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Based on a nonlinear fractional complex transformation, the Jacobi elliptic equation method is extended to seek exact solutions for
fractional partial differential equations in the sense of the modified Riemann-Liouville derivative. For demonstrating the validity
of this method, we apply it to solve the space fractional coupled Konopelchenko-Dubrovsky (KD) equations and the space-time
fractional Fokas equation. As a result, some exact solutions for them including the hyperbolic function solutions, trigonometric

function solutions, rational function solutions, and Jacobi elliptic function solutions are successfully found.

1. Introduction

In the nonlinear sciences, it is well known that many nonlin-
ear partial differential equations are widely used to describe
the complex phenomena in various fields. The powerful and
efficient methods to find analytic solutions and numerical
solutions of nonlinear equations have drawn a lot of interest
by a diverse group of scientists. Many efficient methods have
been presented so far (e.g., see [1-9]). Fractional differential
equations are generalizations of classical differential equa-
tions of integer order. In recent decades, fractional differential
equations have gained much attention as they are widely
used to describe various complex phenomena in many fields
such as the fluid flow, signal processing, control theory,
systems identification, and biology and other areas. Many
experts have investigated theoretic problems of fractional
differential equations so far, and the concerned fields include
the existence and uniqueness of solutions to Cauchy type
problems, the methods for explicit and numerical solutions,
and the stability of solutions (e.g., see [10-15]). Among these
investigations for fractional differential equations, research
for seeking analytical or semianalytical solutions of fractional
differential equations has been paid an increasing attention.
Many analytical or semianalytical methods have been pro-
posed to obtain numerical solutions and exact solutions of
fractional differential equations so far. For example, these
methods include the (G'/G) method [16-18], the variational

iterative method [19-21], and the fractional subequation
method [22-26]. Based on these methods, a variety of
fractional differential equations have been investigated.

In this paper, we extend the Jacobi elliptic equation
method to seek exact solutions for fractional partial differ-
ential equations in the sense of modified Riemann-Liouville
derivative. Based on a nonlinear fractional complex trans-
formation, certain fractional partial differential equation can
be converted into another ordinary differential equation of
integer order with respect to one new variable, which can
be solved based on the Jacobi elliptic equation. This method
belongs to the categories of fractional subequation methods,
and with the general solutions of the Jacobi elliptic equation,
a series of exact solutions for the fractional partial differential
equation can be obtained.

Definition 1. The modified Riemann-Liouville derivative of
order « is defined by the following expression [27-30]:

D{f (1)
1 4
r (} — ) dt
= xjo(t— O (fE-f(0)dE, 0<a<l,
(r )™,

n<a<n+1, n>1.
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Definition 2. The Riemann-Liouville fractional integral of
order « on the interval [0, ¢] is defined by

1

Fro= T(1+a)

j £(s)(ds)"
0

L @
_ el
= T L (t=9)"" f(s)ds.

Some important properties for the modified Riemann-
Liouville derivative and fractional integral are listed as follows
(see [22-27]) (the interval concerned below is always defined
by [0, t]):

DY = F(1+r) .
t F(l+r-«)

Di(f(t)g®)=g®D;f )+ ft)Dig(t), (4)

D flg®] = f,[g O] Dfgt)

, (3)

©)
=D f[g0] (4 )",
I"(D{f () = f () - £ (0), (6)
(gD f 1) = f(®)gt) - f(0)g(0) -
~I*(f (1) D{g (1)).

The rest of this paper is organized as follows. In Section 2,
we give the description of the Jacobi elliptic equation method
for solving fractional partial differential equations. Then in
Section 3 we apply this method to establish exact solutions
for the space fractional coupled Konopelchenko-Dubrovsky
(KD) equations and the space-time fractional Fokas equation.
Some conclusions are presented at the end of the paper.

2. Description of the Jacobi Elliptic
Equation Method for Solving Fractional
Partial Differential Equations

In this section we give the description of the Jacobi elliptic
equation method for solving fractional partial differential
equations.

