE WY, if there exist appropriate dimension
matrices P > 0, R > 0, and T > 0, such that the following
matrix inequality holds:

A"PBy+C/TK A"PB,
S

AjPBy+CJTK
o
ByPB, + D, TK
+TKDy - 2T

AlPB,
<0, (15)

) B7PB, + TRD,

*

RTpR 2
BIPB, -1 |

Now, by defining the difference of V(x(k)) along € as
AV (x(k)) £ V(x(k + 1)) - V(X(k)) and using Lemma 2 (S-
procedure), we can obtain

AV (x (k)
=% (k+1)Px(k + 1) - ¥ (k) P% (k)

+ %(k)"R% (k) — X' (k — d) RX (k — d)

IN

[ A% (k) + A% (k - d) + By (k)]
x P A% (k) + A % (k - d) + By ( (k)|

~ % (k) P% (k) + (k)T R% (k)

L+N
-7 (k-d)RE(k-d) -2 ) 14} (& (k)

i=1

L+N _
+2) 1k (k) §; (5 (k)
i=1
xk) 1"
[g (k - d)]
¢ (E(k))
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[A"PA-P+R A'PA;  A'PB,+C/TK
* AjPA;-R AJPB,+C,TK
X
= g
. . B¢ PB¢~+ D¢ TK
+TKDy - 2T
EU
[ X (k)
x| x(k-4d)]|,
L ¢ (E(K))
(19)
where T = diag(r,7,,...,Tr,n) = 0. By Lemma 3 (Schur

complement), if Z; < 0 (15) holds, &, < 0 also holds. So, if
E, < 0, system € with w(k) = 0, that is, system €, is globally
asymptotically stable, V¢ € Q(K).

Next, for V€ > 0, define

4
Iy 17 ®)° = * Yl (R)IP

(20)

7" ()7 () - y*e" (k) w0 ()]

i

Consider the zero initial condition V(x(0)) = 0, that is

4

2w

V(x(+1)) = (X (k+1))-V(x (k)]
(21)

e
= Y AV(E (k) > 0.
k=0

Therefore, for system &, defining vector { (k) = L (k) %L (k-
d) ¢T(&(k)) " (k)]" and according to (19) and (20), we have
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e
< Y 7 ) 7 (k) - Yo' (k) w (k) + AV (E (k)|
k=0

14
= > (k) E (k).
k=0
(22)

If 8 < 0 (15) holds, lim,_, . J, = lim,_ o Y5 ,¢ (k)
E,{(k) < 0. Thus, V nonzero w(k) € 1, [0,00) and the
H,,-norm constraint (11) is achieved. This completes the
proof. O

4. H_, Controller Design Based on WNCN

In the previous stage, the matrix inequality condition &; < 0
(15) is not an LMI, which cannot be solved by LMI tools. In
what follows, we first convert the matrix inequality condition
E, < 0 (15) into a cone complementarity problem (CCP)
and then use the cone complementarity linearization (CCL)
algorithm introduced in [36] to formulate a convex optimiza-
tion problem with LMI constraints to obtain the appropriate
parameters of WNCN (i.e., interconnection weight matrices

set # = (WO, W w’h.

Lemma 5 (see [27]). There exist matrices P, Q € S,
satisfying the constraint Q = P™" if and only if they are optimal
points for the problem

Tr {QP}

Q1
I P

min
(23)

subject to [ ] >0, QPeS},

and the optimal cost of the problem is n.

Theorem 6. Given a scalar y > 0, the closed-loop system &
is said to be absolutely stabilizable by using a WNCN % and
the H,,-norm constraint (11) is achieved for all nonzero w(k)
if there exist appropriate dimension matrices P > 0, Q > 0,

e
Z [y (k)y w' (k) w (k) + AV(X (k))] R>0,%%0,and WO, W6, W7 € K such that the following
k=0 optimization problem:
“VEE+1)
min Tr{QP} (24)
[-P+R 0 cr o A" C}]
x+  -R Ci AL 0
S vT .y RDT = =BT
st s,-| * * DER+3RD;-25 D, KB; 0|, (25)
I Bl 0
* -Q 0
L * * —1 |
[? II,] >0, QPeS"N, (26)
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where

T [A Buwf] ~ [ c. bDw”

0 0 e W@Cy w¢ ] (27)

is feasible with optimal cost n + N.