Suppose that a fractional partial differential equation, say
in the independent variables ¢, x,, x5, . . ., X,,, is given by

o (24
P(ul,...,uk,Dtul,...,Dtuk,Dflul,...,Dfluk,...,
(8)
D! ..., D} uy,...) =0,
where u; = u;(t,x,,%5,...,%,), i = 1,...,k, are unknown

functions and P is a polynomial in u; and their various partial
derivatives including fractional derivatives.

Step 1. Execute a certain nonlinear fractional complex trans-
formation for &:

VX))

)

X%,) =Ui (), E=8(tx,x.

u; (t,x1, %5, . ...
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such that (8) can be turned into the following ordinary
differential equation of integer order with respect to the
variable &:

B(Uy,...,UuUy,..., U, U

e bUG. ) =00 (10)
In fact, take Dju,; for example, one can suppose a

nonlinear fractional complex transformation & = c(t*/T(1 +
«)), and then by using (3) obtain D%u, = U;(§)D{E = cU, (£).

Step 2. Suppose that the solution of (10) can be expressed by
a polynomial in (G'/G) as follows:

m;j G i
Uj(’q’) :zaj,i(6>> j=12,...,k, 11)
i=0

where ajs i = 0,1,...,mj,j = 1,2,...,k, are constants
to be determined later, a;,, # 0, the positive integer m; can
be determined by considering the homogeneous balance
between the highest order derivatives and nonlinear terms
appearing in (10), and G = G(§) satisfies the following Jacobi

elliptic equation [31]:
(G')2 =e,G* +¢,G* + ¢, (12)

where e, e;, and e, are arbitrary constants.
Some general solutions of (12) are listed as follows:

[ ersech (ve€),
e,=-1,¢ >0, ¢,=0,
—Jeresch (vai)
e,=1,¢ >0, ¢,=0,

V=ersec(v=ef),

e, =1, <0, ¢=0,

§+Cy
e,=1,¢ =0, ¢,=0,
sn(8),
e, = m?, e =—(1+m2), e, =0,
cn (),
e, = —m?, e =2m’ -1, eozl—mz,
dn (§),
e, =-1, ¢ =2 -m’, e0=m2—1,
e, =1, e1=2—m2, e0=1—m2,
sd (&),
ezzmz(mz—l), e =2m’ -1, ey =1,
de (),

e, =1, elz—(m2+1), e(,:mz,

G (&) = 1

(13)

where C, is a constant, sn(§), cn(¢), and dn(§) denote the
Jacobi elliptic sine function, Jacobi elliptic cosine function,
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and the Jacobi elliptic function of the third kind, respectively,
m is the modulus, and

cn (&)
sn(€)’

sn (§)
dn (§)’

_dn(®)

@=L

cs(§) =

sd (§) =

1 1
sc (&) = CS_(E)) ds (&) = m,

1
dn (§)’

1

cd(§) = i@

nd (&) =

1

ns@=——,  nc@®= T

sn (&)
(14)

Furthermore, one has

( —yer tanh (v&E)
e,=-1,¢ >0, ¢,=0,
— & coth (&7E)
e,=1,¢€ >0, ¢, =0,
v—e; tan (1/=¢;&),
e,=1,¢ <0, ¢,=0,
N
E+Cy
e, =1, =0, ¢,=0,
cen (§)ds(§),
ezzmz, e :—(l+m2), e, =0,
(G' («s)) _ ] -sn®de(),
G(©) ezz—mz, 61:2m2—1, e(,:l—mz,
-m“sn (§) cd (§),
e, =-1, e1=2—m2, eozmz—l,
_de®
sn (§)’
e, =1, e =2-m? eozl—mz,
cs (§)
dn (§)’
ezzmz(mz—l), eI:Zmz—l, e =1,
d ()
1-m’ s—,
( )cn(i) ,

e, =1, €1=—(m2+1),€0=m.

(15)

Other solutions with e,, e;, and e, taking different values are
omitted here for the sake of simplicity.

Step 3. Substituting (11) into (10) and using (12), the left-hand
side of (10) is converted into another polynomial in G'G'/.
Collecting all coefficients of the same power and equating
them to zero yield a set of algebraic equations for a;;, i =
0,1,...,m, j=1,2,...,k

Step 4. Solving the equations’ system in Step 3, and using the
general solutions of (12), we can construct a variety of exact
solutions for (8).

3. Application of the Jacobi Elliptic
Equation Method to Some Fractional
Partial Differential Equations

3.1. Space Fractional Coupled Konopelchenko-Dubrovsky (KD)
Equations. Consider the space fractional coupled Kono-
pelchenko-Dubrovsky (KD) equations

3
Dju - Diﬁu - 6bquu + —azuszu
2
-3D}y + 3aDF (uv) = 0,
Di’,u = va,

0<a,By<l,

(16)

where D%(-) denotes the modified Riemann-Liouville deriva-
tive of order . Equation (16) is a variation of the coupled
Konopelchenko-Dubrovsky (KD) equations of integer order
[32].

In the following, we will apply the Jacobi elliptic equation
method described in Section 2 to solve (16). To begin with,
we suppose u(x, y,t) = U(E), v(x, y,t) = V(£), where & =
(c/T(1 + a))t* + (k/T(1 + ﬁ))xﬁ +UTA+ )y + &k L ¢,
&, are all constants with k, [, ¢ # 0. Then by use of (3) and the
first equality of (5) we obtain

Dlu=DU (&) =U" () DfE=cU (&),
Dfu=DFU ) =U" () Dt = kU’ (¥), (17)
Dhu=DWU (€ =U" () DIg=1U"(¥).

Then (16) can be turned into the following form:

"

cU' - K’U" - 6kbUU' + %kaZUZU'
= 3IV' 4 3ak(UV)' =0, (18)
W' =kv'.
Suppose that the solution of (18) can be expressed by
m, G i
U = . —_— N
(©) Zoa( e

: (19)
m, Gl ¢
V(g) =; b,(E) 5

where G = G(&) satisfies (12). Balancing the order of U"" and
U?U',U" and V' in (18) we have m, = m, = 1. So,

U(E):ao+a1<%>,

V&) =b+b (%)

(20)

Substituting (20) into (18), using (12), collecting all the
terms with the same power of G'G"/ together, and equating



each coefficient to zero yield a set of algebraic equations.
Solving these equations yields that

2 (al - bk) 4 +2k

2 4, 2 212 ap2 2
by = _ cka” +2k"eja +6§)kal—6bk -3la @)
a’k?
bl=iz—l
a

Substituting the result above into (20) and combining
with (15) we can obtain the following exact solutions for (16).

Family 1. When e, = -1,e; > 0, ¢, = 0, the following
hyperbolic function solution can be obtained:

2 (al - bk)
U (x’%t):—T [ Ve tanh (ve;€)],
cka® + 2k*e,a* + 6bkal — 6b°k* — 31%a’
V1 (x’y>t)=_ B3k2
21
£ 2 [ e anh (ver8)],
(22)

where & = (¢/T(1 +a))t* + (k/T(1 +ﬁ))xl3 +(/T(1+y))y" +&,.

In Figures 1 and 2, the solitary wave solutions u, (x, y, 1),
v, (x, y,t) in (22) with some special parameters are demon-
strated.

Family 2. Whene, = 1,e; > 0,¢, =0,

2(al - bk) |
ty (% y,t) = == * [ Ve coth (ve,€)]
cka® + 2k4ela2 + 6bkal — 6b*k* - 31%a*
VZ(x’y’t):_ PEy®
21
+ — [=ver coth (ved)]

(23)

where & = (C/r(l+o¢))t”‘+(k/l“(l+ﬁ))xﬁ+(l/l"(l+y))y"+fo.