Proof. Inequality E, < 0 (15) in Theorem 4 can be rewritten
as

[-P+R 0
* -R

CITK 0
C/TK 0

* x DyTK +TKDy - 2T TKD,

| * * —yZI_
F'Af\T'\
;(7‘; L (28)
+ P|A A, B, B
L |PlE A8, B
¢
| B, |
r =T A
Coy
1o [C, 0 0 0]<0.
L 0 ]

Then, using Lemma 3 (Schur complement), the inequality
(28) is equivalent to

[-P+R 0 CITK 0o A" CJ]
x+  -R C,TK 0 A} o
ST 73 B i 73 oY nT
* * ng TK +TKDg - 2T TKD, B¢ 0 X
* * * —yZI Eg 0
-Q 0
i * =] |
<0,
(29)
where Q = P™". By defining
s=(t8)",  ==(TR) '1(TR)"  (0)

and pre- and postmultiplying the left-hand side matrix of
(29) by diag(1, I, S, 1, I, I), respectively, the inequality (29) is
equivalent to

[-P+R 0 cr 0o A" CJ]
+ -R C, 0 A5 o0
x+ % SDy+DyS-2% D, SBy 0
* * * —yzl Eg 0 )
-Q 0
! S
<0.
According to (30), the following equations hold:
st =TK, T=S8"'ss". (32)
Form (32), we know
S=3K. (33)

Substituting (33) into (31), one can obtain E, < 0 (25).
By using Lemma 5, the nonconvex constraint Q = Ptis
approximated with an optimization problem. This completes
the proof. O

So far the WNCN has been designed to guarantee the
absolute stability with a given H, -norm bound y of the
closed-loop system. In what follows, we give the Algorithm 2
based on the bisection method to design WNCN for the
optimal H_, control problem: min y s.t. (15), P > 0, R > 0,
T >0.

5. Robust H_ Controller Design Based on
Fading WNCN

Due to the large geographical nature of the closed-loop
system & over a WN, a realistic distributed control design
approach for WNCN should take the communication packet
losses into account.

According to [37], we adopt the fading channel models
to simulate the unreliable wireless communication links in
WNCN as shown in Figure 2(a). First, define a bijective
mapping Q : {(a,b)} — {7}, (a,b) € g’ u&tudg,
where 7 = {1,...,p} and p = k(87) + k(8%) + k(&") is
the total number of wireless links in WNCN, to concisely
enumerate all links in the network. Therefore, the weights of
links {(a, b)} can be mapped to w?, wi’”, w‘f, V1 = Q(a,b) and

T
then compacted into the following weight vector as

s (34

= [{wf}er(sq,vi)’ {wf}‘mﬂ(vj,vi)’ {wTJ}T=Q(Vi)up)]
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(25)-(26), let Xy = P, %, = Q. Otherwise, exit.

min Tr {2, Q + %P} s.t. (25)-(26).

Step 1. Set k = 0. If there exists an initial feasible solution set Y, = {P, Q,R, 2, wo we, W‘j} satisfying the constraints

Step 2.If k < k, go to Step 3 where « is the assumed maximum number of iteration. Otherwise, exit.
Step 3. Atk > 0, obtain the feasible solution set Y, = {P, QR W, W?, Wj} by solving the following LMI problem:

Step 4. Substitute Y, into (15). If (15) holds, stop the algorithm. Otherwise, set k = k + 1, £ = P, %, = Q and go to Step 2.

ALGORITHM 1: Given a scalar y > 0, solving the H,, WNCN for closed-loop system Z.

Y, = {PL.QRIW’,W* W’}
Step 2. Atk > 0, compute y; = (y’f + ylj)/z.

Otherwise, set y’f = yk.

Otherwise, set k = k + 1, go to Step 2.

Step 1. Set k = 0. Let y° and y! be the initial lower and upper bounds of y, that is, y, € [y°,°] where y° = 0, ) can be
assigned an arbitrarily sufficiently large value to make inequalities (25)-(26) have initial feasible solution set

Step 3. Use Algorithm 1 to check whether the feasible solution set Y, ,, satisfying inequality (15). If Y, exists, set y* = y*.