Family 3. When e, = 1,¢; < 0,¢, = 0, the following
trigonometric function solution can be obtained:

2 (al bk)
(o pt) = 20 2 tan (1),
cka® + 2k4€1a2 + 6bkal — 6b°k* - 31°a’
vs (%, 1) = - a3k2

+ 2 eran (e,

(24)

where & = (c/F(l+oc))t“+(k/l"(l+ﬁ))xﬁ+(l/r(1+)’)))’y+fo-

Abstract and Applied Analysis

FIGURE 1: The solitary wave solution u, withe, = l,a=b=c=k =
1=1,t=0.1,and x = 1/2.

FIGURE 2: The solitary wave solution v, withe, = l,a=b=c=k =
1=1,t=0.1,and x = 1/2.

In Figures 3 and 4, the periodic wave solutions u5(x, y,t),
v3(x, ¥,t) in (24) with some special parameters are demon-
strated.

Family 4. Whene, = 1,e; = 0, ¢, = 0, the following rational
function solution can be obtained:

2 (al - bk 1
o) =22 2 ()

cka® + 6bkal — 6b*k* — 314>
vy (x, 9,t) = - 22 (25)

+2_l<_€+1C0>

(c/T(1+a)t* + (k/T(1+ B)xP + I/T(1+y))y" +&,.

where & =
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FIGURE 3: The periodic wave solution u; withe, = -l,a=b=c =
k=1=1,t=05anda = 1/2.
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FIGURE 4: The periodic wave solution v; withe, = -1, a=b=c =
k=1=1,t=0.5anda = 1/2.

Family 5. When e, = m?, e, = —(1+m?), e, = 1, the following
Jacobi elliptic function solution can be obtained:

_2(al-bk) | 2

us (x, y,t) = e cn (§)ds (&),

a
vs (%, 1)
cka® = 2k* (1+m?) @ + 6bkal — 6b°K> - 3P%a> (26

a’k?

s 2 @©ds®),
a

where & = (c/F(l+oc))t“+(k/l"(l+ﬁ))xﬁ+(l/r(1+)’)))’y+fo-

Family 6. When e, = —-m?, e, = 2m* — 1,¢, = 1 — m?,

2 (al - bk) % [-sn (&) dc (8)],

ug (% 1) = ———7—1

ve (%, 1)
cka® + 2Kk* (2m” — 1) a* + 6bkal - 6b°k> - 31%a> (27)

a’k?

2 Lon©de®),

where & = (¢/T'(1 +¢x))t"‘+(k/I‘(1+,B))xﬁ+(l/1“(1 PNy +&,.

Family 7. When e, = —1,e, = 2 —m*, e, = m* — 1,

u, (x, y,t) = _% + % [—mzsn (€)cd (E)] ,
v; (% 31)

cka® +2k* (2~ m?) a® + 6bkal - 67k — 31%a* (28)
= B2

+ ZEZ [—mzsn (&) cd (E)] ,

where & = (¢/T(1+a))t* + (k/T(1 +ﬁ))xﬁ+ /T +y)yY +&,.
Family 8. When e, = 1,¢, = 2 —m?, ¢, = 1 —m?,

2(al-bk) 2k[ d
”s(x’y’t):_%i;[_ﬁigg]’

vy (%, )

cka® + 2k* (2 = m®) a* + 6bkal - 6b*k* — 320> (29

a’k?

el

where & = (¢/T(1+a))t* + (k/T(1+B)xP + (1/T(1+7))y" +&,.
Family 9. When e, = m*(m* — 1),e, = 2m* — 1, ¢, = 1,

_ 2 (al - bk) . % cs (&)

b b t = —_ >
t (%, :1) a’k a dn (¢)
vo (%, y:t)
cka® + 2k* (2m” — 1) @ + 6bkal - 6b*k* - 3P%a> (30)
=~ B3k2
LAe®
a dn (§)

where & = (c/F(l+oc))t°‘+(k/I'(l+ﬁ))Xﬁ+(l/r(1+)’)))’y+fo-



Family 10. When e, = 1, ¢, = —(m” + 1), e, = m?,

2(al -bk) 2k d (&)
U (x,y,t) = _aaT + ; [(1 —mz) (S:n (E)] s
V1o (x,y,t)
cka® = 2k* (1+m?®) @® + 6bkal - 6b*k* - 31%a> 3V
== pEp)
2l 2y sd (§)
ta [(1_’“ >cn(5)]’

where & = (¢/T(1+a))t* + (k/T(1 +ﬁ))xﬁ+ TA+p)yY +&.

Remark 3. We note that the exact solutions established in
(22)-(31) are new exact solutions to the space fractional
coupled Konopelchenko-Dubrovsky (KD) equations.

3.2. Space-Time Fractional Fokas Equation. Consider the
space-time fractional Fokas equation [33, 34]

. aerq ~ a4ocq a4ocq 2%%
0t*0xy  0x3%0xy  0x3%0x% 0xY 0x5
) ) (32)
FETYRAL P BT
0xy0x3  0y0yy

In [33, 34], the authors solved (32) by use of the Riccati
equation method and a fractional subequation method,
respectively. Based on the two methods, some exact solutions
for it were obtained. Now we will apply the Jacobi elliptic
equation method described in Section 2 to solve (32).

Suppose q(t, x,, X5, ¥1, ¥,) = U(E), where & = (k,x7/T(1+
@) + (kx5 /T(1 + @) + Ly /T(1 + ) + (Lys /T(1 + ) +
(ct/T(1 + @) + &, ky, Ky, 1, 1, ¢, &, are all constants with
ki, ky, 1,1, ¢ #0. Then by use of (3) and the first equality in
(5), (32) can be turned into the following form:

4ck,U" - KU + 15k, U™ + 12k k,U"
(33)
+ 12k, k,UU" - 61, L,U" = 0.

Suppose that the solution of (33) can be expressed by

n G i
U (©) :i; a’(E) , (34)

where G = G(£) satisfies (12). By balancing the order between
the highest order derivative term and nonlinear term in (33),
we can obtain n = 2. So we have

’ 1\ 2
U(f):ao+a1<%)+az<%) : (35)

Substituting (35) into (33), using (12), collecting all the
terms with the same power of G'G"/ together, and equating
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each coefficient to zero yield a set of algebraic equations.
Solving these equations yields that

AkkGey + 2cky = 31T - 4k ke,
6kiky (36)

aoz

a, =0, a, = k% - k%,

Substituting the result above into (35) and combining
with (15) we can obtain the following exact solutions to (32).

Family 1. When e, = -1,¢, > 0,¢, = 0,

q1 (t, %15 X35 Y15 2)

4k KSey + 2c°kY - 3115 — 4k ke, .
- 6k kS (37)

+e (k%‘x - k;“) tanh® (v/e;),
where & = k;x{/T(1 + «) + kx5 /T(1 + &) + 1, y7/T(1 + &) +
LySIT(1 + «) + ct*/T(1 + ) + &,.

Family 2. Whene, =1,¢; >0,¢, =0,

qa (t, X1, %3, Y1 ¥2)
_4kkGey + 2cky - 31T - 4k k(e

- 6o ke (38)

e (2~ ) coth? (&),

where & = k;x{/T(1 + «) + kx5 /T(1 + &) + 1, y7/T(1 + &) +
LyS/T(1 +«) + ct*/T(1 + ) + &,.

Family 3. Whene, =1,¢; <0,¢, =0,

q3 (t> xl’x2’yl’y2)

__4kkgey +2¢k - 31T — 4k, ke, (39)
6Kk

e (8- )’ (y2r8),

where & = k;x{/T(1 + ) + kx5 /T(1 + &) + 1 y7/T(1 + &) +
LyS/T(1 + a) + ct*/T(1 + ) + &,.

Family 4. Whene, = 1,e; =0,¢, =0,

4y (t, %15 X9, 15 )

20K - 3 (i

1 (40)
k _ k2(x
6k kg "o k)

&+ Co)z’
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where & = kxT/T(1 + ) + k,x5/T(1 + &) + [ y7/T(1 + &) +
LyS/T(1 + a) + ct*/T(1 + «) + &,.