Step 4.1fy* — y* < €, where e is the assumed calculation accuracy, set optimal H,, performance index y* = y* and exit.

k

ALGORITHM 2: Minimizing y to solve the optimal H,, WNCN for closed-loop system €.

where v’ € R?, W% ¢ R, w’ ¢ R?,and w
R”. Let t; . denote the data packet transmitted over the rth
communication link at time k. Then, aggregating all of t; . in
a vector t;, € R”, we can obtain

wo| o
-
W C ‘0 ] [X(k)] {A70r ~
t(k) = t Y =Wx (k),
O o], o] Bl =7
t
T —
(35)
where W't@ = diag(w@) [eg]qhzg(sq,w), e, € R W‘tg =

diag(wg)[e]r]ﬂrzﬂ(vj,vi), e; € RY, and Wtj = diag(w‘y)

T N
lei Niir-0(v,a,)> €& € R

Remark 7 W e RPN is a row selection matrix whose
each row contains a single nonzero element which equals to
a corresponding weight wf , u);g or wfj.

Next, let (k) denote the received date from (k) via the
unreliable wireless communication links. y,(k), 7 € {1,..., p}
is independent and identically distributed (I.I.D) Bernoulli
random variable with mean y, = E[y,(k)] and variance
05 = E[(y. (k) - ;AT)Z]. 9. (k) indicates whether packet t_(k)
is successfully received by r,(k); that is, y,(k) = 1 if packet
arrives and y,(k) = 0 otherwise. If A_(k), T € {1,...,p}
denotes an L.ID Bernoulli random variable with zero-mean
and variance 7, y, (k) can be transformed into a robust form
such that y, (k) = p, + A, (k), where y_ is nominal value and
A, (k) is random perturbation value. Thus, the fading channel
model is described by the following bijective mapping:

I:itk) - rk)=TkKtk)=M+AKk)tk), (36)

where I'(k) = diag(yl(k),...,yp(k)), M = diag(‘ul,...,[up),
A(k) = diag(A(k),..., A ,(k)), E[A(K)A(K)"] = diag (a7,...,
a7), and E[A(K)] = 0.

Thus, the dynamic behavior of the fading WNCN with
stochastic packet losses can be described as follows:

z(k+1) =y (& (k),
H EK) =Wz (k) + W7y (k) + W A (k) t (k),
u(k) =W,z (k) + W A (k) £ (k) ,
(37)

where WE 0= Wf + WA@ and
o _ 0
WH - [(wﬂ )iLI]le’

yrwf, v, € 7,5, €S,

where (wﬂ )iq = Q (sq, vl-) =7
0, else,
Wf [( f)ij]NxN’
ww?, ifi#j,3v, v, €7,
Qlv,v) =1
where (), = w?, ifi( 2 E)Iv,» e
0, else,

W= (@), ],

yrwf, v, € 7,a, € d,
where (wJ)Pi = Q (v,-,ap) =T

0, else,
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6 _ Y c. pw/ .
W = [(wA)iT]NXP’ where A, = [AB”WKL Ct = [ : ]’ and Wt =
U 0 0 € woc. w¢ 1
L, W e?,s,¢, , . DWY wy e
BuWA W St = “
where (wf)ﬁ = Q(sq,vi) =7 [ 0 ],W2 [ wee ]
0, else,
W = [(wg) ] Definition 9 (see [6, 32, 33]). Given scalar y > 0 andTM(k),
A AJiINxp’ the state correlation matrix, as M(k) 2 E{x(k)x(k) }, the
stochastic closed-loop system ¥ is said to be absolutely stable
L, Jv,v; e, in mean-square with a H_ -norm bound y, if there exists a
where (w ) = Q (v< V.) -7 distributed dynamic neural controller WNCN % such that
A iT VA . ape .
0 else the following conditions are satisfied.
w = [ ( J) ] (1) With  zero disturbance, that is, wQ{) = 0,
a A ptdiuxp’ lim, _, . ,M(k) = 0, VX(0), and V¢ € Q(K).
L, v e€7,a,cd, (2) Under the zero-initial condition, the performance
where (wj ) = Q (v- a ) =7 output y(k) satisfies
A pr i>“%p
0, else. 00 )
2
(38) YE{F®I'} < v YE{lo @I},
k=0 k=0 (40)

Remark 8. Similar to W', matrices W,%” and Wy are used to
select which elements of A(k)t(k) are added to &(k) and u(k),
respectively.

As shown in Figure 2(b), DSNNM (1) is controlled by a
fading network composed by the mean WNCN (MWNCN)
and the stochastic perturbation A. Consider the following
stochastic closed-loop system:

X(k+1) = A X (k) + A% (k—1) + By (€ (k)
+ Byw (k) + WA (k) t (k)
g(k) = Ctx (k) + C;% (k — 1) + Dy (€ (k)
+ Dy (k) + WA (k) t (k)

o

V nonzero w (k).

Then the WNCN % is said to be a robust H_, controller for
the DSNNM 2. Furthermore, if we can find a minimal y*
to satisfy the above conditions, the WNCN % is an optimal
robust H,, controller.

Theorem 10. Given a scalar y > 0, the stochastic closed-loop
system € is said to be absolutely stabilizable in mean-square
by using a fading WNCN K and the H,,-norm constraint
(40) is achieved for all nonzero w(k) if there exist appropriate
dimension matricesP > 0,Q > 0,R > 0,X > 0, Wf, Wf, Wf,

and scalar 0, i = 1,..., p, such that the following optimization

(39) problem:
min Tr{QP} (41)
[P+R+TI 0 (@) 0o A, CJ
x -R o 0 A5 0
5 v L sTRT _ 5 ZHT
st & - * *  DyZK + ZKD¢ 22 D, ZKB¢ 0 <0, (42)
* * * —yZI Ez; 0
* * * * -Q 0
L % k ES * * —I ]
T
6, (W) (W), vie1oop @
I n
[? P] >0, QPeSM"N, (44)
where 1 = (W)TOW™, @ = diag(6;,...,0,), and 6; =  Proof. Consider a Lyapunov candidate as follows:
af(WIdSt)iTP(Wld“)i, (Wfl“)i denote the ith column of the
matrix Wl"l”, is feasible with optimal cost n + N. VM (k)] = Tr [M (k) P]. (45)
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FIGURE 2: (a) The wireless communication links simulated as fading
channels and (b) WNCN is transformed into a robust sense.

The difference of V' [M (k)] along the trajectory of stochastic
closed-loop system € with w(k) = 0 is given by

Mathematical Problems in Engineering

AV[M (k)]
xk 1"
=|X(k-4d)
¢ (€(K))
[(ATPA, -P\ ~r .~  ~1rs (=T |
( Kt ) APA; A PBy+(Ct) TK
y * AJPA;-R A[PB,+C TK
= =
. . By PB, + DyTK
L +TKD,, - 2T
[ x(k)
x |X(k-d)|, (47)
L ¢ (E(K)
where T = diag(t;, 7p...,T1,n)> K = diag(k,....k;,n)s

n = WNH'ew”, © = diag®,....0,), 6, =
af(WldSt);FP(me)i, (Wf‘“)i denote the ith column of the

matrix WldSt.
According to (20)-(22), V€ > 0, we have

AV[M (k)] = V[M (k + 1)] = V[M (k)] o av )
= Tr [M (k + 1) P] — Tt [M (k) P] E{J} = ;)[E Iyl -y ];[E {lo )17}
=Tr {E [ (k+ 1) PZ(k+1)- X' (k) Px(k)|} e -
= YE{5 (k)7 (k) - k) w (k 48
— E[&7 (k+ 1) PR (k + 1) - & (k) PX ()] . ;) PACHCRCRCTICI NG
(46) d
< DT REL K,
By considering A(k) with E[A(k)] = 0 and E[A(k)AT (k)] = k=0
diag(af, ... ,aﬁ) is independent from X(k) and (Z;(g(k)) and
using Lemma 2 (S-procedure) one can obtain where
[(A'PA, - P+R = NTo = 1
( ié’fc‘y . ) A PA, APB,+(Cl)TK  A.PB,
~ * AYPA;-R AJPB,+CyTK ATPB,
g = R (49)
* * By Pl}ipj Dy TK ETPE¢ +TKD,
+TKDy - 2T ¢
* * * Egpgw - yzl.