Family 5. When e, = m*, e, = —(1 + m?), ¢, = 0,

qs (£, %1%, Y1 1)
_—4kf"‘k§‘ (1+m?) + 2K = 31515 + 4k3°ky (1 +m?)
6kKS

+ (K- K*) [en () ds ©)]%,

(41)

where & = k;x7/T(1 + ) + kyx5 /T(1 + &) + 1, y7/T(1 + &) +
Lyy [T+ a) + ct*/T(1 + ) + &,

Family 6. When e, = -m*, e, = 2m*> — 1,¢, = 1 —m?,

qs (£, X1, %, Y15 12)
KK (2m® = 1) + 2c°K§ = 31515 — 4k ks (2m” - 1)
N 6k kS

+ (K%~ 15%) [sn (§) de (®)]",

(42)

where & = k;x{/T(1 + ) + kx5 /T(1 + &) + 1, y7/T(1 + ) +
LySIT(1 + a) + ct*/T(1 + «) + &,.

Family 7. When e, = —1,¢, = 2 —m?, e, = m*> — 1,

gy (£ %1, %, Y15 ¥2)
4Kk (2-m?) + 26K - 31515 - 4%k (2 - m?)
6kSKS

+ (kf“ - k;“) [mzsn &) cd ({)]2,
(43)

where & = k;x7/T(1 + ) + k,x5/T(1 + &) + 1, y7/T(1 + &) +
Ly /T(1 + a) + ct*/T(1 + ) + &,

Family 8. Whene, = 1,e, =2 —m’, e, = 1 — m?,

gs (£ X1, X5 Y1 ¥2)
_4k?k§(2—7nﬁ—r&?k?—3ﬁﬂ§—4k?k?(2—nﬁ)
6kkS

2« 2« dc(&) ?
+ (K" -k )[sn(E)] ’

(44)

where & = k;x7/T(1 + ) + k,x5/T(1 + &) + 1, y7/T(1 + &) +
LyS/T(1 + a) + ct*/T(1 + ) + &,.

Family 9. When e, = m*(m* — 1), e, = 2m* — 1, ¢, = 1,
qo (%1, %3, Y1, ¥2)

AKS (2m = 1) + 2c°K§ - 3ITI5 - 4k3*k (2m” - 1)
o 6kSkS

w2y [ s(®) ]
+ (kK )[dn@]’
(45)

where & = k;x7/T(1 + ) + k,x5/T(1 + &) + 1, y7/T(1 + &) +
Ly /T(Q + a) + ct*/T(1 + ) + &,

Family 10. Whenee, = 1,e, = —~(m” + 1), ¢, = m”,
qd10 (f’ x1>x2’J’1’)’2)

—4k3KS (1+m®) +2¢%Ky = 31315 + 4k kS (1 +m?)
T 6kks

o d@ 7’
+(k% _ki )[(l_mz) zn(f) >
(46)

where & = k;x7/T(1 + ) + kyx5/T(1 + &) + 1, y7/T(1 + &) +
Ly [T+ a) + ct*/T(1 + ) + &,

Remark 4. Ifwe pute, = -0, C, = w, then the solutions (37)-
(40) reduce to the results established in [33, (22)]. On the
other hand, as a different subequation was used here from that
in [34], one can see that our results are essentially different
from those in [34]. Furthermore, we note that the Jacobi
elliptic function solutions denoted in (41)-(46) are new exact
solution to the space-time fractional Fokas equation so far to
the best of our knowledge.

4. Conclusions

Based on nonlinear fractional complex transformation, we
have extended the Jacobi elliptic equation method to seek
exact solutions for fractional partial differential equations in
the sense of modified Riemann-Liouville derivative. By use
of this method, the space fractional coupled Konopelchenko-
Dubrovsky (KD) equations and the space-time fractional
Fokas equation are solved successfully. With the aid of the
mathematical software, a series of exact solutions includ-
ing not only hyperbolic function solutions, trigonometric
function solutions, and rational function solutions but also
Jacobi elliptic function solutions for the two equations have
been found. Being concise and powerful, this method can
be applied to solve many other fractional partial differential
equations.
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