Since &, is the principal minor of £, if Z, < 0, then &, < 0
such that M (k) converges to zeros as k — oo for system 7
with w(k) = 0, VX(0), and V¢ € Q(K). Further, if &, < 0
holds, lim, _, . ,E{J,} < lim,_, o, Zi:o CT(k)EIC(k) < 0. Thus,
V nonzero w(k) € I, [0,00) and the H_ -norm constraint
(40) is achieved. Similar to the proof process of Theorem 6, by
using Lemma 3 (Schur complement), the inequality E; < 0 is
equivalent to optimization problems (41)-(44) described in
Theorem 10. This completes the proof. O

B

As in the previous section, we present Algorithms 3 and
4.

6. Numerical Simulation

Consider the following nonlinear system [38]:

x; (k+1) = =x} (k) +0.3x, (k) + 0.1x] (k - 2)
—0.2x; (k—2)x, (k—2) +u, (k),
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1

(42)-(44),let 'y = P, %, = Q. Otherwise, exit.

min Tr {2,Q + ¥, P} s.t. (42)-(44).

%, = Qand go to Step 2.

Step 1. Set k = 0. If there exists an initial feasible solution set Y, = {P, Q,R,Z, Wf ) Wf R Wf } satisfying the constraints

Step 2. If k < x, go to Step 3 where « is the assumed maximum number of iteration. Otherwise, exit.
Step 3. At k > 0, obtain the feasible solution set Y, = {P, QR,Z, WM@, Wf , Wf } by solving the following LMI problem:

Step 4. Substitute Y;,, into matrix Z,. If inequality £, < 0 holds, stop the algorithm. Otherwise, setk = k + 1, 2, = P,

ALGORITHM 3: Given a scalar y > 0, solving the H,, fading WNCN with unreliable communication links for closed-loop system €.

Y, = {P.QR W/, WS, W/}

Step 2. Atk > 0, computer y, = (y* +y)/2.
Otherwise, set y’f = yk.

Otherwise, set k = k + 1, go to Step 2.

Step 1. Set k = 0. Let y° and y” be the initial lower and upper bounds of y, that is, , € [y°,°] where y° = 0, ? can be
assigned an arbitrarily sufficiently large value to make inequalities (42)-(44) have initial feasible solution set

Step 3. Use Algorithm 3 to check whether the feasible solution set Yy ,, satisfying &, < 0. If Y, exists, set y’j =9yn

Step 4.1fy* — y* < €, where e is the assumed calculation accuracy, set optimal H, performance index y* = y* and exit.

k

ALGORITHM 4: Minimizing y to solve the optimal H,, fading WNCN with unreliable communication links for closed-loop system &.

x, (k+ 1) = 0.1x, (k) + x, (k) + 0.5u, (k),
y (k) = 0.6x, (k).
(50)

According to [39, 40], when we consider the disturbance
w(k), the nonlinear system (50) can be transformed into
the discrete-time DSNNM (1), where A = [ %’ %], A; =
[°%° 5"} By = [4] By = [o05] C = [1 0. Cy =
[-0.1 02], Dy = 0, D, = 0,,,,C, = [0.6 0], B, = [§3],
D,=0.1,and K = I.

Consider that the double-input-single-output (DISO)
discrete-time DSNNM described above is synthesized by a
WNCN which consists of 6 wireless neuron nodes shown
in Figure 3. In WNCN, each wireless communication link
is modeled as a fading channel with same packet arrival
rate (mean) 8 and variance 0> = &(1 — §). For 8 =
0.95%, Algorithm 4 can be solved by CVX, a package for
specifying and solving convex programs [41]. Then, we obtain
the minimum optimal H,, performance index y* = 0.7921,
the solutions of (41)-(44), and the interconnection weight
matrix parameters of WNCN as follows:

[ 3.6031 -1.0546 -0.0825 -0.0825 0.0047 0.0047 -0.0617 —0.061717
-1.0546 11.3398 1.2546 1.2546 -1.1665 -1.1665 —-1.1256 -1.1256
-0.0825 1.2546 1.1610 0.0840 -0.0821 -0.0821 -0.0785 -0.0785
p= -0.0825 1.2546 0.0840 1.1610 -0.0821 -0.0821 -0.0785 -0.0785
0.0047 -1.1665 —0.0821 -0.0821 1.1495 0.0725 0.0708 0.0708 |’
0.0047 -1.1665 —-0.0821 -0.0821 0.0725 1.1495 0.0708 0.0708
-0.0617 -1.1256 -0.0785 -0.0785 0.0708 0.0708 1.1454 0.0684
| -0.0617 -1.1256 -0.0785 —-0.0785 0.0708 0.0708 0.0684 1.1454 J
r 0.2931 0.0501 -0.0192 -0.0192 0.0378 0.0378 0.0545 0.0545 ]
0.0501 0.1789 -0.1421 -0.1421 0.1359 0.1359 0.1342 0.1342
-0.0192 -0.1421 0.9929 0.0644 -0.0579 -0.0579 -0.0576 -0.0576
| —0.0192 -0.1421 0.0644 0.9929 -0.0579 -0.0579 -0.0576 -0.0576
Q= 0.0378 0.1359 -0.0579 -0.0579 0.9884 0.0599 0.0594 0.0594 |’
0.0378 0.1359 -0.0579 -0.0579 0.0599 0.9884 0.0594 0.0594
0.0545 0.1342 -0.0576 -0.0576 0.0594 0.0594 0.9890 0.0605
| 0.0545 0.1342 -0.0576 —-0.0576 0.0594 0.0594 0.0605 0.9890 J
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x(k +1) = Ax(k) + Agx(k - d) + Byp(e(k)) + Bw(k) + B,u(k)
e(k) = C,x(k) + Cyx(k — d) + Dyw(k)
y(k) = C,x(k)

IV

FIGURE 3: A discrete-time DSNNM synthesized by a WNCN with 6 wireless neuron nodes.
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--- x(k)
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FIGURE 4: State response of the closed-loop system under H controller WNCN with y* = 0.7921.

r1.1713 -0.1182 0.0122 0.0122 -0.0342 -0.0342 -0.1895 -0.18957
0 0.5427 -0.0197 -0.0197 -0.0580 —0.0580 0.0405 0.0405

0 0 0.7390 -0.7183 0.0078 0.0078 -0.0614 -0.0614
R= 0 0 0 0.1738 0.0657 0.0657 -0.5153 -0.5153
B 0 0 0 0 0.7494 -0.6879 0.0713 0.0713 |’
0 0 0 0 0 0.2973  0.3447 0.3447
0 0 0 0 0 0 0.7422 -0.7089
L 0 0 0 0 0 0 0 0.2198

> =diag(0.5313,1.2461,0.1357,0.4233, 1.4452,0.7652, 1.2891),

[ 0.0484 0.0484 0.0003 0.0003 0 0 —1.3588
0.0484 0.0484 0.0003 0.0003 0 0 —-1.3588
W = -0.4925 -0.4925 0.0110 0.0110 -0.1193 -0.1193 WO = 0
Iz —-0.4925 -0.4925 0.0110 0.0110 -0.1193 —0.1193 |’ u“ 0 ’
0 0 0.4870 0.4870 -0.0879 -0.0879 0
0 0 0.4870 0.4870 —0.0879 -0.0879 0

—-0.0646 —0.0646
—-0.2989 -0.2989 |

(51)
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Figure 4 shows the simulation results of the state trajec-
tories of controlled discrete-time DSNNM, where state x(k)
is initialized arbitrarily in interval [-0.5,0.5] at k = 0 and
k = 40, respectively, and the disturbance input is nonlinear
load 1/K*. It is easily seen that the WNSN with a distributed
architecture solved by Algorithm 4 using CVX toolbox can
ensure the absolute stability of the closed-loop system in the
mean-square sense with optimal H performance.

7. Conclusions

A novel wireless networked H,, control approach based
on WNCN has been considered for a class of Lurie-type
nonlinear systems named DSNNM. The WNCN which can
absolutely stabilize the closed-loop system in mean-square
with a desired H_, disturbance rejection level can be obtained
by solving LMIs using a CVX toolbox (release 2.0 (beta)).
Simulation results have illustrated the feasibility of the dis-
tributed control methods presented in this paper.
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